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ÐÒÏ×ÄÓÏÒÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉ

ÃÀÅÉÈ ÂÉÏÒÂÉÓ ÞÄ ÂÏÒÃÄÆÉÀÍÉ ÃÀÉÁÀÃÀ 1937 ßËÉÓ 9 ÃÄÊÄÌÁÄÒÓ Ø. ÈÁÉËÉÓÛÉ. 1945
ßÄËÓ ÃÀÉßÚÏ ÓßÀÅËÀ ÈÁÉËÉÓÉÓ ÅÀÑÈÀ I ÓÀÛÖÀËÏ ÓÊÏËÀÛÉ, ÒÏÌÄËÉÝ ÏØÒÏÓ ÌÄÃÀËÆÄ
ÃÀÀÌÈÀÅÒÀ 1956 ßÄËÓ. ÉÌÀÅÄ ßÄËÓ ÂÀáÃÀ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ
ÌÄØÀÍÉÊÀ-ÌÀÈÄÌÀÔÉÊÉÓ ×ÀÊÖËÔÄÔÉÓ ÓÔÖÃÄÍÔÉ. 1961 ßÄËÓ ÃÀÀÌÈÀÅÒÀ ÖÍÉÅÄÒÓÉÔÄÔÉ
ßÀÒÜÉÍÄÁÉÈ ÃÀ ÂÀÀÂÒÞÄËÀ ÓßÀÅËÀ ÀÌÀÅÄ ÖÍÉÅÄÒÓÉÔÄÔÉÓ ÀÓÐÉÒÀÍÔÖÒÀÛÉ ÌÉÀáËÏÄÁÉÈÉ
ÀÍÀËÉÆÉÓÀ ÃÀ ÂÀÌÏÈÅËÉÈÉ ÔÄØÍÉÊÉÓ ÊÀÈÄÃÒÀÆÄ. ÀÓÐÉÒÀÍÔÖÒÀÛÉ ÌÉÓ ÌÖÛÀÏÁÀÓ áÄËÌ-
ÞÙÅÀÍÄËÏÁÃÀ ÝÍÏÁÉËÉ ÌÄÝÍÉÄÒÉ ÀÊÀÃ. ÛÀËÅÀ ÌÉØÄËÀÞÄ.

ÓÀÊÀÍÃÉÃÀÔÏ ÃÉÓÄÒÔÀÝÉÀ ÂÀÌÏÈÅËÉÈ ÌÀÈÄÌÀÔÉÊÀÛÉ ÃÀÉÝÅÀ ÓÀØÀÒÈÅÄËÏÓ ÌÄÝÍÉÄ-
ÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ À. ÒÀÆÌÀÞÉÓ ÓÀáÄËÏÁÉÓ ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÛÉ. ÓÀÃÉÓÄÒÔÀÝÉÏ
ÓÀÁàÏÓ ÈÀÅÌãÃÏÌÀÒÄÏÁÃÀ ÌÓÏ×ËÉÏÛÉ ÀÙÉÀÒÄÁÖËÉ ÌÀÈÄÌÀÔÉÊÏÓÉ ÃÀ ÌÄØÀÍÉÊÏÓÉ ÀÊÀÃ.
Í. ÌÖÓáÄËÉÛÅÉËÉ. ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÛÉ ÌÀÍ 1964 ßËÉÃÀÍ ÃÀÉßÚÏ ÌÖÛÀÏÁÀ.
1968 ßÄËÓ ÊÉ ÂÀÃÀÅÉÃÀ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ ÓÀÌÄÝÍÉÄÒÏ-ÊÅËÄÅÉÈ
ÐÒÏÁËÄÌÖÒ ËÀÁÏÒÀÔÏÒÉÀÛÉ, ÒÏÌÄËÉÝ ÉÌÀÅÄ ßÄËÓ ÂÀÃÀÊÄÈÃÀ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀ-
ÔÉÊÉÓ ÉÍÓÔÉÔÖÔÀÃ. 1970 ßËÉÃÀÍ áÄËÌÞÙÅÀÍÄËÏÁÃÀ ÀÌ ÉÍÓÔÉÔÖÔÉÓ ÒÉÝáÅÉÈÉ ÌÄÈÏÃÄ-
ÁÉÓ ÂÀÍÚÏ×ÉËÄÁÀÓ. 1979 ßËÉÃÀÍ 1985 ßËÀÌÃÄ ÉÚÏ ÀÌÀÅÄ ÉÍÓÔÉÔÖÔÉÓ ÃÉÒÄØÔÏÒÉÓ
ÌÏÀÃÂÉËÄ ÓÀÌÄÝÍÉÄÒÏ ÃÀÒÂÛÉ. ÀÌ ÃÒÏÓ ÉÍÓÔÉÔÖÔÉ ÖÊÅÄ ÀÔÀÒÄÁÃÀ ÈÀÅÉÓÉ ÃÀÌÀÀÒÓÄÁ-
ËÉÓ, ÀÊÀÃ. É. ÅÄÊÖÀÓ ÓÀáÄËÓ. 1985 ßËÉÃÀÍ 2006 ßËÉÓ ÁÏËÏÌÃÄ ÉÚÏ ÀÊÀÃ. É. ÅÄÊÖÀÓ
ÓÀáÄËÏÁÉÓ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÉÓ ÃÉÒÄØÔÏÒÉ. 1984 ßËÉÃÀÍ 2006
ßËÀÌÃÄ ÀÓÄÅÄ ÉÚÏ ÈÓÖ-Ó ÌÄØÀÍÉÊÀ-ÌÀÈÄÌÀÔÉÊÉÓ ×ÀÊÖËÔÄÔÉÓ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓÀ
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ÃÀ ÉÍ×ÏÒÌÀÔÉÊÉÓ ÊÀÈÄÃÒÉÓ ÂÀÌÂÄ. 2006-ÃÀÍ 2009 ßËÉÓ ÓÄØÔÄÌÁÒÀÌÃÄ - ÈÓÖ-Ó ÓÒÖËÉ
ÐÒÏ×ÄÓÏÒÉ. 2009 ßËÉÃÀÍ ÓÉÝÏÝáËÉÓ ÁÏËÏÌÃÄ ÊÉ ÈÓÖ-Ó ÄÌÄÒÉÔÖÓ-ÐÒÏ×ÄÓÏÒÉ.
1996-2006 ßËÄÁÛÉ ÉÚÏ ÓÏáÖÌÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ, áÏËÏ 2008-2015 ßËÄÁÛÉ
ÓÀØÀÒÈÅÄËÏÓ ÓÀÐÀÔÒÉÀÒØÏÓ ßÌ. ÀÍÃÒÉÀ ÐÉÒÅÄËßÏÃÄÁÖËÉÓ ÓÀáÄËÏÁÉÓ ØÀÒÈÖËÉ
ÖÍÉÅÄÒÓÉÔÄÔÉÓ ÌÉßÅÄÖËÉ ÐÒÏ×ÄÓÏÒÉ.

1971-1972 ßËÄÁÛÉ ÂÀÃÉÏÃÀ ÓÔÀÑÉÒÄÁÀÓ ÓÀ×ÒÀÍÂÄÈÛÉ ÐÀÒÉÆ VI ÖÍÉÅÄÒÓÉÔÄÔÉÓ
ÒÉÝáÅÉÈÉ ÀÍÀËÉÆÉÓ ËÀÁÏÒÀÔÏÒÉÀÓÀ ÃÀ ÂÒÄÍÏÁËÉÓ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉ-
ÔÖÔÛÉ ÈÀÍÀÌÄÃÒÏÅÄÏÁÉÓ ÄÒÈÄÒÈÉ ÖÃÉÃÄÓÉ ÌÀÈÄÌÀÔÉÊÏÓÉÓ, ÌÄØÀÍÉÊÏÓÉÓÀ ÃÀ ÉÍ×ÏÒÌÀ-
ÔÉÊÏÓÉÓ ÀÊÀÃ. Ñ.-Ë. ËÉÏÍÓÉÓ áÄËÌÞÙÅÀÍÄËÏÁÉÈ.

1982 ßÄËÓ Ì. ËÏÌÏÍÏÓÏÅÉÓ ÓÀáÄËÏÁÉÓ ÌÏÓÊÏÅÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÛÉ
ÃÀÉÝÅÀ ÓÀÃÏØÔÏÒÏ ÃÉÓÄÒÔÀÝÉÀ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÓÐÄÝÉÀËÏÁÉÈ. ÓÀÃÉÓÄÒÔÀ-
ÝÉÏ ÓÀÁàÏÓ ÈÀÅÌãÃÏÌÀÒÄÏÁÃÀ ÌÓÏ×ËÉÏÛÉ ÀÙÉÀÒÄÁÖËÉ ÄÒÈÄÒÈÉ ÖÃÉÃÄÓÉ ÌÀÈÄÌÀÔÉ-
ÊÏÓÉ ÀÊÀÃ. À.Í. ÔÉáÏÍÏÅÉ. 1985 ßÄËÓ ÌÉÄÍÉàÀ ÐÒÏ×ÄÓÏÒÉÓ ßÏÃÄÁÀ.

ÐÒÏ×ÄÓÏÒ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÓ ÂÀÌÏØÅÄÚÍÄÁÖËÉ ÀØÅÓ 200-ÌÃÄ ÍÀÛÒÏÌÉ, ÌÀÈ ÛÏÒÉÓ
4 ÂÀÌÏÂÏÍÄÁÀ, 2 ÐÀÔÄÍÔÉ (ÀÛÛ, ÃÀÍÉÀ), 3 ÌÏÍÏÂÒÀ×ÉÀ. ÌÉÙÄÁÖËÉ ÀØÅÓ ÌÒÀÅÀËÉ
ÓÀÌÄÝÍÉÄÒÏ ÂÒÀÍÔÉ. ÚÀÅÓ ÀÙÆÒÃÉËÉ ÌÄÝÍÉÄÒÄÁÀÈÀ 7 ÃÏØÔÏÒÉ, ÌÄÝÍÉÄÒÄÁÀÈÀ 17
ÊÀÍÃÉÃÀÔÉ. ÌÉÓÉ áÄËÌÞÙÅÀÍÄËÏÁÉÈ ÛÄÓÒÖËÄÁÖËÉÀ ÁÄÅÒÉ ÓÀÌÀÂÉÓÔÒÏ ÍÀÛÒÏÌÉ.
ßËÄÁÉÓ ÂÀÍÌÀÅËÏÁÀÛÉ áÄËÌÞÙÅÀÍÄËÏÁÃÀ ÓáÅÀÃÀÓáÅÀ ÓÀÌÀÂÉÓÔÒÏ ÃÀ ÓÀÃÏØÔÏÒÏ
ÐÒÏÂÒÀÌÀÓ. ÉÚÏ ÌÒÀÅÀËÉ ÓÀÉÍÔÄÒÄÓÏ ÓÉËÀÁÖÓÉÓ ÀÅÔÏÒÉ ÀÍ ÈÀÍÀÀÅÔÏÒÉ. ÌÉÓÉ
áÄËÌÞÙÅÀÍÄËÏÁÉÈ ÛÄÓÒÖËÄÁÖË ÓÀÌÄÝÍÉÄÒÏ ÍÀÛÒÏÌÄÁÛÉ ÓÔÖÃÄÍÔÄÁÓ, ÀÓÐÉÒÀÍÔÄÁÓÀ
ÃÀ ÃÏØÔÏÒÀÍÔÄÁÓ ÌÏÐÏÅÄÁÖËÉ ÀØÅÈ ÓáÅÀÃÀÓáÅÀ ÓÀáÉÓ ÃÉÐËÏÌÄÁÉ, ÓÉÂÄËÄÁÉ ÃÀ
ÐÒÄÌÉÄÁÉ, ÒÏÂÏÒÝ ÀÃÂÉËÏÁÒÉÅ, ÉÓÄ ÓÀÄÒÈÀÛÏÒÉÓÏ ÓÀÂÀÍÌÀÍÀÈËÄÁËÏ ÐÒÏÂÒÀÌÄÁÉÈ
ÜÀÔÀÒÄÁÖË ÊÏÍ×ÄÒÄÍÝÉÄÁÛÉ. ÀÙÆÒÃÉËÄÁÓ ÛÏÒÉÓ ÀÒÉÓ ÐÒÄÆÉÃÄÍÔÉÓ 7 ÃÀ ÓÏÒÏÓÉÓ 4
ÓÔÉÐÄÍÃÉÀÍÔÉ. ÌÉÓ ÖÛÖÀËÏ ÌÏßÀ×ÄÈÀÂÀÍ ÆÏÂÉÄÒÈÉ ÍÀÚÏ×ÉÄÒÀÃ ÌÖÛÀÏÁÃÀ ÃÀ ÌÖÛÀÏÁÓ
ÓÀÆÙÅÀÒÂÀÒÄÈ (ÐÒÏ×. Ä. ÄÅÓÄÄÅÉ - ÉÓÒÀÄËÉ, ÃÏØÔÏÒÉ Å. ÉÖÝÉÓÉ - ÀÛÛ, ÃÏØÔÏÒÉ
È. ãÉÏÄÅÉ - ÒÖÓÄÈÉ, ÃÏØÔÏÒÉ É. ãÀÍÀÛÅÉËÉ - ÉÓÒÀÄËÉ ÃÀ ÓáÅ.).

ÀÒÉÓ ÖÀÌÒÀÅÉ ÓÀÄÒÈÀÛÏÒÉÓÏ ÃÀ ÓáÅÀ ×ÏÒÖÌÄÁÉÓ ÌÏÍÀßÉËÄ, ÌÀÈ ÛÏÒÉÓ ÌÀÈÄÌÀÔÉ-
ÊÏÓÈÀ ÅÀÒÛÀÅÉÓÀ (1983 ß.) ÃÀ ÝÉÖÒÉáÉÓ (1994 ß.) ÌÓÏ×ËÉÏ ÊÏÍÂÒÄÓÄÁÉÓ, IUTAM-ÉÓ
ÓÉÌÐÏÆÉÖÌÄÁÉÓ, ÀÈÄÍÉÓ ÉÍÔÄÒÃÉÓÝÉÐËÉÍÀÒÖËÉ ÏËÉÌÐÉÀÃÉÓÀ ÃÀ ÓáÅ. Ã. ÂÏÒÃÄÆÉÀÍÉ
ÀÒÀÄÒÈáÄË ÉÚÏ ÌÉßÅÄÖËÉ ËÄØÝÉÄÁÉÓ ßÀÓÀÊÉÈáÀÃ ÃÀ ÄÒÈÏÁËÉÅÉ ÓÀÌÄÝÍÉÄÒÏ ÌÖÛÀÏÁÉÓ
ÜÀÓÀÔÀÒÄÁËÀÃ ÐÀÒÉÆÉÓ, ÒÏÌÉÓ, ÂÒÄÍÏÁËÉÓ, ÀÈÄÍÉÓ, ÉÄÍÉÓ, ÌÏÓÊÏÅÉÓ, ÊÉÄÅÉÓ, ÌÉÍÓÊÉÓÀ
ÃÀ ÓáÅÀ ØÀËÀØÄÁÉÓ ÝÍÏÁÉË ÖÍÉÅÄÒÓÉÔÄÔÄÁÛÉ.

ÐÒÏ×ÄÓÏÒÌÀ Ã. ÂÏÒÃÄÆÉÀÍÌÀ ÌÏÍÀßÉËÄÏÁÀ ÌÉÉÙÏ ÌÒÀÅÀËÉ ÓÀÄÒÈÀÛÏÒÉÓÏ ÈÖ
ÀÃÂÉËÏÁ-ÒÉÅÉ ÊÏÍÂÒÄÓÉÓ, ÓÉÌÐÏÆÉÖÌÉÓ, ÊÏÍ×ÄÒÄÍÝÉÉÓ, ÓÊÏËÉÓ ÏÒÂÀÍÉÆÄÁÀÓÀ ÃÀ
ÜÀÔÀÒÄÁÀÛÉ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ, ÌÄØÀÍÉÊÉÓ, ÂÀÒÓÈÀ ÈÄÏÒÉÉÓ, äÉÃÒÏÃÉÍÀÌÉÊÉÓ,
ÌÀÂÍÉÔÖÒÉ äÉÃÒÏÃÉÍÀÌÉÊÉÓ, ÉÍ×ÏÒÌÀÔÉÊÉÓ Ó×ÄÒÏÄÁÛÉ (ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍÂÒÄÓÉ ÌÀÈÄ-
ÌÀÔÉÊÀÛÉ, IUTAM ÓÉÌÐÏÆÉÖÌÉ ÃÀ À.Û.).

ÓáÅÀÃÀÓáÅÀ ÃÒÏÓ ÓÀÊÀÍÃÉÃÀÔÏ ÃÀ ÓÀÃÏØÔÏÒÏ ÃÉÓÄÒÔÀÝÉÄÁÉÓ ÏÐÏÍÉÒÄÁÉÓÀÈÅÉÓ
ÌÉßÅÄÖËÉ ÉÚÏ ÓÀ×ÒÀÍÂÄÈÉÓ, ÂÄÒÌÀÍÉÉÓ, ÉÔÀËÉÉÓ, ÒÖÓÄÈÉÓ, ÃÀÍÉÉÓ, ÐÏËÏÍÄÈÉÓ,
ÓÀÁÄÒÞÍÄÈÉÓ, ÖÊÒÀÉÍÉÓ, ÁÄËÏÒÖÓÉÉÓ, ÖÆÁÄÊÄÈÉÓ, ÀÆÄÒÁÀÉãÀÍÉÓÀ ÃÀ ÌÏËÃÀÅÄÈÉÓ ÓÀÌÄÝ-
ÍÉÄÒÏ ÃÀ ÓÀÓßÀÅËÏ ÝÄÍÔÒÄÁÛÉ. áÛÉÒÀÃ ÉÚÏ ÓÀÊÀÍÃÉÃÀÔÏ ÃÀ ÓÀÃÏØÔÏÒÏ ÃÉÓÄÒÔÀÝÉ-
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ÄÁÉÓ ÏÐÏÍÄÍÔÉ ÃÀ ÄØÓÐÄÒÔÉ ÓÀØÀÒÈÅÄËÏÛÉÝ ÌÀÈÄÌÀÔÉÊÉÓ, ÉÍ×ÏÒÌÀÔÉÊÉÓÀ ÃÀ ÌÄØÀÍÉÊÉÓ
ÃÀÒÂÄÁÛÉ.

1993 ßÄËÓ ÀÉÒÜÉÄÓ ÊÏÌÐÉÖÔÄÒÖË ÌÄÝÍÉÄÒÄÁÀÈÀ ÃÀ ÓÉÓÔÄÌÄÁÉÓ ÓÀÄÒÈÀÛÏÒÉÓÏ
ÀÊÀÃÄÌÉÉÓ ßÄÅÒÀÃ, ÉÚÏ ÓÀØÀÒÈÅÄËÏÓ ÓÀÁÖÍÄÁÉÓÌÄÔÚÅÄËÏ ÀÊÀÃÄÌÉÉÓ ßÄÅÒÉ ÃÀ ÌÉÓÉ
ÓÀÐÀÔÉÏ ÐÒÄÆÉÃÄÍÔÉ. ÉÚÏ ÓÀØÀÒÈÅÄËÏÓ ÓÀÉÍÑÉÍÒÏ ÀÊÀÃÄÌÉÉÓ ßÄÅÒÉ. ÀÓÄÅÄ ÓÓÒÊ
ÌÄÝÍÉÄÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÉÓ ÓÀÊÏÏÒÃÉÍÀÝÉÏ ÓÀÁàÏÓ ßÄÅÒÉ,
ÓÀØÀÒÈÅÄËÏÓ ÌÄÝÍÉÄÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÉÓ ÓÀÁàÏÓ ÈÀÅÌãÃÏÌÀ-
ÒÉÓ ÌÏÀÃÂÉËÄ, ÉÅ. ãÀÅÀáÉÛÅÉËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ
ÓÀÌÄÝÍÉÄÒÏ ÓÀÁàÏÓ ßÄÅÒÉ (1985-2006 ßß.) ÃÀ ÓáÅ.

ÐÒÏ×. Ã. ÂÏÒÃÄÆÉÀÍÉÓ ÓÀÌÄÝÍÉÄÒÏ ÈÄÌÀÔÉÊÀ ÞÉÒÉÈÀÃÀÃ ÄáÄÁÀ:

• ÄÊÏÍÏÌÉÖÒÉ ÓÀÓÒÖË-ÓáÅÀÏÁÉÀÍÉ ÀËÂÏÒÉÈÌÄÁÉÓ ÀÂÄÁÉÓÀ ÃÀ ÊÅËÄÅÉÓ ÓÀÊÉÈáÄÁÓ;

• É. ÅÄÊÖÀÓ ÂÀÒÓÄÁÉÓÀ ÃÀ ×ÉÒ×ÉÔÄÁÉÓ ÈÄÏÒÉÉÓ ÃÀ×ÖÞÍÄÁÀÓÀ ÃÀ ÂÀÍÅÉÈÀÒÄÁÀÓ;

• ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÆÏÂÉÄÒÈÉ ÀÒÀßÒ×ÉÅÉ ÀÌÏÝÀÍÉÓ ÛÄÓßÀÅËÀÓ;

• ÊÄÒÞÏßÀÒÌÏÄÁÖËÄÁÉÀÍÉ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ÃÀÓÌÖËÉ ÀÒÀÊËÀ-
ÓÉÊÖÒÉ ÓÀßÚÉÓ-ÓÀÓÀÆÙÅÒÏ ÃÀ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÄÁÉÓ ÛÄÓßÀÅËÀÓ.

ÌÉÓ ÛÒÏÌÄÁÛÉ ÂÀÍÅÉÈÀÒÄÁÖËÉÀ ÀáÀËÉ ÃÀ ÈÀÍÀÌÄÃÒÏÅÄ ÌÄÈÏÃÄÁÉ ×ÉÆÉÊÉÓ, ØÉÌÉÉÓ,
ÄÊÏËÏÂÉÉÓ, ÓÀÌÛÄÍÄÁËÏ ÌÄØÀÍÉÊÉÓÀ ÃÀ äÉÃÒÏ-ÂÀÆÏ ÃÉÍÀÌÉÊÉÓ ÊÏÍÊÒÄÔÖËÉ ÐÒÀØÔÉ-
ÊÖËÉ ÀÌÏÝÀÍÄÁÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÃÀ ÊÏÌÐÉÖÔÄÒÖËÉ ÌÏÃÄËÉÒÄÁÉÓÀÈÅÉÓ.

ÌÉÓÉ ÛÒÏÌÄÁÉ ÝÉÔÉÒÄÁÖËÉÀ ÌÓÏ×ËÉÏÛÉ ÀÙÉÀÒÄÁÖË ÖÃÉÃÄÓ ÌÄÝÍÉÄÒÈÀ ÛÒÏÌÄÁÛÉ,
ÌÏÍÏÂÒÀ×ÉÄÁÓÀ ÃÀ ÓÀáÄËÌÞÙÅÀÍÄËÏÄÁÛÉ, ÄÍÝÉÊËÏÐÄÃÉÖÒ ÃÀ ÌÉÌÏáÉËÅÉÈÉ áÀÓÉÀÈÉÓ
ÍÀÛÒÏÌÄÁÛÉ.

Ã. ÂÏÒÃÄÆÉÀÍÉÓ ÛÒÏÌÄÁÉÓ ÝÉÔÉÒÄÁÄÁÉÓ ÛÄÓÀáÄÁ - ÌÏÍÏÂÒÀ×ÉÄÁÛÉ, ÓÀáÄËÌÞÙÅÀÍÄËÏ-
ÄÁÓÀ ÃÀ ÄÍÝÉÊËÏÐÄÃÉÖÒÉ áÀÓÉÀÈÉÓ ÍÀÛÒÏÌÄÁÛÉ ÉÍ×ÏÒÌÀÝÉÀ ÂÀÍÈÀÅÓÄÁÖËÉÀ ÌÉÓÀÌÀÒÈÆÄ:
http://www.books.google.com/books?q=gordezianid, ÓÀÃÀÝ 30-ÌÃÄ ßÉÂÍÉÀ ÌÉÈÉÈÄ-
ÁÖËÉ ÃÀ ÉÓÉÍÉ ÀÒ ×ÉÂÖÒÉÒÄÁÓ ÓáÅÀ ÔÉÐÉÓ ÝÉÔÉÒÄÁÉÓ ÜÀÌÏÍÀÈÅÀËÛÉ, ÌÀÂÀËÉÈÀÃ,
ÒÏÂÏÒÄÁÉÝÀÀ Scholar Google ÃÀ Harzing’s Publish or Perish. ÀØ ÝÀËÊÄÀ ÂÀÌÏÚÏ×ÉËÉ
ÂÀÌÏÈÅËÉÈÉ, ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓÀ ÃÀ ÌÄØÀÍÉÊÉÓ ÐÒÏÁËÄÌÄÁÉÓ ÌÓÏ×ËÉÏÛÉ
ÀÙÉÀÒÄÁÖË ÌÊÅËÄÅÀÒÈÀ ÉÓ ÌÏÍÏÂÒÀ×ÉÄÁÉ, ÓÀáÄËÌÞÙÅÀÍÄËÏÄÁÉ, ÀÂÒÄÈÅÄ ÌÉÌÏáÉËÅÉÈÉ
ÃÀ ÉÓÔÏÒÉÖËÉ ÌÀÓÀËÄÁÉ, ÄÍÝÉÊËÏÐÄÃÉÄÁÉ, ÓÀÃÀÝ ÀÙÍÉÛÍÖËÉ ÃÀ ÝÉÔÉÒÄÁÖËÉÀ Ã. ÂÏÒ-
ÃÄÆÉÀÍÉÓ ÛÒÏÌÄÁÉ:

1. M. Bernadou, Finite Element Methods for Thin Shell Problems. John Wiley, 1996
(ÓÀáÄËÌÞÙÅÀÍÄËÏ);

2. Ph. G. Ciarlet, The Finite Element Method for Elliptic Problems. Studies in Math-
ematics and its Applications, Vol. 4. North-Holland Publishing Co., Amsterdam-
New York-Oxford, 1978 (ÌÏÍÏÂÒÀ×ÉÀ). ÒÖÓÖËÉ ÈÀÒÂÌÀÍÉ: Ф. Сьярле, Метод
конечных элементов для эллиптических задач. М., Изд. Мир, 1980;
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3. Ph. G. Ciarlet, Mathematical Elasticity. Vol. II. Theory of Plates. Studies in
Mathematics and its Applications, 27. North-Holland Publishing Co., Amsterdam,
1997 (ÌÏÍÏÂÒÀ×ÉÀ);

4. Ph. G. Ciarlet, Mathematical Elasticity. Vol. III. Theory of Shells. Studies in
Mathematics and its Applications, 29. North-Holland Publishing Co., Amsterdam,
2000 (ÌÏÍÏÂÒÀ×ÉÀ);

5. M. Vogelius, I. Babuška, On a dimensional reduction method. I. The optimal se-
lection of basis functions. Math. Comp. 37 (1981), no. 155, 31–46; II. Some
approximation-theoretic results. Math. Comp. 37 (1981), no. 155, 47–68; III. A
posteriori error estimation and an adaptive approach. Math. Comp. 37 (1981), no.
156, 361–384 (ÌÉÌÏáÉËÅÉÈÉ ÍÀÛÒÏÌÉ);

6. А. А. Самарский, Теория разностных схем. М., Наука, 1983 (ÓÀáÄËÌÞÙÅÀÍÄËÏ);

7. П.И. Вабищевич, А.А. Самарский,Вычислительнаятеплопередача. М., Изд. УРСС,
2003 (ÌÏÍÏÂÒÀ×ÉÀ);

8. Международная конференция математиков в Нице, Доклады Советских Математи-
ков, Москва 1972 (ÃÀÒÂÉÓ ÌÍÉÛÅÍÄËÏÅÀÍÉ ÌÉÙßÄÅÄÁÉÓ ÌÉÌÏáÉËÅÀ);

9. А.А. Самарский, П.Н. Вабищевич, П.П. Матус, Разностные схемы с операторными
множителями. Минск, 1998 (ÌÏÍÏÂÒÀ×ÉÀ);

10. Т.Ю. Хома, Обобщенная теория оболочек. Киев, Наукова Думка, 1986 (ÌÏÍÏÂÒÀ-
×ÉÀ);

11. Monique Dauge, Erwan Faou, Zohaz Yosibash, Plates and Shells Asymptotic Expan-
sions and Hierarchical models. Encyclopedia for Computational Mechanics, 2004,
Edited by Ervin Steinm Rene de Borst Thomas J.R. Highes (ÄÍÝÉÊËÏÐÄÃÉÀ);

12. А.В. Бицадзе, Некоторые классы уравнений в частных производных. М., Наука,
1981 (ÌÏÍÏÂÒÀ×ÉÀ);

13. E. Obolashvili, Higher Order Partial Differential Equations in Clifford Analysis.
Effective Solutions to Problems. Progress in Mathematical Physics, 28. Birkhäuser
Boston, Inc., Boston, MA, 2003 (ÌÏÍÏÂÒÀ×ÉÀ);

14. S. Jensen, Adaptive-dimensional reduction and divergence stability. Mat. Model. 8
(1996), no. 9, 44–52 (ÌÉÌÏáÉËÅÉÈÉ ÍÀÛÒÏÌÉ);

15. История отечественной математики, т. 4, кн. 2, СССР, 1917-1967;

16. M. Dikmen, Theory of Thin Elastic Shells. Surveys and Reference Works in Math-
ematics, 8. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1982
(ÓÀáÄËÌÞÙÅÀÍÄËÏ ÌÏÍÏÂÒÀ×ÉÖËÉ áÀÓÉÀÈÉÓ).
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Ã. ÂÏÒÃÄÆÉÀÍÓ ßÉËÀÃ áÅÃÀ ÁÄÃÍÉÄÒÄÁÀ ÄÒÈÏÁËÉÅÉ ÌÖÛÀÏÁÉÓÀ ÛÀËÅÀ ÌÉØÄËÀÞÄÓÈÀÍ,
ÉËÉÀ ÅÄÊÖÀÓÈÀÍ, ÀÍÃÒÉÀ ÁÉßÀÞÄÓÈÀÍ, ÀËÄØÓÀÍÃÒÄ ÓÀÌÀÒÓÊÉÓÈÀÍ, ÀÍÃÒÄÉ ÔÉáÏÍÏÅÈÀÍ,
ÑÀÊ ËÖÉ ËÉÏÍÓÈÀÍ, ×ÉËÉÐ ÓÉÀÒËÄÓÈÀÍ, ÒÏÌËÄÁÌÀÝ ÃÉÃÉ ÒÏËÉ ÉÈÀÌÀÛÄÓ ÌÉÓÉ,
ÒÏÂÏÒÝ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓÀ ÃÀ ÉÍ×ÏÒÌÀÔÉÊÉÓ ÝÍÏÁÉËÉ ÓÐÄÝÉÀËÉÓÔÉÓ ÜÀÌÏÚÀ-
ËÉÁÄÁÀÛÉ. ÐÉÒÅÄËÉ ÓÀÌÄÝÍÉÄÒÏ ÍÀÛÒÏÌÉ ÌÉÓ ÌÉÄÒ ÛÄÓÒÖËÄÁÖËÉ ÉØÍÀ ÀÊÀÃ. Û. ÌÉØÄËÀ-
ÞÉÓ áÄËÌÞÙÅÀÍÄËÏÁÉÈ ÃÀ ÌÈÄËÉ ÝáÏÅÒÄÁÉÓ ÂÀÍÌÀÅËÏÁÀÛÉ ÃÉÃ ÐÀÔÉÅÓ ÌÉÀÂÄÁÃÀ
ÌÀÓßÀÅËÄÁËÉÓÀ ÃÀ ÂÀÌÏÜÄÍÉËÉ ÌÄÝÍÉÄÒÉÓ ÍÀÈÄË áÓÏÅÍÀÓ. ÓÀÄÒÈÏÃ, ÐÒÏ×. Ã. ÂÏÒ-
ÃÄÆÉÀÍÉ ÚÏÅÄËÈÅÉÓ ÃÉÃÀÃ À×ÀÓÄÁÃÀ ÃÀ ÓÉÚÅÀÒÖËÉÈ ÌÏÉáÓÄÍÉÄÁÃÀ ÚÅÄËÀ ÐÄÃÀÂÏÂÓ,
ÒÏÌÄËÈÀÝ ÌÉÓ ÜÀÌÏÚÀËÉÁÄÁÀÛÉ ÂÀÒÊÅÄÖËÉ ßÅËÉËÉ ÌÉÖÞÙÏÃÀÈ.

Ã. ÂÏÒÃÄÆÉÀÍÉÓ ÌÉÄÒ ÌÉÙÄÁÖËÉÀ ÐÒÉÍÝÉÐÖËÉ ÌÍÉÛÅÍÄËÏÁÉÓ ÌØÏÍÄ ÛÄÃÄÂÄÁÉ ÄÊÏÍÏ-
ÌÉÖÒÉ ÓÀÓÒÖË–ÓáÅÀÏÁÉÀÍÉ ÀËÂÏÒÉÈÌÄÁÉÓ ÀÂÄÁÉÓÀ ÃÀ ÊÅËÄÅÉÓÀÓ, É. ÅÄÊÖÀÓ ÂÀÒÓÄÁÉÓÀ
ÃÀ ×ÉÒ×ÉÔÄÁÉÓ ÈÄÏÒÉÉÓ ÃÀ×ÖÞÍÄÁÉÓÀ ÃÀ ÂÀÍÅÉÈÀÒÄÁÉÓÀÓ, ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ
ÀÒÀßÒ×ÉÅÉ ÀÌÏÝÀÍÄÁÉÓ ÛÄÓßÀÅËÉÓÀÓ, ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ÃÀÓÌÖËÉ
ÀÒÀÊËÀÓÉÊÖÒÉ ÀÌÏÝÀÍÄÁÉÓ ÂÀÌÏÊÅËÄÅÉÓÀÓ, ÌÉÓ ÌÉÄÒ ÂÀÍÅÉÈÀÒÄÁÖËÉ ÌÀÈÄÌÀÔÉÊÖÒÉ ÃÀ
ÊÏÌÐÉÖÔÄÒÖËÉ ÌÏÃÄËÉÒÄÁÉÓ ÌÄÈÏÃÄÁÉÓ ÓÀÉÍÑÉÍÒÏ ÃÀ ÓÀÁÖÍÄÁÉÓÌÄÔÚÅÄËÏ ÀÌÏÝÀÍÀÈÀ
ÛÄÓÀÓßÀÅËÉÓÀÓ ÃÀ ÓáÅ.

ÀØ ßÀÒÌÏÃÂÄÍÉËÉÀ ÌÓÏ×ËÉÏÛÉ ÀÙÉÀÒÄÁÖËÉ ÌÄÝÍÉÄÒÉÓ, ÂÀÌÏÚÄÍÄÁÉÈÉ ÃÀ ÂÀÌÏÈÅËÉ-
ÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÖÃÉÃÄÓÉ ÓÐÄÝÉÀËÉÓÔÉÓ, ÀÊÀÃÄÌÉÊÏÓ À. ÓÀÌÀÒÓÊÉÓ ÃÀáÀÓÉÀÈÄÁÀ, ÒÏÌÄËÉÝ
ÄáÄÁÀ ÐÒÏ×ÄÓÏÒ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÌÄÝÍÉÄÒÖË ÌÏÙÅÀßÄÏÁÀÓ. ÌÉÖáÄÃÀÅÀÃ ÉÌÉÓÀ,
ÒÏÌ ÀÌ ÃÀáÀÓÉÀÈÄÁÉÓ ÃÀßÄÒÉÃÀÍ ÂÀÒÊÅÄÖËÉ ÐÄÒÉÏÃÉÀ ÂÀÓÖËÉ, ÌÀÈ ÀÒ ÃÀÖÊÀÒÂÀÅÈ
ÈÀÅÉÀÍÈÉ ÌÍÉÛÅÍÄËÏÁÀ ÃÀ ÞÉÒÉÈÀÃÀÃ ÓÒÖËÀÃ ÀÙßÄÒÄÍ ÐÒÏ×ÄÓÏÒ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ
ÌÄÝÍÉÄÒÖË ÌÏÙÅÀßÄÏÁÀÓ ÃÀ ÌÉÓ ÌÉÄÒ ÌÉÙÄÁÖËÉ ÛÄÃÄÂÄÁÉÓ ÌÍÉÛÅÍÄËÏÁÀÓ.

”ÃÀÅÉÈ ÂÉÏÒÂÉÓ ÞÄ ÂÏÒÃÄÆÉÀÍÉ ÀÒÉÓ ÂÀÌÏÈÅËÉÈÉ ÃÀ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ
ÝÍÏÁÉËÉ ÓÐÄÝÉÀËÉÓÔÉ, ÒÏÌÄËÌÀÝ ÈÀÅÉÓÉ ÛÒÏÌÄÁÉÈ ÌÍÉÛÅÍÄËÏÅÀÍÉ ßÅËÉËÉ ÛÄÉÔÀÍÀ
ÌÄÝÍÉÄÒÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÛÉ. ÌÉÓÉ ÛÒÏÌÄÁÉ ÄÞÙÅÍÄÁÀ ÈÀÍÀÌÄÃÒÏÅÄ ÌÀÈÄÌÀÔÉÊÉÓ ÉÓÄÈ
ÀØÔÖÀËÖÒ ÓÀÊÉÈáÄÁÓ, ÒÏÂÏÒÉÝÀÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ßÒ×ÉÅÉ ÃÀ ÀÒÀßÒ×ÉÅÉ ÀÌÏÝÀ-
ÍÄÁÉÓ ÀÌÏáÓÍÉÓ ÒÉÝáÅÉÈÉ ÌÄÈÏÃÄÁÉÓ (ÌÀÈ ÛÏÒÉÓ ÄÊÏÍÏÌÉÖÒÉ ÀËÂÏÒÉÈÌÄÁÉÓ) ÛÄØÌÍÀ
ÃÀ ÃÀ×ÖÞÍÄÁÀ, ÉËÉÀ ÍÄÓÔÏÒÉÓ ÞÄ ÅÄÊÖÀÓ ÂÀÒÓÄÁÉÓÀ ÃÀ ×ÉÒ×ÉÔÄÁÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ
ÌÏÃÄËÄÁÉÓ ÂÀÌÏÊÅËÄÅÀ, ÀÒÀÊËÀÓÉÊÖÒ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÀÈÀ ÀáÀËÉ ÊËÀÓÉÓ (ÀÒÀËÏÊÀ-
ËÖÒÉ ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÄÁÉÓ) ÊÏÒÄØÔÖËÏÁÉÓÀ ÃÀ ÌÀÈÉ ÃÉÓÊÒÄÔÉÆÀÝÉÉÓ ÓÀÊÉÈáÄÁÉÓ
ÛÄÓßÀÅËÀ; ×ÉÆÉÊÉÓ, ØÉÌÉÉÓ, ÓÀÌÛÄÍÄÁËÏ ÌÄØÀÍÉÊÉÓ, ÂÀÆÉ×ÉÊÀÝÉÉÓ, ÙÅÀÒÝÏ×ÄÁÉÓ ÃÀ
ÓáÅ. ÀÌÏÝÀÍÄÁÉÓ ÄÂÌ-ÆÄ ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÉÓ ÐÒÏÁËÄÌÀÈÀ ÂÀÌÏÊÅËÄÅÀ ÃÀ ÓáÅ.
ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÀÃÒÄÖËÉ ÛÒÏÌÄÁÉ ÄÞÙÅÍÄÁÀ ÆÏÂÉÄÒÈÉ ÀÒÀÓÔÀÝÉÏÍÀÒÖËÉ, ßÒ×ÉÅÉ
ÃÀ ÀÒÀßÒ×ÉÅÉ ÐÀÒÀÁÏËÖÒÉ ÔÉÐÉÓ ÂÀÍÔÏËÄÁÀÈÀÈÅÉÓ ÓáÅÀÃÀÓáÅÀ ÔÉÐÉÓ ÁÀÃÄÄÁÆÄ
(ÌÀÒÈÊÖÈáÏÅÀÍÉ, ÒÏÌÁÉÓÄÁÖÒÉ) ÓÀÓÒÖËÓáÅÀÏÁÉÀÍÉ ÓØÄÌÄÁÉÓ (ÌÀÈ ÛÏÒÉÓ ÌÀÙÀËÉ ÓÉÆÖÓ-
ÔÉÓ ÓØÄÌÄÁÉÓ) ÊÏÍÓÔÒÖÉÒÄÁÀÓÀ ÃÀ ÂÀÌÏÊÅËÄÅÀÓ.

ÀÌ ÛÒÏÌÄÁÛÉ ÍÀÜÅÄÍÄÁÉÀ ÀÂÄÁÖËÉ ÓáÅÀÏÁÉÀÍÉ ÓØÄÌÄÁÉÓ ÊÒÄÁÀÃÏÁÀ, ÂÀÌÏÊÅËÄÖËÉÀ
ÌÀÈÉ ÌÃÂÒÀÃÏÁÀ ÃÀ ÓÉÆÖÓÔÄ. ÄÓ ÂÀÌÏÊÅËÄÅÄÁÉ ßÀÒÌÏÀÃÂÄÍÓ ÓÉÈÁÏÂÀÌÔÀÒÄÁËÏÁÉÓ
ÂÀÍÔÏËÄÁÉÓÀÈÅÉÓ ÀÊÀÃ. ÛÀËÅÀ ÌÉØÄËÀÞÉÓ ÌÉÄÒ ÌÉÙÄÁÖËÉ ÛÄÃÄÂÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓ.
ÀÌÀÅÄ ÐÄÒÉÏÃÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÌÀ ÃÀÉßÚÏ ÈÀÅÉÓÉ ÂÀÌÏÊÅËÄÅÄÁÉ ÄÊÏÍÏÌÉÖÒ ÓáÅÀÏ-
ÁÉÀÍ ÓØÄÌÄÁÛÉ (ËÏÊÀËÖÒÀÃ-ÄÒÈÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÌÄÈÏÃÉ).
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ÌÉÓ ÌÉÄÒ 1965 ßÄËÓ ÂÀÌÏØÅÄÚÍÄÁÖËÉ ÍÀÛÒÏÌÉ, ÒÏÌÄËÉÝ 2m ÒÉÂÉÓ ÐÀÒÀÁÏËÖÒÉ
ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ËÏÊÀËÖÒÀÃ-ÄÒÈÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÓØÄÌÄÁÉÓ ÂÀÌÏÊÅËÄÅÀÓ ÄÞÙÅÍÄÁÀ,
×ÀØÔÏÁÒÉÅÀÃ ÐÉÒÅÄËÉÀ ÀÌ ÔÉÐÉÓ ÍÀÛÒÏÌÄÁÓ ÛÏÒÉÓ. ÌÀÓÛÉ ÍÀÜÅÄÍÄÁÉÀ, ÒÏÌ ÓÀÊÌÀÏÃ
ÆÏÂÀÃÉ ÓÀáÉÓ ÌÀÙÀËÉ ÒÉÂÉÓ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ÓÐÄÝÉÀËÖÒÉ ÄÒÈÂÀÍÆÏÌÉËÄÁÉÀÍÉ
ÓÉÓÔÄÌÉÓ (ÀÃÉÔÉÖÒÉ ÌÏÃÄËÉÓ) ÀÌÏÍÀáÓÍÉ ÁÀÃÉÓ ÊÅÀÍÞÄÁÛÉ ÌÒÀÅÀËÂÀÍÆÏÌÉËÄÁÉÀÍÉ
ÀÌÏÝÀÍÉÓ ÀÌÏÍÀáÓÍÓ ÄÌÈáÅÄÅÀ. ÀØÅÄ ÌÏÝÄÌÖËÉÀ 2m ÒÉÂÉÓ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ËÏÊÀ-
ËÖÒÀÃ-ÄÒÈÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÓØÄÌÄÁÉÓ ÌÃÂÒÀÃÏÁÉÓ ÓÒÖËÉ ÃÀ×ÖÞÍÄÁÀ. ÀÙÍÉÛÍÖËÌÀ
ÛÒÏÌÀÌ ÌÉÉÐÚÒÏ ÚÖÒÀÃÙÄÁÀ ÌÒÀÅÀËÉ ÌÊÅËÄÅÀÒÉÓÀ, ÒÏÌËÄÁÌÀÝ ÌÀÓ ÌÉÓÝÄÓ ÞÀËÉÀÍ
ÌÀÙÀËÉ ÛÄ×ÀÓÄÁÀ (À.À. ÓÀÌÀÒÓÊÉ, Í.Í. ÉÀÍÄÍÊÏ) ÃÀ ÝÉÔÉÒÄÁÖËÉÀ ÓÐÄÝÉÀËÉÓÔÈÀ ÌÈÄË
ÒÉÂ ÛÒÏÌÄÁÛÉ, ÌÀÈ ÛÏÒÉÓ ÜÄÌÓ ÌÏÍÏÂÒÀ×ÉÀÛÉÝ.

ÖÍÃÀ ÀÙÉÍÉÛÍÏÓ, ÒÏÌ ÓÀáÄËÃÏÁÒ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÐÉÒÅÄËÉ ÛÒÏÌÄÁÉ ÃÀÄÃÏ
ÓÀ×ÖÞÅËÀÃ ÓÀØÀÒÈÅÄËÏÛÉ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÉÓÄÈÉ ÖÌÍÉÛÅÍÄËÏÅÀÍÄÓÉ ÈÀÍÀÌÄ-
ÃÒÏÅÄ ÌÉÌÀÒÈÖËÄÁÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓ, ÒÏÂÏÒÉÝÀÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÀÌÏÝÀÍÄÁÉÓ
ÀÌÏáÓÍÉÓÀÈÅÉÓ ÄÊÏÍÏÌÉÖÒÉ ÀËÂÏÒÉÈÌÄÁÉÓ ÂÀÌÏÊÅËÄÅÀ (ËÏÊÀËÖÒÀÃ-ÄÒÈÂÀÍÆÏÌÉËÄ-
ÁÉÀÍÉ ÌÄÈÏÃÉ, ßÉËÀÃ ÁÉãÈÀ ÌÄÈÏÃÉ, ÃÄÊÏÌÐÏÆÉÝÉÉÓ ÌÄÈÏÃÉ, ÂÀáËÄÜÅÉÓ ÌÄÈÏÃÉ,
ÝÅÀËÄÁÀÃ ÌÉÌÀÒÈÖËÄÁÀÈÀ ÌÄÈÏÃÉ ÃÀ ÓáÅ.). ÀÌ ÌÄÈÏÃÄÁÉÓ ÈÄÏÒÉÖËÉ ÓÀ×ÖÞÅËÄÁÉ
ÌÏÝÄÌÖËÉ ÉÚÏ 50-ÉÀÍÉ ßËÄÁÉÓ ÁÏËÏÓ ÃÀ 60-ÉÀÍÉ ßËÄÁÉÓ ÃÀÓÀßÚÉÓÛÉ ÀÌÄÒÉÊÄËÉ ÃÀ
ÓÀÁàÏÈÀ ÌÄÝÍÉÄÒÄÁÉÓ ÛÒÏÌÄÁÛÉ (ã. ÃÖÂËÀÓÉ, Â. ÒÄÊ×ÏÒÃÉ, Ã. ÐÉÓÌÄÍÉ, Í.Í. ÉÀÍÄÍÊÏ,
À.À. ÓÀÌÀÒÓÊÉ, Â.É. ÌÀÒÜÖÊÉ ÃÀ ÓáÅ.).

ÀÌ ÝÉÊËÉÓ ÌÏÌÃÄÅÍÏ ÛÒÏÌÄÁÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÌÀ ÀÀÂÏ ÃÀ ÂÀÌÏÉÊÅËÉÀ ÓáÅÀÃÀÓáÅÀ
ÔÉÐÉÓ ËÏÊÀËÖÒÀÃ-ÄÒÈÂÀÍÆÏÌÉËÄÁÉÀÍÉ ÓØÄÌÄÁÉ ÃÀ ÂÀáËÄÜÉËÉ ÓØÄÌÄÁÉ. ÊÄÒÞÏßÀÒÌÏÄ-
ÁÖËÄÁÉÀÍÉ ÀÒÀÓÔÀÝÉÏÍÀÒÖËÉ ßÒ×ÉÅÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ ÝÅÀËÄÁÀÃÉ ÊÏÄ×ÉÝÉÄÍÔÄÁÉÈ
ÌÒÀÅÀËÂÀÍÆÏÌÉËÄÁÉÀÍ ÛÄÌÈáÅÄÅÀÛÉ ÃÀ ÀÂÒÄÈÅÄ ÀÒÀßÒ×ÉÅÉ ÐÀÒÀÁÏËÖÒÉ ÃÀ äÉÐÄÒÁÏ-
ËÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓÀÈÅÉÓ. ÀÖÝÉËÄÁËÀÃ ÖÍÃÀ ÀÙÉÍÉÛÍÏÓ ÄÒÈÉ ÌÍÉÛÅÍÄËÏÅÀÍÉ ÂÀÒÄ-
ÌÏÄÁÀ, ÒÏÌÄËÉÝ ÀáÀÓÉÀÈÄÁÓ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÛÒÏÌÄÁÓ - ÌÀÈÛÉ ÀËÂÏÒÉÈÌÄÁÉÓ
ÂÀÌÏÊÅËÄÅÀ ßÀÒÌÏÄÁÓ ÀÁÓÔÒÀØÔÖË ÃÏÍÄÆÄ, ×ÖÍØÝÉÏÍÀËÖÒÉ ÀÍÀËÉÆÉÓ ÈÀÍÀÌÄÃÒÏÅÄ
ÌÄÈÏÃÄÁÉÓ ÂÀÌÏÚÄÍÄÁÉÈ. ÀÌÀÓÈÀÍ, ÌÉÙÄÁÖËÉ ÛÄÃÄÂÄÁÉ ÀÔÀÒÄÁÄÍ ÊÏÍÊÒÄÔÖË ÃÀ
ÂÀÌÏÚÄÍÄÁÉÈ áÀÓÉÀÈÓ. ÛÄÌÃÂÏÌÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÌÀ ÆÄÌÏÈ ÍÀáÓÄÍÄÁÉ ÓÀÊÉÈáÄÁÉÓ
ÊÅËÄÅÀÛÉ ÜÀÒÈÏ ÀáÀËÂÀÆÒÃÀ ÓÐÄÝÉÀËÉÓÔÄÁÉ, ÒÏÌËÄÁÌÀÝ ÌÀÙÀË ÌÄÝÍÉÄÒÖË ÃÏÍÄÆÄ
ÃÀÀÌÖÛÀÅÄÓ ÒÉÝáÅÉÈÉ ÀÍÀËÉÆÉÓÀ ÃÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÉÓ ÆÏÂÉÄÒÈÉ ÈÀÍÀÌÄÃÒÏ-
ÅÄ ÐÒÏÁËÄÌÀ.

1968-72 ßËÄÁÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÌÉÄÒ ÀÂÄÁÖËÉ ÉØÍÀ ÀáÀËÉ ÔÉÐÉÓ ÄÊÏÍÏÌÉÖÒÉ
ÀËÂÏ-ÒÉÈÌÄÁÉ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÀÒÀÓÔÀÝÉÏÍÀÒÖËÉ ÀÌÏÝÀÍÄÁÉÓ ÀÌÏÓÀáÓÍÄËÀÃ. ÀÌ
ÀËÂÏÒÉÈÌÄÁÓ ÌÀÍ „ÂÀÓÀÛÖÀËÄÁÖËÉ“ ÌÏÃÄËÄÁÉ ÖßÏÃÀ. ÌÀÈÉ ÌÄÛÅÄÏÁÉÈ ÀÂÄÁÖËÉ ÃÀ
ÂÀÌÏÊÅËÄÖËÉ ÉØÍÀ ÐÀÒÀËÄËÖÒÉ ÈÅËÉÓ ÓØÄÌÄÁÉ. ÀÙÍÉÛÍÖËÉ ÂÀÌÏÊÅËÄÅÄÁÉÓ ÆÏÂÉÄÒÈÉ
ÛÄÃÄÂÉ ÍÀßÉËÏÁÒÉÅ 1970 ßÄËÓ ÍÉÝÀÛÉ ÜÀÔÀÒÄÁÖË ÌÀÈÄÌÀÔÉÊÏÓÈÀ ÊÏÍÂÒÄÓÆÄ ÉØÍÀ
ßÀÒÌÏÃÂÄÍÉËÉ (À.À. ÓÀÌÀÒÓÊÉÓ ÌÏáÓÄÍÄÁÀ „ÓáÅÀÏÁÉÀÍ ÓØÄÌÀÈÀ ÈÄÏÒÉÉÓÀÃÌÉ ÌÉÞÙÅÍÉËÉ
ÍÀÛÒÏÌÄÁÉÓ ÛÄÓÀáÄÁ“). ÛÄÃÄÂÄÁÉÓ ÍÀßÉËÉ ÂÀÌÏØÅÄÚÍÄÁÖËÉ ÉÚÏ ÓÀ×ÒÀÍÂÄÈÛÉ 1971-72
ßËÄÁÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÐÀÒÉÆÉÓ ÖÍÉÅÄÒÓÉÔÄÔÛÉ ÌÉÅËÉÍÄÁÉÓÀÓ, ÒÉÝáÅÉÈÉ ÀÍÀËÉÆÉÓ
ËÀÁÏÒÀÔÏÒÉÀÛÉ ÀÊÀÃ. Ñ.-Ë. ËÉÏÍÓÉÓ áÄËÌÞÙÅÀÍÄËÏÁÉÈ ÌÖÛÀÏÁÉÓ ÐÄÒÉÏÃÛÉ. ÄÓ
ÛÒÏÌÄÁÉ ÝÉÔÉÒÄÁÖËÉÀ ÀÒÀÄÒÈÂÆÉÓ (Ñ.Ë. ËÉÏÍÓÉ, Ð. ÔÄÌÀÌÉ, Å.Ë. ÌÀÊÀÒÏÅÉ ÃÀ ÓáÅ.).
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ÂÀÓÀÛÖÀËÄÁÖËÌÀ ÌÏÃÄËÄÁÌÀ (ÐÀÒÀËÄËÖÒÉ ÈÅËÉÓ ÀËÂÏÒÉÈÌÄÁÉ) ÂÀÍÓÀÊÖÈÒÄÁÖËÉ
ÌÍÉÛÅÍÄËÏÁÀ ÛÄÉÞÉÍÄÓ ÌÒÀÅÀËÐÒÏÝÄÓÏÒÉÀÍÉ ÄËÄØÔÒÏÍÖË ÂÀÌÏÌÈÅËÄËÉ ÌÀÍØÀÍÄÁÉÓ
ÂÀÌÏÜÄÍÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ. ÉÓÉÍÉ ßÀÒÌÀÔÄÁÉÈ ÂÀÌÏÉÚÄÍÄÁÀ ÃÒÄÊÀÃÏÁÉÓ ÈÄÏÒÉÉÓ,
×ÉÒ×ÉÔÄÁÉÓÀ ÃÀ ÂÀÒÓÄÁÉÓ ÈÄÏÒÉÉÓ, ÌÀÂÍÉÔÖÒÉ äÉÃÒÏÃÉÍÀÌÉÊÉÓÀ ÃÀ ÓáÅ. ÊÏÍÊÒÄÔÖËÉ
ÂÀÌÏÚÄÍÄÁÉÈÉ ÀÌÏÝÀÍÄÁÉÓ ÀÌÏÓÀáÓÍÄËÀÃ. ÀÙÓÀÍÉÛÍÀÅÉÀ, ÒÏÌ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ
ÂÀÓÀÛÖÀËÄÁÖËÉ ÀÃÉÔÉÖÒÉ ÌÏÃÄËÄÁÉÓÀ ÃÀ ÓØÄÌÄÁÉÓ ÀÌÏÌáÓÍÄËÉ ×ÏÒÌÖËÄÁÉ ÀáÀËÉÀ
ÃÀ ßÀÒÌÏÀÃÂÄÍÓ ÃÉÃ ÈÄÏÒÉÖË ÉÍÔÄÒÄÓÓ ÍÀáÄÅÀÒãÂÖ×ÈÀ ÈÄÏÒÉÉÓ ÈÅÀËÈÀáÄÃÅÉÈ,
ËÉ-ÔÒÏÔÄÒ-ÊÀÔÏ-ÜÄÒÍÏÅÉÓ ÝÍÏÁÉËÉ ×ÏÒÌÖËÄÁÉÓ ÌÓÂÀÅÓÀÃ, ÒÏÌÄËÈÀ ÃÀ×ÖÞÍÄÁÀÓ
ÆÏÂÀÃ ×ÖÍØÝÉÏÍÀËÖÒ ÓÉÅÒÝÄÄÁÛÉ ÄÞÙÅÍÄÁÀ ÀÌÄÒÉÊÄËÉ ÓßÀÅËÖËÉÓ Ì. ËÀÐÉÃÖÓÉÓ
ÂÀÌÏÊÅËÄÅÄÁÉ.

ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÍÀÛÒÏÌÈÀ ÃÉÃÉ ÝÉÊËÉ ÄÞÙÅÍÄÁÀ ÀÊÀÃ. ÉËÉÀ ÅÄÊÖÀÓ ×ÉÒ×ÉÔÄÁÉ-
ÓÀ ÃÀ ÂÀÒÓÈÀ ÈÄÏÒÉÉÓ ÊÅËÄÅÀÓ. ÊÄÒÞÏÃ, ÀÌ ÈÄÏÒÉÉÓ ÓÀ×ÖÞÅÄËÆÄ ×ÉÒ×ÉÔÄÁÉÓÀ
ÃÀ ÂÀÒÓÄÁÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÓ ÀÂÄÁÀÓ, ÊÏÍÊÒÄÔÖËÉ ÂÀÌÏÚÄÍÄÁÉÈÉ ÀÌÏÝÀÍÄÁÉÓ
(ÈáÄËÉ ÂÀÒÓÄÁÉ, ÈÀÙÏÅÀÍÉ ÊÀÛáËÄÁÉ ÃÀ ÓáÅÀ ÓÀÌÛÄÍÄÁËÏ ÊÏÍÓÔÒÖØÝÉÄÁÉ) ÓÔÒÖØÔÖÒÖ-
ËÉ ÃÀ áÀÒÉÓáÏÁÒÉÅÉ ÈÅÉÓÄÁÄÁÉÓ (ÓÀÓÀÆÙÅÒÏ ÀÌÏÝÀÍÄÁÉÓ ÀÌÏáÓÍÀÃÏÁÀ, ÜÀÌÏàÒÉËÉ
ÌÏÃÄËÄÁÉÓ ÓÉÆÖÓÔÄ ÃÀ À.Û.) ÓÀ×ÖÞÅÄËÆÄ ÈÀÍÀÌÄÃÒÏÅÄ ÃÉÓÊÒÄÔÖËÉ ÀËÂÏÒÉÈÌÄÁÉÓ
ÃÀÌÖÛÀÅÄÁÀÓ ÄËÄØÔÒÏÍÖË ÂÀÌÏÌÈÅËÄË ÌÀÍØÀÍÄÁÆÄ ÒÄÀËÉÆÀÝÉÉÓ ÌÉÆÍÉÈ. ÍÀÛÒÏÌÈÀ
ÌÏáÓÄÍÉÄÁÖËÉ ÝÉÊËÉ ÃÀßÚÄÁÖËÉ ÉØÍÀ ÀÊÀÃ. ÉËÉÀ ÅÄÊÖÀÓ ÆÄÂÀÅËÄÍÉÈÀ ÃÀ áÄËÌÞÙÅÀÍÄ-
ËÏÁÉÈ. ÀÌ ÂÀÌÏÊÅËÄÅÀÈÀ ÛÄÃÄÂÄÁÉ (1969-80 ßËÄÁÉ) ÌÏáÓÄÍÄÁÖËÉ ÉØÍÀ ÓáÅÀÃÀÓáÅÀ
ÓÀÄÒÈÀÛÏÒÉÓÏ ÃÀ ÓÀÊÀÅÛÉÒÏ ×ÏÒÖÌÄÁÆÄ ÃÀ ÂÀÌÏØÅÄÚÍÃÀ ÏÒÉ ÓÔÀÔÉÉÓ ÓÀáÉÈ ÓÓÒÊ
ÌÄÝÍÉÄÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ ÌÏáÓÄÍÄÁÄÁÛÉ (1974 ß.), ÀÂÒÄÈÅÄ ÓáÅÀ ÑÖÒÍÀËÄÁÛÉ. ÀÙÍÉÛÍÖËÉ
ÈÄÌÀÔÉÊÉÓ ÉÒÂÅËÉÅ ÌÏáÓÄÍÄÁÄÁÉ ÂÀÊÄÈÃÀ 1977 ßÄËÓ ÐÀÒÉÆÉÓ ÀÅÔÏÌÀÔÉÊÉÓÀ ÃÀ ÉÍ×ÏÒ-
ÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÛÉ.

1983 ßÄËÓ ÌÀÈÄÌÀÔÉÊÏÓÈÀ ÊÏÍÂÒÄÓÆÄ ÅÀÒÛÀÅÀÛÉ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÌÀ ÂÀÀÊÄÈÀ
ÌÏáÓÄÍÄÁÀ ÀáÀËÉ ÔÉÐÉÓ ÀÒÀßÒ×ÉÅÉ ÐÀÒÀÁÏËÖÒÉ ÂÀÍÔÏËÄÁÉÓ ÒÉÝáÅÉÈÉ ÀÌÏáÓÍÉÓ
ÛÄÓÀáÄÁ. ÀÌ ÂÀÌÏÊÅËÄÅÀÈÀ ÛÄÃÄÂÄÁÌÀ ÐÒÀØÔÉÊÖËÉ ÂÀÌÏÚÄÍÄÁÀ äÐÏÅÀ ÃÀ ÃÀÍÄÒÂÉË
ÉØÍÀ É.Å. ÊÖÒÜÀÔÏÅÉÓ ÓÀáÄËÏÁÉÓ ÀÔÏÌÖÒÉ ÄÍÄÒÂÉÄÁÉÓ ÉÍÓÔÉÔÖÔÛÉ ÃÀ ÓÏáÖÌÉÓ ×ÉÆÉÊÀ-
ÔÄØÍÉÊÖÒ ÉÍÓÔÉÔÖÔÛÉ.

ÖÍÃÀ ÀÙÉÍÉÛÍÏÓ, ÒÏÌ ÔÄØÍÉÊÀÓÀ ÃÀ ÓÀáÀËáÏ ÌÄÖÒÍÄÏÁÀÛÉ ÐÒÀØÔÉÊÖËÉ ÂÀÌÏÚÄÍÄÁÀ
äÐÏÅÄÓ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉÓ ÌÉÄÒ ÈÀÅÉÓ ÌÏÓßÀÅËÄÄÁÈÀÍ ÃÀ ÈÀÍÀÌÛÒÏÌËÄÁÈÀÍ ÄÒÈÀÃ
ÜÀÔÀÒÄÁÖËÌÀ ÓáÅÀ ÂÀÌÏÊÅËÄÅÄÁÌÀ (ÙÅÀÒÝÏ×ÉÓ ÂÀÅÒÝÄËÄÁÉÓ ÂÀÈÅËÀ, ÓÀØÀËÀØÏ ØÓÄËÄÁ-
ÛÉ ÂÀÆÉÓ ÃÉÍÄÁÉÓ ÀÍÂÀÒÉÛÉ ÃÀ ÏÐÔÉÌÉÆÀÝÉÀ, ÓÉÈÁÖÒÉ ÃÀÍÀÃÂÀÒÄÁÉ).

ÓÀÌÄÝÍÉÄÒÏ ÌÏÙÅÀßÄÏÁÀÓÈÀÍ ÄÒÈÀÃ ÃÀÅÉÈ ÂÏÒÃÄÆÉÀÍÉ ÌÏÍÀßÉËÄÏÁÀÓ ÙÄÁÖËÏÁÓ
ÓÐÄÝÉÀËÖÒÉ ÓÀÌÛÄÍÄÁËÏ ÌÄØÀÍÉÆÌÄÁÉÓ ÛÄØÌÍÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÖË ÌÖÛÀÏÁÀÛÉ, ÀØÅÓ ÂÀÌÏ-
ÂÏÍÄÁÄÁÉ, ÒÏÌËÄÁÉÝ ÃÀÐÀÔÄÍÔÄÁÖËÉÀ ÀÛÛ-ÓÀ ÃÀ ÛÅÄÝÉÀÛÉ.

ÍÀÚÏ×ÉÄÒÉ ÉÚÏ Ã. ÂÏÒÃÄÆÉÀÍÉÓ, ÒÏÂÏÒÝ ÐÒÏ×ÄÓÏÒÉÓ ÌÖÛÀÏÁÀ ÉÅÀÍÄ ãÀÅÀáÉÛÅÉ-
ËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÛÉ, ÓÀÃÀÝ ÀÈÄÖËÉ ßËÄÁÉÓ ÌÀÍÞÉËÆÄ
áÄËÌÞÙÅÀÍÄËÏÁÃÀ ÉÍ×ÏÒÌÀÔÉÊÉÓÀ ÃÀ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÊÀÈÄÃÒÀÓ ÃÀ ÌÉÚÀÅÃÀ
ÓÀËÄØÝÉÏ ÊÖÒÓÄÁÉ, ÂÀÃÀÓÝÄÌÃÀ ÒÀ ÓÔÖÃÄÍÔÄÁÓ ÈÀÅÉÓ ÝÏÃÍÀÓÀ ÃÀ ÂÀÌÏÝÃÉËÄÁÀÓ,
ÌÏßÉÍÀÅÄÄÁÓ ÊÉ ÈÀÅÉÃÀÍÅÄ ÀÆÉÀÒÄÁÃÀ ÓÀÌÄÝÍÉÄÒÏ ÊÅËÄÅÉÈ ÌÖÛÀÏÁÀÓ. ÌÉÓÉ ËÄØÝÉÄÁÉ
ÞÀËÉÀÍ ÌÒÀÅÀË×ÄÒÏÅÀÍÉ ÉÚÏ: ÐÒÏÂÒÀÌÉÒÄÁÀ ÄÂÌ-ÆÄ; ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÀ; ÌÀÈÄÌÀ-



ÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÀ; ×ÖÍØÝÉÏÍÀËÖÒÉ ÀÍÀËÉÆÉ ÃÀ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÀ; ÂÀÒÓÄÁÉÓÀ
ÃÀ ×ÉÒ×ÉÔÄÁÉÓ É. ÅÄÊÖÀÓ ÈÄÏÒÉÀ; ÊÄÒÞÏßÀÒÌÏÄÁÖËÄÁÉÀÍÉ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÂÀÍÔÏËÄ-
ÁÄÁÉÓ ÀÌÏáÓÍÉÓ ÓáÅÀÏÁÉÀÍÉ ÌÄÈÏÃÄÁÉ; ÃÄÊÏÌÐÏÆÉÝÉÉÓ ÌÄÈÏÃÄÁÉ; ÒÉÝáÅÉÈÉ ÀÍÀËÉÆÉ;
ÓÀÌÄÝÍÉÄÒÏ ÂÀÌÏÈÅËÄÁÉ; ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÀ ÃÀ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÀ;
ßÒ×ÉÅÉ ÀËÂÄÁÒÉÓ ÒÉÝáÅÉÈÉ ÌÄÈÏÃÄÁÉ; ÊÏÌÐÉÖÔÄÒÖËÉ ÀËÂÄÁÒÀ ÃÀ ÓáÅÀ. ÉÂÉ ÉÚÏ
ÒÀÌÃÄÍÉÌÄ ÓÀÌÀÂÉÓÔÒÏ ÃÀ ÓÀÃÏØÔÏÒÏ ÐÒÏÂÒÀÌÉÓ áÄËÌÞÙÅÀÍÄËÉ.

ÂÀÍÓÀÊÖÈÒÄÁÉÈ ÖÍÃÀ ÀÙÉÍÉÛÍÏÓ Ã. ÂÏÒÃÄÆÉÀÍÉÓ ÌÏÙÅÀßÄÏÁÀ ÖÍÉÅÄÒÓÉÔÄÔÉÓ
É. ÅÄÊÖÀÓ ÓÀáÄËÏÁÉÓ ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÛÉ, ÓÀÃÀÝ ÂÀÉÀÒÀ ÂÆÀ Ö×ÒÏÓÉ
ÌÄÝÍÉÄÒÉ ÈÀÍÀÌ-ÛÒÏÌËÉÓ ÈÀÍÀÌÃÄÁÏÁÉÃÀÍ ÉÍÓÔÉÔÖÔÉÓ ÃÉÒÄØÔÏÒÉÓ ÈÀÍÀÌÃÄÁÏÁÀÌÃÄ,
ÁÏËÏ ÀÈÉ ßËÉÓ ÌÀÍÞÉËÆÄ ÊÉ áÄËÌÞÙÅÀÍÄËÏÁÃÀ ÄÒÈ-ÄÒÈ ÞÉÒÉÈÀÃ ÓÀÌÄÝÍÉÄÒÏ
ÌÉÌÀÒÈÖËÄÁÀÓ (ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÀ ÃÀ ÂÀÌÏÈÅËÉÈÉ ÌÀÈÄÌÀÔÉÊÀ).

Ã. ÂÏÒÃÄÆÉÀÍÉ ÓáÅÀÃÀÓáÅÀ ßËÄÁÛÉ ÉÚÏ ÓÀÌÄÝÍÉÄÒÏ áÀÒÉÓáÄÁÉÓÀ ÃÀ ßÏÃÄÁÄÁÉÓ
ÌÉÌÍÉàÄÁÄËÉ ÓÀÁàÏÄÁÉÓ ßÄÅÒÉ; ÓÀØÀÒÈÅÄËÏÓ ÌÄÝÍÉÄÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ
ÌÏÃÄËÉÒÄÁÉÓ ÓÀÁàÏÓ ÈÀÅÌãÃÏÌÀÒÉÓ ÌÏÀÃÂÉËÄ; ÒÖÓÄÈÉÓ ÌÄÝÍÉÄÒÄÁÀÈÀ ÀÊÀÃÄÌÉÉÓ
ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÒÄÁÉÓ ÓÀÐÒÏÁËÄÌÏ ÓÀÁàÏÓ ßÄÅÒÉ; ÂÄÒÌÀÍÉÉÓ ÉÍ×ÏÒÌÀÔÉÊÏÓÈÀ
ÓÀÁàÏÓ ßÄÅÒÉ; ÓÀØÀÒÈÅÄËÏÓ ÓÀÁÖÍÄÁÉÓÌÄÔÚÅÄËÏ ÀÊÀÃÄÌÉÉÓ ÐÒÄÆÉÃÄÍÔÉ; ÊÏÌÐÉÖÔÄÒÖË
ÌÄÝÍÉÄÒÄÁÀÈÀ ÃÀ ÓÉÓÔÄÌÄÁÉÓ ÓÀÄÒÈÀÛÏÒÉÓÏ ÀÊÀÃÄÌÉÉÓ ÍÀÌÃÅÉËÉ ßÄÅÒÉ; ÒÀÌÃÄÍÉÌÄ
ÀÅÔÏÒÉÔÄÔÖËÉ ÓÀÌÄÝÍÉÄÒÏ ÑÖÒÍÀËÉÓ ÓÀÒÄÃÀØÝÉÏ ÊÏËÄÂÉÉÓ ßÄÅÒÉ. ÉÂÉ ÉÚÏ ÓÀØÀÒ-
ÈÅÄËÏ–ÄÓÐÀÍÄÈÉÓ ÄÒÈÏÁËÉÅÉ ÓÀÌÄÝÍÉÄÒÏ ÑÖÒÍÀËÉÓ „ÂÀÌÏÚÄÍÄÁÉÈÉ ÌÀÈÄÌÀÔÉÊÀ ÃÀ
ÉÍ×ÏÒÌÀÔÉÊÀ“ ÄÒÈ–ÄÒÈÉ ÃÀÌÀÀÒÓÄÁÄËÉ ÃÀ ÌÈÀÅÀÒÉ ÒÄÃÀØÔÏÒÉ.

ÊÏËÄÂÄÁÉ
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Professor David Gordeziani

David Gordeziani was born in Tbilisi, in the family of engineer and inventor George
Gordeziani on December 9, 1937. His mother Natalia Kireulishvili was a pediatrician.
Since 1945 he had been studying at Boys’ Gymnasium No 1 (further known as Secondary
School No 1 and currently Tbilisi Classical Gymnasium), which he graduated with golden
medal for extraordinary achievements in 1956. In the same year he became a student of
the faculty of Mechanics and Mathematics at Iv. Javakhishvili Tbilisi State University
(TSU). In 1961 he graduated TSU with honor and continued his education as a post grad-
uated student at the department of Approximate Analysis and Computational Technics
of the same university. During the postgraduate period he had been working under the
supervision of outstanding Georgian scientist, academician Shalva Mikeladze.

David Gordeziani had done his PhD in Computational Mathematics at A. Razmadze
Institute of Mathematics of Georgian Academy of Sciences. Dissertation council was
chaired by worldwide famous mathematician and a professional of mathematical mechan-
ics Academician Niko Muskhelishvili. David Gordeziani began his scientific work at the
Institute of Mathematics from 1964. In 1968 he had moved to TSU Scientific-Research
Laboratory, which later on became Institute of Applied Mathematics in the same year.
Since 1970 he had been heading the department of Numerical Analysis of this institute.
From 1979 till 1985 he was Deputy Director responsible for a Scientific Area. By that
time the instituted was already named after academician Ilya Vekua. From 1985 till the



30 Our Calendar Batumi, July 12–16, 2015

end of 2006 he was a Director of Ilya Vekua Institute of Applied Mathematics. From 1984
till 2006 David Gordeziani was also heading the Department of Computational Mathe-
matics and Informatics at the faculty of Mechanics and Mathematics of TSU. From 2006
till September 2009 he was full professor, and from 2009 till the end of his life he was
Professor Emeritus at TSU. He was invited professor at Sokhumi State University and St.
Andrew the First Called Georgian University of Patriarchate of Georgia correspondingly
in 1996-2006 and in 2008-2015.

In 1971-1972 David Gordeziani took internship course at the laboratory of Numerical
Analysis in Paris VI University and in Grenoble Institute of Applied Mathematics in
France. His internship was supervised by the greatest contemporary mathematician,
engineer and informatician, academician Jaque-Luis Lions.

In 1982 David Gordeziani defended doctoral dissertation by specialization of Computa-
tional Mathematics at M. Lomonosov Moscow State University. The doctoral council was
chaired by one of the greatest mathematicians in the world, academician A.N. Tikhonov.
David Gordeziani was granted a title of a Professor in 1985.

Professor David Gordeziani has published about 200 scientific works, including 4 in-
ventions, 2 patents (USA, Denmark) and 3 monographs. He has received large number of
research grants. He has roused 7 scientific doctors and 17 candidates. He has supervised
many scientific works for Master’s Degree. During many years he was heading various
masters and doctoral programs. He was the author and co-author of many interesting
syllabuses. Under- and Post-graduate and doctoral works carried out under his supervi-
sion have gained variety of diplomas, certificates and prizes on international as well as
local conferences held within the framework of educational programs. 7 of his pupils have
won presidential scholarship and 4 - scholarship of Soros Foundation. Among his students
been under his direct supervision are those, who successfully worked and have still been
working abroad (Prof. E. Evseev – Israel, Doc. V. Iucys – USA, Doctor T. Jioev – Russia,
Doctor I. Janashvili – Israel, etc.).

David Gordeziani participated in numerous international and other forums, among
those the World Congress of Mathematicians in Warsaw (1983) and Zurich (1994), IU-
TAM Symposium, Athens Interdisciplinary Olympiad, etc. He was many times invited to
famous Universities of Paris, Rome, Grenoble, Athens, Jena, Moscow, Kiev, Minsk and
other cities to give lectures and carry out joint scientific researches.

Professor Gordeziani has taken part in organizing and carrying out many international
and local congresses, symposiums, conferences, schools in the area of computational math-
ematics, mechanics, shell theory, hydrodynamics, magnetic hydrodynamics, informatics
(e.g. International congress in Mathematics, IUTAM Symposium, etc.).

Professor Gordeziani was invited as an official opponent of a defense party in scientific-
study centers of France, Germany, Italy, Russia, Denmark, Poland, Greece, Ukraine,
Belorussia, Uzbekistan, Azerbaijan and Moldova. Often he was an opponent and expert
in Georgia in the areas of Mathematics, Informatics and Mechanics.

In 1993 Professor Gordeziani was elected as a member of International Academy of
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Computer Sciences and Systems; he was a member and honorary president of Georgian
Academy of Natural Sciences, the member of Georgian Engineering Academy. He was also
a member of Coordination Council of the USSR Academy of Sciences in Mathematical
Modeling, deputy head of Coordination Council of Georgian Academy of Sciences in
Mathematical Modelling, member of Iv. Javakhishvili Tbilisi State University Scientific
Council (1985-2006), etc.

David Gordeziani was supervisor and main performer of many international grants,
was owner of various scientific and governmental awards, prizes, medals and diplomas.
For his scientific, educational and scientific-organizational works he has received the fol-
lowing prizes, awards and diplomas: Iv. Javakhishvili Medal for important contribution in
development of scientific and educational processes; Medal of Honer of Georgian Republic;
Medal of USSR Presidium of the Supreme Council for “The Dedicated Work” and Sigel
of Honor of Minister of Council for “High Educational Performance and Special Success
in Work”; Sigel of Honor of Ministry of Higher and Secondary Special Education; The
First Degree Sigel and Prize at Georgian National Economy Performance; Diploma for
winning in republican Scientific-Technical Conference-Exhibition SofTEC’99 (for created
program package); Medal for Dedicated Work; The First Prize of Georgian Council of
Ministers for wining in competition of industrialized high effective works done in high
education institutions in 1984; The first degree sigel on exhibition of Achievements of
Georgian National Economy, etc.

Scientific themes of Professor David Gordeziani mainly deal with:

• Development and investigation of economic finite-difference algorithms;
• Establishment and development of the theory of plates and shells of I. Vekua;
• Investigation of some problems of mathematical physics;
• Research of nonlocal initial-boundary and boundary value problems for partial-

differential equations.

His works develop new contemporary methods for mathematical and computational
modelling of certain practical problems of Physics, Chemistry, Ecology, Construction
Mechanics and Hydro-Gas Dynamics. Works of Professor Gordeziani are cited in pa-
pers, monographs and handbooks of the worlds’ greatest scientists, encyclopedias and
overviews.

The information on the citations of Professor Gordeziani’s works in monographs, hand-
books and encyclopedias can be found on the following link: http://www.books.google.
com/books?q=gordezianid. This link provides for a list of more than 30 books that are
not mentioned anywhere else (e.g. on Google Scholar or Publish or Perish Databases on
Harzing.com). Here one can find the list of those monographs, handbooks, reviews and
historical works, encyclopedias of well known researchers (see further below) of Computa-
tional, Applied Mathematics and Mechanics, where papers of Professor David Gordeziani
are cited:
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1. M. Bernadou, Finite Element Methods for Thin Shell Problems. John Wiley, 1996
(textbook);

2. Ph. G. Ciarlet, The Finite Element Method for Elliptic Problems. Studies in Math-
ematics and its Applications, Vol. 4. North-Holland Publishing Co., Amsterdam-
New York-Oxford, 1978 (monograph). Russian translation: Ф. Сьярле, Метод
конечных элементов для эллиптических задач. М., Изд. Мир, 1980;

3. Ph. G. Ciarlet, Mathematical Elasticity. Vol. II. Theory of Plates. Studies in
Mathematics and its Applications, 27. North-Holland Publishing Co., Amsterdam,
1997 (monograph);

4. Ph. G. Ciarlet, Mathematical Elasticity. Vol. III. Theory of Shells. Studies in
Mathematics and its Applications, 29. North-Holland Publishing Co., Amsterdam,
2000 (monograph);

5. M. Vogelius, I. Babuška, On a dimensional reduction method. I. The optimal se-
lection of basis functions. Math. Comp. 37 (1981), no. 155, 31–46; II. Some
approximation-theoretic results. Math. Comp. 37 (1981), no. 155, 47–68; III. A
posteriori error estimation and an adaptive approach. Math. Comp. 37 (1981), no.
156, 361–384 (review);

6. А. А. Самарский, Теория разностных схем. М., Наука, 1983 (textbook);
7. П.И. Вабищевич, А.А. Самарский,Вычислительнаятеплопередача. М., Изд. УРСС,

2003 (monograph);
8. Международная конференция математиков в Нице, Доклады Советских Математи-

ков, Москва 1972 (review of important results of the scientific area);
9. А.А. Самарский, П.Н. Вабищевич, П.П. Матус, Разностные схемы с операторными

множителями. Минск, 1998 (monograph);
10. Т.Ю.Хома,Обобщенная теория оболочек. Киев, Наукова Думка, 1986 (monograph);
11. Monique Dauge, Erwan Faou, Zohaz Yosibash, Plates and Shells Asymptotic Expan-

sions and Hierarchical models. Encyclopedia for Computational Mechanics, 2004,
Edited by Ervin Steinm Rene de Borst Thomas J.R. Highes (encyclopedia);

12. А.В. Бицадзе, Некоторые классы уравнений в частных производных. М., Наука,
1981 (monograph);

13. E. Obolashvili, Higher Order Partial Differential Equations in Clifford Analysis.
Effective Solutions to Problems. Progress in Mathematical Physics, 28. Birkhäuser
Boston, Inc., Boston, MA, 2003 (monograph);

14. S. Jensen, Adaptive-dimensional reduction and divergence stability. Mat. Model. 8
(1996), no. 9, 44–52 (review);

15. История отечественной математики, т. 4, кн. 2, СССР, 1917-1967;
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16. M. Dikmen, Theory of Thin Elastic Shells. Surveys and Reference Works in Math-
ematics, 8. Pitman (Advanced Publishing Program), Boston, Mass.-London, 1982
(monograph type textbook).

David Gordeziani had honor of working jointly with Shalva Milkeladze, Ilia Vekua, An-
dria Bitsadze, Alexsander Samarskii, Andrei Tikhonov, Jaque-Luis Lions, Phillip Ciarlet.
They played important role in his establishment as a specialist of Applied Mathematics
and Informatics. His very first scientific work was performed under the supervision of
Academician Shalva Mikeladze. Further, during his whole life he respected his super-
visor and kept great memory of this outstanding mathematician. In general, Professor
David Gordeziani always much appreciated and mentioned with love all his teachers, who
contributed to his forming as a researcher.

Results of a principle importance were obtained by David Gordeziani during con-
structing and investigating economic finite-difference algorithms, establishing and devel-
oping I. Vekua Theory of Plates and Shells, studying nonlinear problems of Mathemati-
cal Physics, investigating nonlocal problems stated for differential equations, researching
methods of Mathematical and Computer Modelling for problems of engineering and nat-
ural sciences developed and stated by himself, etc.

Further below is brought David Gordeziani’s characteristic given by Academician
A. Samarskii, the world’s one of the outstanding mathematician, greatest specialist of
Applied and Computational Mathematics. Nevertheless this characteristic is dated quite
a long ago, these words have not lost their meaning and they completely describe Prof.
David Gordeziani’s scientific activity and importance of his results.

“David Gordeziani is a famous specialist in Computational and Applied Mathematics,
who has made a considerable contribution to the development of science. His works are
dedicated to such problems of current importance in modern mathematics as development
and establishment of numerical methods (economic algorithms as well) for resolving linear
and nonlinear problems of Mathematical Physics, investigating mathematical models for
I. Vekua plates and shells, studying correctness of a new class of non-classical boundary
problems (nonlocal boundary value problems) and developing methods of their discretiza-
tion research of problems for computer realization of mathematical models of physics,
chemistry, engineering mechanics, gasification, landslide, etc. In his earlier works David
Gordeziani has constructed and studied the finite-difference schemes (having high preci-
sion of approximations) in various types of grids (right-angled, diamond type) for some
non-stationary linear and nonlinear parabolic equations.

In these works Professor Gordeziani has shown convergence of constructed finite-
difference schemes, studied stability and precision issues. These researches present en-
hancement of results obtained by academician Shalva Mikeladze for heat-conductivity
equations. During the same period David Gordeziani has began his studies in economic
difference schemes (locally one-dimensional methods). His paper published in 1965, which
was devoted to the investigation of locally one-dimensional schemes for 2m-order parabolic
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equations, was practically first among this type of works. In this paper the author
has shown that for rather general high order equations the solution of a special one-
dimensional system (additive model) in grid-points coincide with the solution of a multi-
dimensional problem. The same paper studies stability issues of locally one-dimensional
schemes for 2m-order equations. The mentioned paper has attracted attention of many
researchers, who have qualified it as of high importance (A.A. Samarskii, N.N. Ianenko).
The work has got large amount of citations in other scientific works and monographs.

It should be noted that the first works of David Gordeziani became the bases for
the development of such an important modern direction of Computational Mathematics
in Georgia as investigation of economic algorithms for the problems of Mathematical
Physics (locally one-dimensional method, fractional step method, decomposition method,
split methods, method of variable directions, etc.). Theoretical basis of these methods
was given in the papers of scientists from USA and USSR (J. Douglas, G. Reckford, D.
Peacman, N.N. Ianenko, A.A. Samarskii, G.I. Marchuk, etc.) at the end of 50-th and
beginning of 60-th.

In the next works of that cycle, David Gordeziani has constructed and investigated
various types of locally one-dimensional and split schemes for partial differential non-
stationary linear equations with variable coefficients in multi-dimensional cases a well
as for nonlinear parabolic and hyperbolic equations. One important fact, characterizing
David Gordeziani’s works, should be noted here: that – investigation of algorithms is
carried out on an abstract level applying modern methods of functional analysis. In ad-
dition, obtained results are of a specific as well as applicable character. Later on, David
Gordeziani has involved young scientists in studying the above mentioned problems.From
their part, the young scientists have managed to develop some modern problems of nu-
merical analysis and mathematical modeling.

In 1968-72 David Gordeziani constructed new economic algorithms for the resolution of
non-stationary problems of mathematical physics. He called those algorithms “averaged”
models. Applying these algorithms algorithms of parallel calculation were built and stud-
ied. Mentioned results were partially presented at the Congress of Mathematicians held
in Nice in 1970 (report of A.A. Samarskii “On Works about Solution of Finite-Difference
Schemes”). Part of the results was published during the period when Devid Gordeziani
worked at Laboratory of Numerical Analysis under the supervision of J.-L. Lions in the
University of Paris, France in 1971-72. These works have many citations (J.-L. Lions,
P. Themam, V.L. Makarov, etc.). Averaged models (algorithms of parallel calculation)
gained special attention after creation of computers with parallel processors. They are
widely used for solution of certain applied problems of the theory of elasticity, plates and
shell theory, magnetic hydrodynamics, etc.

It should be noted here that formulas for solution of David Gordeziani’s averaged
additive models and schemes are new and are of a great importance for semi-groups
theory, like Lee-Troter-Kato-Chernov well known formulas, to the establishment of which
in general functional spaces was devoted researches of American scientist M. Lyapunov’s.
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Large cycle of works of David Gordeziani deals with the studies plates and shell theory
of Academician Ilia Vekua. In particular, those works are dedicated to the construction
of mathematical models of plates and shells, using structural and qualitative properties
(solvability of boundary value problems, precision of cut models, etc.) of certain applied
problems (thin shells, arch dams, etc.), development of modern discrete algorithms in
order to make their realization on electronic computational machines. Mentioned cycle
of problems was begun under the influence and supervision of Academician I. Vekua.
Results of those researches (1969-80) were reported on various international and Soviet
Union forums and were also as two articles in Reports of the Academy of Sciences of
USSR (1974) as well as in other journals. Reports around the mentioned theme were
made in Paris Institute of Automatics and Informatics in 1977. In 1983 at the Congress
of Mathematicians in Warsaw David Gordeziani made report on numerical resolution of
a new type of nonlinear parabolic equation. Results of this research were applied in
practice and were established in I.V. Kurchatov Institute of Atomic Energy and Sokhumi
Physical-Technical Institute.

It worth noting that the researches carried out by David Gordeziani together with
his students and colleagues (landslide spread calculation, calculation of flow in city gas-
network and its optimization, heat facilities) have found practical applications in technique
and agriculture. Along with scientific activity, David Gordeziani had been participating
in works dealing with creation of special building mechanisms; he has had inventions
patented in USA and Sweden.

D. Gordeziani’s work as a professor at Iv. Javakhishvili Tbilisi State University was
particularly prodictive.He had been working there for decades: he was a head of depart-
ment of Informatics and Computational Mathematics and was delivering lectures, sharing
his knowledge and experience with his students; he was carrying out joint scientific works
with most successful students. Content of his lectures was very colorful:programming on
Computer, Computational Mathematics, Mathematical Modelling, Functional Analysis
and Computational Mathematics, I. Vekua Plates and Shell Theory, Finite-Difference
Methods for Solution of Partial Differential Equations, Decomposition Methods, Numer-
ical Analysis, Scientific Calculation, Mathematical Modeling and Computational Mathe-
matics, Numerical Methods of Linear Algebra, Computer Algebra, etc. He was a super-
visor of several master and doctoral programs.

Particular note should be made pertinent to David Gordeziani’s activities at I. Vekua
Institute of Applied Mathematics of Iv. Javakhishvili Tbilisi State University. There he
passed the way starting from the position of a senior researcher up to an Director of the
Institute. During the last ten year he was leading one of the main scientific directions
(Mathematical Modeling and Computational Mathematics) of the Institute.

During different time periods Professor David Gordeziani had been a board member of
Scientific Quality and Title Council, Deputy Director of the Council of Georgian Academy
of Sciences in Mathematical Modeling, Member of the Council on Problematic Issues at
Russian Academy of Sciences in Mathematical Modeling, member of German Council of
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Informaticians, president of Georgian Academy of Natural Sciences, Honorable Member of
the Council of International Academy of Computer Sciences and Systems, member of Edi-
torial Boards of several authoritative scientific journals. He had been one of the Founders
and Chief Editor of Georgian-Spain joint scientific journal “Applied Mathematics and
Informatics”.

Colleagues
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Sharp Spectral Stability Estimates for
Uniformly Elliptic Differential Operators

Victor I. Burenkov
Cardiff University, United Kingdom

Steklov Institute of Mathematics, Moscow, Russia
email: United Kingdom

We consider the eigenvalue problem for the operator

Hu = (−1)m
∑

|α|=|β|=m

Dα
(
Aαβ(x)D

βu
)
, x ∈ Ω,

subject to homogeneous Dirichlet or Neumann boundary conditions, where m ∈ N, Ω is
a bounded open set in RN and the coefficients Aαβ are real-valued Lipschitz continuous
functions satisfying Aαβ = Aβα and the uniform ellipticity condition∑

|α|=|β|=m

Aαβ(x)ξαξβ ≥ θ|ξ|2

for all x ∈ Ω and for all ξα ∈ R, |α| = m, where θ > 0 is the ellipticity constant.
We consider open sets Ω for which the spectrum is discrete and can be represented

by means of a non-decreasing sequence of non-negative eigenvalues of finite multiplicity
λ1[Ω] ≤ λ2[Ω] ≤ · · · ≤ λn[Ω] ≤ . . . Here each eigenvalue is repeated as many times as its
multiplicity and lim

n→∞
λn[Ω] =∞ .

The aim is sharp estimates for the variation |λn[Ω1] − λn[Ω2]| of the eigenvalues cor-
responding to two open sets Ω1, Ω2 with continuous boundaries, described by means of
the same fixed atlas A .

There is vast literature on spectral stability problems for elliptic operators. However,
very little attention has been devoted to the problem of spectral stability for higher order
operators and in particular to the problem of finding explicit qualified estimates for the
variation of the eigenvalues.

Our analysis comprehends operators of arbitrary even order, with homogeneous Dirich-
let or Neumann boundary conditions, and open sets admitting arbitrarily strong degener-
ation.

Three types of estimates will be under discussion: for each n ∈ N for some cn > 0
depending only on n, A ,m, θ and the Lipschitz constant L of the coefficients Aαβ

|λn[Ω1]− λn[Ω2]| ≤ cndA (Ω1,Ω2),

where dA (Ω1,Ω2) is the so-called atlas distance of Ω1 to Ω2,

|λn[Ω1]− λn[Ω2]| ≤ cnω(dH P(∂Ω1, ∂Ω2)),
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where dH P(∂Ω1, ∂Ω2) is the so-called lower Hausdoff-Pompeiu deviation of the boundaries
∂Ω1 and ∂Ω2 and ω is the common modulus of continuity of ∂Ω1 and ∂Ω2, and, under
certain regularity assumptions on ∂Ω1 and ∂Ω2,

|λn[Ω1]− λn[Ω2]| ≤ cnmeas (Ω1∆Ω2) ,

where Ω1∆Ω2 is the symmetric difference of Ω1 and Ω2.
Joint work with P. D. Lamberti.
Supported by the RFBR grant (project 14-01-00684).

Dynamical Interface Crack Problems for Metallic
and Electro-Magneto-Elastic Composite Structures

Otar Chkadua
A. Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University;

Sokhumi State University, Tbilisi, Georgia
email: chkadua@rmi.ge

We investigate the solvability and asymptotic properties of solutions to 3-dimensional
dynamical interface crack problems for metallic and electro-magneto-elastic composite
bodies. We give a mathematical formulation of the physical problems when the matallic
and electro-magneto-elastic bodies are bonded along some proper parts of their boundaries
where interface cracks occur.

Using the Laplace transform, potential theory and theory of pseudodifferential equa-
tions on a manifold with boundary, the existence and uniqueness theorems are proved. We
analyse the regularity and asymptotic properties of the mechanical and electro-magnetic
fields near the crack edges and the curves where the different boundary conditions collide.
In particular, we characterize the stress singularity exponents and show that they can
be explicitly calculated with the help of the principal homogeneous symbol matrices of
the corresponding pseudodifferential operators. For some important classes of anisotropic
media we derive explicit expressions for the corresponding stress singularity exponents
and show that they essentially depend on the material parameters. The questions related
to the so called oscillating singularities are treated in detail as well.

This is joint work with T. Buchukuri and D. Natroshvili.
Acknowledgements: This research was supported by Rustaveli Foundation grant

No. FR/286/5-101/13: “Investigation of dynamical mathematical models of elastic multi-
component structures with regard to fully coupled thermo-mechanical and electro-magnetic
fields”.
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Rotation of Coordinate Axes and Differentiation
of Integrals with respect to Translation

Invariant Bases
Kakha A. Chubinidze, Giorgi G. Oniani

Akaki Tsereteli State Universiry
Kutaisi, Georgia

email: oniani@atsu.edu.ge

The dependence of differentiation properties of an indefinite integral on a rotation
of coordinate axes is studied, namely: the result of J. Marstrand on the existence of
a function the integral of which is not strongly differentiable for any choice of axes is
extended to Busemann-Feller and homothecy invariant bases which does not differentiate
L(Rn); it is proved that for an arbitrary translation invariant basis B formed of multi-
dimensional intervals and which does not differentiate L(Rn), the class of all functions the
integrals of which differentiate B is not invariant with respect rotations, and for bases of
such type it is studied the problem on characterization of singularities that may have an
integral of a fixed function for various choices of coordinate axes.

Toeplitz plus Hankel Operators with Matching
Generating Functions

Victor Didenko
University Brunei Darussalam, Faculty of Science, Bandar Seri Begawan, Brunei

email: victor.didenko@ubd.edu.bn

Equations with Toeplitz plus Hankel operators T (a)+H(b), a, b ∈ L∞ are considered.
If the generating functions a and b satisfy the matching condition

a(t) a(1/t) = b(t) b(1/t), t ∈ T, (1)

an effective description of the structure of the kernel and cokernel of the corresponding
operator is given. Moreover, an efficient method for solution of the non-homogeneous
operator equations

(T (a) +H(b))ϕ = f, f ∈ Lp(T), 1 < p <∞, (2)

with generating functions a, b ∈ L∞ satisfying relation (1). It turns out that the solvability
and the number of solutions of the equation (2) depends on the indices of the scalar
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Toeplitz operators T (c) and T (d) generated by the functions c(t) := a(t) b−1(t) and d :=
a−1(1/t) b(t).

This talk is based on joint work with Bernd Silbermann [1], [2].

References
[1] V. D. Didenko, B. Silbermann, Structure of kernels and cokernels of Toeplitz plus

Hankel operators. Integral Equations Operator Theory 80 (2014), no. 1, 1–31.
[2] V. D. Didenko, B. Silbermann, Some results on the invertibility of Toeplitz plus

Hankel operators. Ann. Acad. Sci. Fenn. Math. 39 (2014), no. 1, 443–461.

Spectral Stability for the Dirichlet–Laplace
Operator in Conformal Regular Domains

Vladimir Gol’dshtein
Ben Gurion University, Israel

email: vladimir@bgu.ac.il

We prove that the eigenvalues problem for the Dirichlet-Laplace operator in bounded
simply connected plane domains Ω ⊂ C can be reduced by conformal transformations to
the weighted eigenvalues problem for Dirichlet-Laplace operator in the unit disc D. It
permits us to estimates variation of eigenvalues of Dirichlet-Laplace operators in terms of
energy type integrals for a large class of domains (so-called confomal regular domains)that
includes all quasidiscs, i.e. images of the unit disc under a quasiconformal homeomorphism
of the plane onto itself. Boundaries of such domains can have any Hausdorff dimension
between one and two.

We call a bounded simply connected plane domain Ω ⊂ C as a conformal regular
domain if there exists a conformal mapping φ : D → Ω of the class L1,p(D) for some
p > 2. Note, that any conformal regular domain has finite geodesic diameter.

It is known that in a bounded plane domain Ω ⊂ C the spectrum of the Dirichlet-
Laplace operator is discrete and can be written in the form

0 < λ1[Ω] ≤ λ2[Ω] ≤ · · · ≤ λn[Ω] ≤ · · · .

One of the main result is:
Theorem. Let Ω1,Ω2 ⊂ C be conformal regular domians. Then for every n ∈ N

|λn[Ω1]− λn[Ω2]| ≤ cnAp∥φ1 − φ2 | L1,2(D)∥.
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where cn = max{λ2n[h1], λ2n[h2]}. The constant Ap depends on the integrability exponent p
of derivatives of conformal mappings φk : D→ Ωk only, k = 1, 2.

Similar results are correct for the Neumann–Laplace operator.
The same machinery permit us to obtain lower estimates for first eigenvalues of the

Neumann–Laplace operators in conformal regular domains.
The work is done jointly with V. I.Burenkov and A. Ukhlov.

Higher K-Theory of Toric Varieties
Joseph Gubeladze

Department of Mathematics, San Francisco State University,
932 Thornton Hall, USA

email: soso@sfsu.edu

In the talk we report on recent progresses in understanding higher K-theory of general
toric varieties, accomplished in a series of works of several people. We will also discuss a
conjectural description of higher K-groups of these varieties, representing a far reaching
– in a sense the ultimate extension of the known results. In general terms, the theory
develops around controlling the failure of homotopy invariance of Quillen’s theory and
the conjecture is a multi-graded refinement of the previously known results. The starting
point here is our positive results for the Grothendieck group of vector bundles on toric
varieties, known since the 1980s.

Phenomena of Projectivity and Freeness
in Classical and Quantum Functional Analysis

A. Ya. Helemskii
Faculty of Mechanics and Mathematics, Moscow State University

Moscow 119991, Russia

The concept of the projectivity, together with its dual version (injectivity) and and a
weaker version (flatness) is extremely important in algebra. The variants of this concept,
now established in operator theory, in particular, in representation theory of “classical”
and “quantum” Banach algebras, are also of considerable importance. In analysis, how-
ever, there exist several different approaches to this concept, corresponding to different
problems of lifting of operators.
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We shall discuss several (comparatively rigid and comparatively tolerant) variants of
projectivity in operator theory and show that all of them can be included in a certain
general scheme. This scheme allows to study projectivity by means of the so-called free-
ness. The relevant free objects are defined by the same way as free groups, free modules,
free Banach spaces etc. Projective objects are direct summands (in a proper sense) of free
objects.

We shall describe free objects, corresponding to each of the discussed versions of the
projectivity. In particular, we shall characterize free operator spaces in terms of spaces of
nuclear operators. In the “classical” context we shall characterize metrically free normed
spaces: they turn out to be subspaces in l1(Λ), consisting of functions with finite supports.
As a corollary, all metrically projective normed spaces are free.

Investigation and Numerical Resolution
of Two Types Nonlinear Partial

Integro-Differential Models
Temur Jangveladze

Georgian Technical University, Department of Mathematics, Tbilisi, Georgia
Ilia Vekua Institute of Applied Mathematics of

I. Javakhishvili Tbilisi State University, Tbilisi, Georgia
email: tjangv@yahoo.com

Two type of partial integro-differential models are considered. These models arise at
mathematical simulation of process of electro-magnetic field penetration into a substance.
In the quasi-stationary approximation this process is described by following system of
Maxwell equations:

∂H

∂t
= −rot (νmrotH) , cν

∂θ

∂t
= νm (rotH)2 , (1)

where H = (H1, H2, H3) is a vector of magnetic field, θ is temperature, cν and νm char-
acterize correspondingly heat capacity and electroconductivity of the medium. If cν and
νm depend on temperature θ, i.e. cν = cν (θ), νm = νm (θ), then the system (1) can
be rewritten in the following form (D. G. Gordeziani, T. A. Dzhangveladze, T. K. Kor-
shia, Existence and Uniqueness of a Solution of Certain Nonlinear Parabolic Problems.
Differential’nye Uravnenyia 19 (1983), no. 7, 1197–1207):

∂H

∂t
= −rot

a
 t∫

0

|rotH|2 dτ

 rotH

 , (2)
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where coefficient a = a (S) is defined for S ∈ [0,∞).
Modeling of the same process some generalization of system of type (1) is proposed

(G. I. Laptev, Quasilinear evolution partial differential equations with operator coefficients.
Doctoral Thesis, Moscow, 1990). Assuming the temperature to be constant through
considered body following so-called averaged system of integro-differential equations is
obtained:

∂H

∂t
= a

 t∫
0

∫
Ω

|rotH|2 dxdτ

∆H. (3)

Many scientific works are devoted to the investigation and numerical resolution of (2)
and (3) type models. There are still many open questions in this direction.

Here we study some properties of initial-boundary value problems for one-dimensional
(2) and (3) type models as well as numerical solution of those problems. We compare
theoretical results to numerical ones.

Acknowledgement. The author thanks Shota Rustaveli National Science Founda-
tion and France National Center for Scientific Research (grant # CNRS/SRNSF 2013,
04/26) for the financial support.

Commutators of Convolution Type Operators
with Piecewise Quasicontinuous Data and

Their Applications
Yuri Karlovich

Universidad Autónoma del Estado de Morelos, Instituto de Investigación en Ciencias
Básicas y Aplicadas, Centro de Investigación en Ciencias, Cuernavaca, México

email: karlovich@uaem.mx

Applying the theory of Calderón-Zygmund operators, we study the compactness of
the commutators [aI,W 0(b)] of multiplication operators aI and convolution operators
W 0(b) on weighted Lebesgue spaces Lp(R, w) with p ∈ (1,∞) and Muckenhoupt weights
w for some classes of piecewise quasicontinuous functions a ∈ PQC and b ∈ PQCp,w on
the real line R. Then we study two C∗-algebras Z1 and Z2 generated by the operators
aW 0(b), where a, b are piecewise quasicontinuous functions admitting slowly oscillating
discontinuities at ∞ or, respectively, quasicontinuous functions on R admitting piecewise
slowly oscillating discontinuities at ∞. We describe the maximal ideal spaces and the
Gelfand transforms for the commutative quotient C∗-algebras Zπ

i = Zi/K (i = 1, 2)
where K is the ideal of compact operators on the space L2(R), and establish the Fredholm
criteria for the operators A ∈ Zi.
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The talk is based on joint work with Isaac De la Cruz-Rodríguez and Iván Loreto-
Hernández.

Two Conditions Related with Unconditional
Convergence of Series in Banach Spaces

Vakhtang Kvaratskhelia, Vaja Tarieladze
Muskhelishvili Institute of Computational Mathematics of the Georgian Technical

University, Tbilisi, Georgia
email: micm.gtu@gmail.com; vajatarieladze@yahoo.com

In this talk we plan to discuss a sufficient and a necessary conditions for unconditional
convergence of a series in a Banach space with an unconditional basis.

The talk is based on [1], the first draft of which was prepared in collaboration with
Professor Nicholas Vakhania (1930-2014). N. Vakhania was always deeply interested in
questions of unconditional convergence and his challenging ideas were helping us to un-
derstand the topic better.

Supported in part by the Shota Rustaveli National Science Foundation grant no.
FR/539/5-100/13.

References
[1] N. N. Vakhania, V. V. Kvaratskhelia, V. I. Tarieladze, Some remarks on uncon-

ditional convergence of series in Banach spaces. Proc. A. Razmadze Math. Inst.
(2015), (submitted).
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On Generalized Poisson–Nernst–Planck Equations
Victor A. Kovtunenko

Institute for Mathematics and Scientific Computing,
Karl-Franzens University of Graz, NAWI Graz, 8010 Graz, Austria;

Lavrent’ev Institute of Hydrodynamics, Sibirian Branch
of the Russian Academy of Sciences, 630090 Novosibirsk, Russia

email: victor.kovtunenko@uni-graz.at

A strongly nonlinear system of Poisson-Nernst-Planck partial differential equations is
considered. The governing relations are provided by the Gauss and Fickian multiphase
diffusion laws coupled with the Landau grand potential for entropy variables within the
Gibbs simplex.

The model describes a plenty of electro-kinetic phenomena in physical, chemical, and
biological sciences.

The generalized model is supplemented by the positivity and volume balance con-
straints, quasi-Fermi electrochemical potentials depending on the pressure, and inhomo-
geneous Robin boundary conditions representing reactions at the micro-scale level.

We aim at the proper variational modelling, well-posedness, dynamic stability, opti-
mization, and asymptotic analysis as well as homogenization of the model at the macro-
scale level.

Acknowledgments. The results were obtained with the support of the Austrian
Science Fund (FWF) in the framework of the project P26147-N26: “Object identification
problems: numerical analysis” (PION) and the NAWI Graz.

The author thanks R. Duduchava for his support of the visit of the Humboldt Kolleg
in Tbilisi, IWOTA 2015, and Batumi 2015 Meetings.

References
[1] K. Fellner, V. A. Kovtunenko, A singularly perturbed nonlinear Poisson–Boltzmann

equation: uniform and super-asymptotic expansions. Math. Meth. Appl. Sci.,
submitted.

[2] K. Fellner and V. A. Kovtunenko: A discontinuous Poisson–Boltzmann equation
with interfacial transfer: homogenisation and residual error estimate. arXiv:
1410.2380 [math.AP], 2014.
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Field Theoretical Approach which Saves Probability
Interpretation of the Wave Function

Alexander Kvinikhidze
A. Razmadze Mathematical Institute, Tbilisi State University, Department of

Theoretical Physics, Tbilisi, Georgia
email: sasha_kvinikhidze@hotmail.com

The wave function is the most fundamental concept of quantum mechanics. According
the standard interpretation of the wave function today the square of its absolute value
represents the probability density for particles to be measured in certain locations.

However none of existing “quantum mechanical” approaches developed within quan-
tum field theory (incorporating quantum mechanics) confirms such interpretation. Indeed
all of them offer expressions for the charge density of a few body system which is altered
by interaction between them in spite of that the probability interpretation would require
the charge density of a few-body system to be only the sum of single particle charge
densities.

Here the quantum field theoretical approach is presented for the description of strongly
interacting particles where the expression for the charge density is consistent with the
probability interpretation of the particles’ wave function. A key bases of this achievement
is the fundamental property of gauge invariance which is kept manifest up to the last step
of our derivation.

Apart from the obvious conceptual importance of this result it is extremely useful for
practical applications. For example it significantly simplifies high accuracy first principle
calculations of electromagnetic properties of few nucleon systems which are extensively
studied in the proposed by S. Weinberg chiral effective field theory [1].

References
[1] S. Weinberg, Phys. Lett. B251, 288 (1990); Nucl. Phys. B363, 3 (1991).
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On the Similarity of Holomorphic Matrices
Jürgen Leiterer

Institut für Mathematik, Humboldt-Universität zu Berlin,
Berlin, Germany

email: leiterer@mathematik.hu-berlin.de

Let D ⊆ C be a domain, L(n,C) the algebra of complex n× n matrices, GL(n,C) its
group of invertible elements, and A,B : D → L(n,C) two holomorphic maps.

R. M. Guralnick proved in 1981 that A and B are globally holomorphically similar
(meaning there exists a holomorphic map S : D → GL(n,C) such that A = SBS−1 on
D) if and only if they are locally holomorphically similar. He obtained this theorem as a
special case of a more general algebraic result (which I do not understand). In this talk, a
direct analytic proof will be outlined. Also we observe that local holomorphic similarity
is equivalent to local continuous similarity, so that at the end the following is obtained:
A and B are globally holomorphically similar if and only if they are locally continuously
similar.

Possibly, we will also discuss generalizations to holomorphic functions of several com-
plex variables as well as to general complex matrix Lie groups (in place of GL(n,C)),
which are still “under construction”.

On a Mazur Problem from “Scottish Book”
Concerning Second Partial Derivatives

Volodymyr Mykhaylyuk, Anatolij Plichko
Chernivtsi National University, Department of Applied Mathematics,

Chernivtsi, Ukraine;
Cracow University of Technology, Department of Mathematics,

Cracow, Poland
email: vmykhaylyuk@ukr.net; aplichko@pk.edu.pl

In 1935 Mazur (“Scottish Book”, Problem 66) posed following question:
The real function z = f(x, y) of real variables x, y possesses the 1st partial derivatives

f ′
x, f ′

y and the pure second partial derivatives f ′′
xx, f ′′

yy. Do there exist then almost every-
where the mixed 2nd partial derivatives f ′′

xy, f ′′
yx? According to a remark by p. Schauder,

this theorem is true with the following additional assumptions: The derivatives f ′
x, f ′

y

are absolutely continuous in the sense of Tonelli, and the derivatives f ′′
xx, f ′′

yy are square
integrable. An analogous question for n variables.
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We present two results concerning this problem.
1. If a function f(x, y) of real variables defined on a rectangle has continuous derivative

with respect to y and for almost all y the function Fy(x) := f ′
y(x, y) has finite variation,

then almost everywhere on the rectangle there exists the partial derivative f ′′
yx.

2. There exists a separately twice differentiable function, whose partial derivative f ′
x

is discontinuous with respect to the second variable on a set of positive measure.
This solves in the negative the Mazur problem.

Modeling of Elastic Rods Torsion with Large
Deformations
Andriy Oleinikov

Amur State University of Humanities and Pedagogy,
Komsomolsk-on-Amur, Russian Federation

email: andriy.oleinikov@mail.ru

In this paper, experimental investigation and computer modeling for processes of free
and bending torsion of elastic cylindrical rods of polyurethane material are performed,
including instability and definition of postbuckling deforming configurations. This mod-
eling is based on usage of Hencky’s isotropic hyperelastic material model with new La-
grangian formulation of constitutive relations. This relations are stated with usage of
compact expressions for symmetric Lagrangian second Piola–Kirchhoff stress tensor S(2)

and new representation of the fourth-order elasticity tensor C, that possesses both minor
symmetries, and the major symmetry. This fourth-order elasticity tensor realize linear
connection between material rates of stress tensor S(2) and Green–Lagrange strain ten-
sor E(2) through eigenvalues and eigenprojections of right Cauchy–Green strain tensor
C. Obtained equations of tensors S(2) and C for Hencky’s isotropic hyperelastic material
model are suitable for use in finite element analysis software packages.

It is well known, that application of complex material’s models that are efficient in all
the range of elastomers deforming needs accurate experiment definition and huge work
of parameters searching for description of experimental curves. It is shown, that the
Hencky’s isotropic hyperelastic material model provide good approximation of elastomers
deformations up to 50 % of scale and, for processes of elastic rods torsion, let to obtain
certain critical values of torsion angles and postbuckling deforming configurations, which
are in good agreement with experimental data.
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Functional Calculus for almost Commuting
Self-Adjoint Operators and an Extension

of the Helton–Howe Trace Formula
Vladimir V. Peller

Department of Mathematics, Michigan State University, East lancing,
Michigan 66506, USA

email: peller@math.msu.edu

Self-adjoint operators A and B are called almost commuting if AB − BA belongs to
trace class S1. Helton and Howe established the following trace formula:

trace(φ(A,B)ψ(A,B)− ψ(A,B)φ(A,B)) =

∫∫ ∫∫ (
∂φ

∂x

∂ψ

∂y
− ∂φ

∂y

∂ψ

∂x

)
g(x, y)dxdy,

for all polynomials φ and ψ of two variables, where g is an integrable function on the
plane that is uniquely determined by the pair of almost commuting operators A and B.
The function g is called the Pincus principal function.

We construct a functional calculus f 7→ f(A,B) for arbitrary functions f in the Besov
space B1

∞,1,1 of functions on the plane. This functionsl calculus is almost multiplicative,
i.e., f(A,B) and g(A,B) almost commute for arbitrary f an g in B1

∞,1,1. Moreover, we
extend the Helton–Howe trace formula to functions in B1

∞,1,1.
The main tool is triple operator integrals.
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The Short Overview of the Aims, Methods and Main
Theoretical Results of the Logical Grammar

of the Georgian Language
Konstantine Pkhakadze

Georgian Technical University, Scientific-educational Center for Georgian Language
Technology, Tbilisi, Georgia

email: gllc.ge@gmail.com

In 2013, in the Center for the Georgian Language Technology at the Georgian Tech-
nical University, it was started a project “Foundations of Logical Grammar of Georgian
Language and Its Application in Information Technology”, which is one of the funda-
mental sub-project of the long-term project “Technological Alphabet of the Georgian
Language” [1].1

The logical grammar of the Georgian language aimed to construct isomorphic mathe-
matical theory of the Georgian language system. This, in turn, is aimed to construct the
technological alphabet of the Georgian language, in other words, the Georgian thinker
and speaker system. Our main methodological line lies on the exhaustively recognition
of the thinking laws, which are exist in the Georgian language independently from us i.e.
naturally, and, after, on their exhaustively description as mathematical theory [2].

The main philosophical result of the logical grammar of the Georgian language is that
there is proved a universal subconscious existence of the operator of the declarative sen-
tences in all languages that proves the existence of subconscious mathematical languages
in all humans. The main mathematical i.e. lingvo-logical result of the logical grammar
of the Georgian language is to prove that the Core Part of the Georgian language is Sh.
Pkhakadze’s type formally developable mathematical theory [3], which has its own formal
alphabet, its own systems of syntactic, semantic, and logical axioms, its own system of
the inference and extension rules, and, also, its own system of the translation rules by the
help of which any well-formed expression of the Core Part of the Georgian language can
be translate i.e. rewrite into natural i.e. subconscious Georgian mathematical language.
Also, from anthropological scientific points of views it is very important the concept of
the speech alphabet of the Georgian language [2].

Acknowledgement. We gratefully acknowledge that the paper is published with
the Shota Rustaveli National Science Foundation grant 31/70 for the FR/362/4-105/12
project “Foundations of Logical Grammar of Georgian Language and Its Application in
Information Technology”.

1In 2012, the project “Technological Alphabet of the Georgian Language” was elaborated by K.Pkhakadze
on the base of the State Priority Program “Free and Complete Programming Inclusion of a Computer in
the Georgian Natural Language System”, which, in turn, was running in previous years with his leadership
in Tbilisi State University.
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Polynomial Functors on Free Groups
Teimuraz Pirashvili

Department of Mathematics, University of Leicester, UK
email: tp59@le.ac.uk

Polynomial functors have a long history. The first paper was published in 1901 by Issai
Schur, far before the notion of a functor was formalized by Eilenberg and MacLane in the
40’s. Then the theory was developed by Albrecht Dold, Dietrich Puppe, James Green, Ian
Grant Macdonald. In the early 90’s two important applications were found: The first due
to Hans-Werner Henn, Jean Lannes and Lionel Scwartz relates polynomial functors to the
representation theory of Steenrod algebra, and the second application relates polynomial
functors to algebraic K-theory. In the first half of our talk we will give an overview of
these and other classical results due to Eric Friedlander, Andrei Suslin and others. The
second half of our talk will be devoted to the recent joint work of the author together
with Christine Vespa and Aurélian Djament.
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Wiener–Hopf Factorization through
an Intermediate Space

Frank-Olme Speck
Técnico, University of Lisbon, Department of Mathematics

Lisbon, Portugal
email: fspeck@tecnico.pt

An operator factorization conception is investigated for a general Wiener-Hopf opera-
tor W = P2A|P1X where X,Y are Banach spaces, P1 ∈ L (X), P2 ∈ L (Y ) are projectors
and A ∈ L (X, Y ) is boundedly invertible. Namely we study a particular factorization
of A = A−CA+ where A+ : X → Z and A− : Z → Y have certain invariance properties
and C : Z → Z splits the “intermediate space” Z into complemented subspaces closely
related to the kernel and cokernel of W , such that W is equivalent to a “simpler” operator,
W ∼ PC|PX . The main result shows equivalence between the generalized invertibility
of the Wiener-Hopf operator and this kind of factorization (provided P1 ∼ P2) which
implies a formula for a generalized inverse of W . It embraces I.B. Simonenko’s general-
ized factorization of matrix measurable functions in Lp spaces, is significantly different
from the cross factorization theorem and more useful in numerous applications. Various
connected theoretical questions are answered such as: How to transform different kinds
of factorization into each other? When is W itself the truncation of a cross factor?

Motivated by the classical Sommerfeld diffraction problem we consider interface prob-
lems in weak formulation for the n-dimensional Helmholtz equation in Ω = Rn

+ ∪ Rn
−

(due to xn > 0 or xn < 0, respectively), where the interface Γ = ∂Ω is identified with
Rn−1 and divided into two parts, Σ and Σ′, with different transmission conditions of first
and second kind. These two parts are half-spaces of Rn−1 (half-planes for n = 3). It is
possible to construct explicitly resolvent operators acting from the interface data into the
energy space H1(Ω) by using the present factorization conception. In a natural way, the
intermediate space turns out to be a non-isotropic Sobolev space which reflects the wedge
asymptotic of diffracted waves.
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Covariance Operators before and after N. Vakhania
Vaja Tarieladze

N. Muskhelishvili Institute Institute of Computational Mathematics of the Georgian
Technical University, Tbilisi, Georgia

email: vajatarieladze@yahoo.com

This talk is dedicated to the 85th birthday of Professor Nicholas Vakhania (August
28, 1930–July 23, 2014). In it we plan to make a survey of the theory founded by him:
the Theory of Covariance Operators.

Acknowledgement. This talk is partially supported by Rustaveli National Science
Foundation grant No. FR/539/5-100/13.
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The Francis Matrix Eigenvalue Algorithm
Frank Uhlig

Department of Mathematics and Statistics, Auburn University,
Auburn, AL 36849-5310, USA

email: uhligfd@auburn.edu

This talk looks at the genesis of John Francis’ QR eigenvalue algorithm and the con-
nections with Vera Kublanovskaja’s version thereof; followed by the story of how Gene
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Golub and I found John in 2007/2008 and a few recent extensions of Francis’ ideas and
work.
Here is the outline of its four parts:
(I) Francis’ Algorithm, its inner workings
a) Reduction to Hessenberg form H
b) Francis’ algorithm with implicit steps

b1) Francis shifts
b2) The shift induced unitary similarities on H create a Hessenberg matrix with bulge
b3) Chasing the bulge to regain Hessenberg form

c) Convergence
(II) Why the name ’Francis Algorithm’ now?
a) Classical QR algorithm of John Francis and Vera Kublanovskaja (1961/62), or m = 1
b) Implicit QR algorithm of Francis, m = 2 and the Implicit Q Theorem
c) �Wilkinson� shift strategy, (actually due to Francis)
d) Multishift Francis alg. of Karen Braman, Ralph Byers, Roy Mathias (2002), m > 2

(III) Who is Francis ?
a) His vita
b) His surroundings and influences of the times and at the time
(IV) An Extension to generalized Orthogonality and Polynomial Roots
a) The DQR Algorithm for generalized tridiagonal matrices (Uhlig 1997)
b) A crude comparisons of Francis and DQR on Tridiagonals:
c) Polynomial roots via Francis and via Euclid plus DQR: (Uhlig 1999)
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The Consistent Criteria for Checking
of Hypotheses

L. Aleksidze, L. Eliauri, Z. Zerakidze
Gori University, Gori, Georgia
email: lauraeliauri@gmail.com

Let(E, S) be a measurable space with a given family of probability measures {µi, i ∈
I}. Let us give some definitions (see [1, 3]).
Definition 1. We consider the notion of hypothesis as any assumption that defines the
form of the distribution selection.

Let {H} be set of hypotheses and B({H}) be σ-algebra of subsets of {H} which
contains all finite subsets of {H}.
Definition 2. The family of probability measures {µH , H ∈ {H}} is said to admit a
consistent criteria for checking of hypotheses if there exist at last one measurable map
δ : (E, S)→ ({H}, B({H}) such that µH({x|δ(x) = H}) = 1 for all H ∈ {H}.
Definition 3. The probability αH(δ) = µH({x|δ(x) ̸= H}) is called the probability of
error of H-th kind for a given criterion δ.

Let ξ(t) = h(t)+△(t), t ∈ T ⊂ Rn, where h(t), t ∈ T , is determinate function, △(t) is
a gaussian homogenous fields with zero means and f(λ1, λ2, . . . , λn) = λ2k11 , λ2k22 , . . . , λ2knn ,
k1 + k2 + · · ·+ kn ≥ n+1

2
be spectral densities of this fields, T be closed bounded domain

in Rn. Let {µH , H ∈ {H}} be the corresponding probability measures.
We prove the following theorems:

Theorem 1. The family of probability measures {µH , H ∈ {H}} admits a consistent
criteria δ for checking of hypotheses if only if the error of all kinds is equal to zero for the
criterion δ.
Theorem 2. The family of probability measures {µHk

, k ∈ N}, N = 1, 2, . . . , n, . . .
admits a consistent criteria for checking of hypotheses if only if for the function h(t) or
for some derivation of h(t) the relation∫

T

[
Dm1+m2,+···+mnhk(t1, t2, . . . , tn)

Dtm1
1 Dtm2

2 ·Dtmn
n

]2
dt1dt2 · dtn =∞

is fulfilled, where 0 ≤ m1 ≤ k1, . . . , 0 ≤ mn ≤ kn and k ∈ N .

References
[1] A. A. Borovkov, Mathematical Statistics. (Russian) “Nauka”, Moscow, 1984.



60 Abstracts of Participants’ Talks Batumi, July 12–16, 2015

[2] Z. S. Zerakidze, Weakly separable and separable families of probability measures.
(Russian) Soobshch. Akad. Nauk Gruzin. SSR 113 (1984), no. 2, 273–275.

[3] Z. Zerakidze, Generalization of fundamental lemm of Neiman-Pirson IVISSn 1512-
2271, 63-69. 2005.???????????????

The Global Solvability Cauchy Problem
for the Fourth Order Semilinear Pseudohyperbolic

Equation with Structural Damping
A. B. Aliev1, A. F. Pashayev2

1 Azerbaijan Technical University,
2 Institute of Mathematics and Mechanics of NAS of Azerbaijan,

Baku, Azerbaijan
email: aliyevagil@yahoo.com

We consider the Cauchy problem for the semilinear pseudohyperbolic equation with
structural damping

utt −∆utt +∆2u+ (−∆)α ut = f (u) , (1)

u (0, x) = φ (x) , ut (0, x) = ψ (x) , (2)

where 0 ≤ α ≤ 1, (−∆)α · = F−1[|ξ|2α F [ · ]], F is Fourier transform.
Theorem 1. Assume that 2 ≤ n ≤ 6, f (·) ∈ C1 (R) and |f (u)| ≤ c |u|p where

p ∈
(
1 + 2(1− α)−1,+∞

)
, 0 ≤ α <

1

2
, if n = 2;

p ∈
(
1 + 4(3− 2α)−1, 6

)
, 0 ≤ α <

3

4
, if n = 3;

p ∈
(
1 +

4

n− 2α
,
n+ 4

n− 2

)
0 ≤ α < 1, if 4 ≤ n ≤ 6.

Then there exists a real number d > 0 such that for any

(φ, ψ) ∈ U3
d =

{
(φ, ψ) : φ ∈ W 3

2 ∩ L1, ψ ∈ W 2
2 ∩ L1 ∥φ∥W 3

2
+∥φ∥L1

+∥ψ∥W 2
2
+∥ψ∥L1

< d
}

the problem (1), (2) has a unique solution u ∈ C ([0,∞) ;W 1
2 ) ∩ C1 ([0,∞) ;L2) which

satisfies the following estimates:
∥u (t, ·)∥L2(Rn) ≤ c (d) (1 + t)−γ0 , t ∈ [0,∞) ;

∥∇u (t, ·)∥L2(Rn) ≤ c (d) (1 + t)−γ1 , t ∈ [0,∞) ;

∥ut (t, ·)∥L2(Rn) ≤ c (d) (1 + t)−η , t ∈ [0,∞) ,



ÁÀÈÖÌÉ, 12–16 ÉÅËÉÓÉ, 2015 ÌÏÍÀßÉËÄÈÀ ÌÏáÓÄÍÄÁÄÁÉÓ ÈÄÆÉÓÄÁÉ 61

where γi = n
2(2−α)

+ i−2α
2−α

, i = 0, 1, η = min
{
γ0 + 1, (p−1)n−2pα

2−α

}
, c (·) ∈ C (R+, R+),

R+ = [0,∞).
Theorem 2. Let 0 ≤ α ≤ 1, φ(x) = 0,

∫
Rn

[ψ (x) + ∆ψ (x)] dx ≥ 0, f (u) ≥ c |u|p, where

1 < p ≤ 1 + 4
n−2α

. Then the problem (1), (2) has no nontrivial weak solutions.

Solution of Problem of Set Covering by means
of Genetic Algorithm

Natela Ananiashvili
I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

email: ia.ananiashvili@gmail.com

The problem of set covering is a NP-complex problem of combinatorial optimization.
Algorithms of precise solution of this problem use techniques of branches and limits[1].
Time necessary for realization of such algorithms rapidly increases and when dimension
of a problem also increases, it is impossible to get optimal values in real time [2]. This
problem is a mathematical model for practical tasks, such as location of service centers,
development of transport schedule, location of sources of power systems, etc. Therefore,
it is very important to solve this problem in real time. When such problems are solved,
heuristic algorithms are often used that find near optimal solutions in reasonable time
interval. Approximate algorithms mainly imply partial selection of covering sets. In
genetic algorithms, this process is similar to development of biological populations [3].

Heuristic algorithm of solution of problem of covering minimal summary weight of
given set with subsets of non-uniform values is offered. The algorithm is based on ge-
netic algorithm with operators of crossover and mutation. The results of computational
experiments are given on the basis of knows test problems.
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On One Two-Dimensional Nonlinear
Integro-Differential Equation Based

on Maxwell System
Maia Aptsiauri1, Zurab Kiguradze2

1 Georgian Technical University, Department of Mathematics
Tbilisi, Georgia

email: maiaptsiauri@yahoo.com
2 I. Vekua Institute of Applied Mathematics of

I. Javakhishvili Tbilisi State University, Tbilisi, Georgia
email: zkigur@yahoo.com

Process of penetration of the magnetic field into a substance is modeled by Maxwell
system of partial differential equations. If the coefficient of thermal heat capacity and
electroconductivity of the substance depend on temperature and vector of magnetic field
has one component U = U(x, y, t), then Maxwell’s system can be rewritten in the following
integro-differential form:

∂U

∂t
= a

 t∫
0

∫
Ω

[(
∂U

∂x

)2

+

(
∂U

∂y

)2
]
dx dy dτ

∆U, (1)

where ∆U = ∂2U
∂x2 + ∂2U

∂y2
, and Ω = [0, 1]× [0, 1].

Asymptotic behavior of solution of initial-boundary value problems for two-dimensional
model (1) as well as numerical solution of those problems are studied.

Acknowledgement. The second author thanks Shota Rustaveli National Science
Foundation and France National Center for Scientific Research (grant # CNRS/SRNSF
2013, 04/26) for the financial support.



ÁÀÈÖÌÉ, 12–16 ÉÅËÉÓÉ, 2015 ÌÏÍÀßÉËÄÈÀ ÌÏáÓÄÍÄÁÄÁÉÓ ÈÄÆÉÓÄÁÉ 63

On the Well-Possed of the Cauchy Problem
for Linear Generalized Differential Systems

Malkhaz Ashordia
Sukhumi State University, Faculty of Mathematics and Computer Sciences

Tbilisi, Georgia
email: ashord@rmi.ge, malkh.ash@mail.ru

We present the results concerning to the well-possed question for the Cauchy problem
for linear generalized (in the J. Kurzveil sense) differential system

dx(t) = dA(t) · x(t) + df(t) (1)

under the Cauchy condition
x(t0) = c0, (2)

where A : [a, b]→ Rn×n and f : [a, b]→ Rn are, respectively, matrix and vector functions
with bounded variation components on [a, b]; t0 ∈ [a, b] and c0 ∈ R.

A vector function x : R→ Rn is said to be a solution of the generalized system (1) if
is has bounded variation on [a, b] and

x(t)− x(s) =
∫ t

s

dA(τ) · x(τ) + f(t)− f(s) for a ≤ s < t ≤ b,

where the integral is understand in the Kurzweil–Stieltjes sense.
To a considerable extent, the interest to the theory of generalized ordinary differential

equations has also been stimulated by the fact that this theory enables one to investigate
ordinary differential, impulsive and differential equations from a unified point of view.

The necessary and sufficient conditions are presented (for each of the following three
cases) for the sequence of the Cauchy problem

dx(t) = dAk(t) · x(t) + dfk(t),

x(tk) = ck (k = 1, 2, . . . )

to have a unique solution xk for sufficient large k and

lim
k→+∞

xk(t) = x0(t), lim
k→+∞

xk(t−) = x0(t−) and lim
k→+∞

xk(t+) = x0(t+)

uniformly on [a, b], where Ak : [a, b] → Rn×n (k = 1, 2, . . . ) and fk : [a, b] → Rn (k =
1, 2, . . . ) are, respectively, matrix and vector functions with bounded variation components
on [a, b]; tk ∈ [a, b] (k = 1, 2, . . . ), ck ∈ R (k = 1, 2, . . . ), and x0 is the unique solution of
the problem (1), (2). The analogous results are established in [1] for the case one.
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On the Optimal Stopping of Conditional Gaussian
Process with Incomplete Data

Petre Babilua, Besarion Dochviri, Vakhtang Jaoshvili
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email: petre.babilua@tsu.ge, besarion.dochviri@tsu.ge, vakhtangi.jaoshvili@gmail.com

The problem of optimal stopping of conditional Gaussian process with incomplete data
is reduced to the optimal stopping problem with complete data and the convergence of
payoffs is proved when the small parameter of observable process tends to zero.

Let us consider the partially observable conditional Gaussian process (θ, ξ) = (θt, ξt),
0 ≤ t ≤ T <∞,

dθt = a(t, ξ)θtdt+ b(t, ξ)dw1(t),

dξt = A(t, ξ)θtdt+ ϵdw2(t),

where ϵ > 0, w1 and w2 are independent standard Wiener process [1]. Let the gain
function g(t, x) = f(t) + h(t)x. Introduce the payoffs [2]:

S0
T = sup

τ∈Mθ
T

Eg(τ, θτ ), Sϵ
T = sup

τ∈Mξ
T

Eg(τ, θτ ),

and the notations:mt = E(θt|F ξ
t ) γt = E((θt −mt)

2|F ξ
t ).

Theorem 1. The payoff Sϵ
T has the following form:

Sϵ
T = sup

τ∈Mθ
T

Eg(τ, θ̃τ ),

where

θ̃t =

t∫
0

a(s, ξs)θ̃sds+
1

ϵ

t∫
0

A(s, ξs)γsdw1(s).
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Theorem 2. The following convergence is valid

lim
ϵ→0

Sϵ
T = S0

T .
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translation in Theory Probab. Appl. 55 (2011), no. 1, 110–119

ÊÅËÄÅÀÆÄ ÃÀ×ÖÞÍÄÁÖËÉ ÓßÀÅËÄÁÀ ÌÀÈÄÌÀÔÉÊÀÛÉ
ÐÄÔÒÄ ÁÀÁÉËÖÀ1,2, ÂÒÉÂÏË ÓÏáÀÞÄ1

1ÉÅÀÍÄ ãÀÅÀáÉÛÅÉËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

2ÄÅÒÏÐÖËÉ ÓÊÏËÀ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: petre.babilua@tsu.ge; grigol.sokhadze@tsu.ge

ÈÀÍÀÌÄÃÒÏÅÄ ÓÀÓÊÏËÏ ÂÀÍÀÈËÄÁÀÛÉ ÂÀÍÓÀÊÖÈÒÄÁÖËÉ ÚÖÒÀÃÙÄÁÀ ÄÈÌÏÁÀ ÌÀÙÀËÉ
ÃÏÍÉÓ ÊÏÂÍÉÔÖÒÉ ÖÍÀÒÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓ. ÒÀÝ ÉÌÀÓ ÍÉÛÍÀÅÓ, ÒÏÌ ÌÏÓßÀÅËÄÄÁÓ
ÊÉ ÀÒ ÖÍÃÀ ÌÉÅÀßÏÃÏÈ ÌÆÀ ×ÀØÔÄÁÉ, ÀÒÀÌÄÃ ÌÀÈ ÈÀÅÀÃ ÖÍÃÀ ÛÄÞËÏÍ ÐÒÏÁËÄÌÉÓ
ÂÀÃÀàÒÀ, ×ÀØÔÉÓ ÀÙÌÏÜÄÍÀ, ÊÀÍÏÍÆÏÌÉÄÒÄÁÉÓ ÃÀÃÂÄÍÀ. ÀÌ ÐÒÏÝÄÓÛÉ ÌÀÈ ÖÍÃÀ ÛÄÞËÏÍ
ÀÒÓÄÁÖËÉ ÝÏÃÍÉÓ ÂÀÌÏÚÄÍÄÁÀ ÃÀ ÀáÀËÉ ÓÀàÉÒÏ ×ÀØÔÄÁÉÓ ÌÏÞÉÄÁÀ. ÌÀÓßÀÅËÄÁËÉÓ
ÌÉÆÀÍÓ ßÀÒÌÏÀÃÂÄÍÓ ÌÏÓßÀÅËÄÄÁÓ ÂÀÍÖÅÉÈÀÒÏÓ ÓßÏÒÄÃ ÆÄÌÏÈ ÜÀÌÏÈÅËÉËÉ ÖÍÀÒÄÁÉ.
ÀÓÄÈÉ ÔÉÐÉÓ ÖÍÀÒÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓ áÄËÓ ÖßÚÏÁÓ ÓßÏÒÄÃ ÛÄÓÀÁÀÌÉÓÉ ÃÀÅÀËÄÁÄÁÉÓ –
ÀØÔÉÅÏÁÄÁÉÓ ÛÄÓÒÖËÄÁÀ ÌÏÓßÀÅËÄÄÁÉÓ ÌÉÄÒ. ØÅÄÌÏÈ ÌÏÅÉÚÅÀÍÈ ÒÀÌÃÄÍÉÌÄ ÃÀÅÀËÄÁÀÓ
– ÀØÔÉÅÏÁÀÓ, ÒÏÌËÄÁÉÝ ÓßÏÒÄÃ ÀÙÍÉÛÍÖËÉ ÖÍÀÒÄÁÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓ ÖßÚÏÁÓ áÄËÓ.

ÀÓÄÈÉ ÔÉÐÉÓ ÃÀÅÀËÄÁÉÓ ÌÉÝÄÌÉÓÀÓ ÌÀÓßÀÅËÄÁÄËÌÀ ÖÍÃÀ ÌÉÓÝÄÓ ÌÏÓßÀÅËÄÄÁÓ ÌÉÈÉ-
ÈÄÁÄÁÉ, ÈÖ ÒÀ ÌÏÄÈáÏÅÄÁÀÈ ÌÏÓßÀÅËÄÄÁÓ ÃÀ ÒÀ ÖÍÃÀ ÂÀÀÊÄÈÏÍ ÌÀÈ. ÛÄÓÀÁÀÌÉÓÀÃ,
ÃÀÅÀËÄÁÄÁÉ ÈÀÅÀÃÀÝ ÖÍÃÀ ÛÄÉÝÀÅÃÄÓ ÃÄÔÀËÖÒ ÉÍÓÔÒÖØÝÉÄÁÓ, ÒÀÓÀÝ ÖÍÃÀ ÂÀäÚÅÄÓ
ÌÏÓßÀÅËÄ ÃÀ ÁÏËÏÓ ÂÀÀÊÄÈÏÓ ÓÀÈÀÍÀÃÏ ÃÀÓÊÅÍÀ.
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ÜÅÄÍÉ ÌÉÆÀÍÉÀ ÓßÏÒÄÃ ßÀÒÌÏÅÀÃÂÉÍÏÈ ÄÒÈÉÓ ÌáÒÉÅ ÉÓÄÈÉ ÔÉÐÉÓ ÀØÔÉÅÏÁÄÁÉ
– ÃÀÅÀËÄÁÄÁÉ, ÒÏÌËÄÁÉÝ áÄËÓ ÖßÚÏÁÄÍ ÌÏÓßÀÅËÄÄÁÛÉ ÊÅËÄÅÉÈÉ ÔÉÐÉÓ ÖÍÀÒÄÁÉÓ
ÂÀÍÅÉÈÀÒÄÁÀÓ ÃÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ÐÒÏÄØÔÄÁÉ. ÏÒÉÅÄ ÆÄÌÏÈ ÍÀáÓÄÍÄÁ ÀØÔÉÅÏÁÄÁÆÄ ÌÖ-
ÛÀÏÁÉÓÀÓ ÌÏÓßÀÅËÄÄÁÉ ÉÞÄÍÄÍ ÊÅËÄÅÉÈÉ ÃÀ ÓáÅÀ ÌÍÉÛÅÍÄËÏÅÀÍ ÀÒÓÄÁÉÈ ÖÍÀÒÄÁÓ.

Characterizing the k-Space Property in
Free Objects of Topological Algebra

Taras Banakh
Ivan Franko University of Lviv, Ukraine, and
Jan Kochanowski University in Kielce, Poland

email: t.o.banakh@gmail.com

A topological space X is called a k-space (resp. a kω-space) if (there exists a countable
cover K of X by compact subsets such that) each non-closed subset A ⊂ X has non-
compact intersection A ∩ K with some compact set K ⊂ X (that belongs to K ). The
k-space property is the weakest one in the chain of properties:
metrizable ⇒ first-countable ⇒ Frechét-Urysohn ⇒ sequential ⇒ k-space ⇐ kω-space.

In the talk we shall detect the k-space property in some free objects of topological
algebra over ℵω-spaces (which form a wide class of generalized metric spaces). A regular
topological space X is called an ℵω-space if X has a compact-countable k-network, i.e.,
a family N of subsets such that for each open set U ⊂ X and compact subset K ⊂ U
the set NK = {N ∈ N : N ∩ K ̸= ∅} is countable and K ⊂

∪
F ⊂ U for some finite

subfamily F ⊂ NK . The class of ℵω-spaces includes all ℵ-spaces (i.e., regular spaces
with σ-locally finite k-network) and consequently, all ℵ0-spaces (i.e., regular spaces with
countable k-network) and all metrizable spaces.
Theorem. Let X be a sequential ℵω-space X. Then

V: the free topological vector space V (X) over X is a k-space iff X is a kω-space;
L: the free locally convex space L(X) over X is a k-space iff X is countable and discrete;
F: the free topological group F (X) over X is a k-space iff X is discrete or a kω-space;
A: the free topological Abelian group A(X) over X is a k-space iff X is a topological

sum of a discrete space and a kω-space;
FP: the free paratopological group FP (X) over X is a k-space iff X is either discrete or

a countable kω-space;
AP: the free paratopological Abelian group AP (X) over X is a k-space iff X is a topological

sum of a discrete space and a countable kω-space.
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SL: the free topological semilattice SL(X) over X is a k-space iff X is a topological sum
of kω-spaces;

LSL: the free Lawson topological semilattice LSL(X) is a k-space iff X is metrizable;
I: the free (Clifford or Abelian) topological inverse semigroup over X is a k-space iff
X is a topological sum of kω-spaces.

In metrizable spaces X the characterization (F) and (A) of this theorem were proved by
Arhangelski, Okunev and Pestov in 1989 and the characterization (I) by Banakh, Guran
and Gutik in 2001. The equivalence (L) holds for all (not necessarily ℵω) spaces and
was proved by Gabriyelyan in 2014. The characterizations (FP) and (AP) answer Open
Problems posed by Arhangelski and Tkachenko in their classical monograph “Topological
groups and related structures” published in 2008.

Separation Axioms in Paratopological Groups
Taras Banakh, Alex Ravsky

Jan Kochanowski University, Kielce, Poland,
Ivan Franko National University of Lviv, Ukraine,

Ya. Pidstryhach IAPMM, Lviv, Ukraine
email: t.o.banakh@gmail.com, oravsky@mail.ru

We prove that each regular paratopological group is completely regular and each Haus-
dorff paratopological group is functionally Hausdorff. This resolves two long standing open
problems in the theory of paratopological groups.

Also we prove that each (first-countable) Hausdorff paratopological group admits a
continuous bijective map onto a (metrziable) Tychonoff quasi-topological group. This
answers a question of Arhangelskii posed in 2002.

References
[1] T. Banakh, A. Ravsky, Each regular paratopological group is completely regular,

preprint (http://arxiv.org/abs/1410.1504 ).
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Brück Conjecture and Its Generalization
Abhijit Banerjee

Department of Mathematics, University of Kalyani, Nadia,
West Bengal, India 741235

email: abanerjee_kal@yahoo.co.in, abanerjeekal@gmail.com

Value distribution theory of meromorphic functions, is one of the most important tool
to deal with the properties of meromorphic functions. In this theory one studies in what
frequency an entire or a meromorphic function assumes some values and based on which
one can make some idea about the form of the functions. Now-a-days the uniqueness
theory of meromorphic functions, have become an extensive subfield of value distribution
theory. In this theory one studies the relationship between two non-constant entire or
meromorphic functions when they satisfy some prescribed conditions.

Nevanlinna’s uniqueness theorem shows that two meromorphic functions f and g
share 5 values ignoring multiplicities are identical. Rubel and Yang [2] first showed for
entire functions that in the special situation where g is the derivative of f , one usually
needs sharing of only two values CM for their uniqueness. Natural question would be to
investigate the relation between an entire function and its derivative counterpart for one
shared value. In 1996, in this direction the following famous conjecture was proposed by
Brück [1]:
Conjecture. Let f be a non-constant entire function such that the hyper order ρ2(f)
of f is not a positive integer or infinite. If f and f ′ share a finite value a counting
multiplicities, then f ′−a

f−a
= c, where c is a non zero constant.

Brück himself proved the conjecture for a = 0. Gradually the research in this direction
gained pace and today it has become one of the most prominent branch of uniqueness
theory. In this talk, we propose to highlight the development on the results of Brück
starting from the initial stage to the latest one in connection to our humble contribution.
We also want to point out future scope of research in this particular aspect.

References
[1] R. Brück, On entire functions which share one value CM with their first derivative.

Results Math. 30 (1996), no. 1-2, 21–24.
[2] L. A. Rubel, C. C. Yang, Values shared by an entire function and its deriva-

tive. In: Complex analysis (Proc. Conf., Univ. Kentucky, Lexington, Ky., 1976),
pp. 101–103. Lecture Notes in Math., Vol. 599, Springer, Berlin, 1977.
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On Dual Paradoxical Objects – Luzin Sets and
Sierpiński Sets
Mariam Beriashvili

I. Vekua Institute of Applied Mathematics
Tbilisi, Georgia

email: mariam−beriashvili@hotmail.com

It is well known that, under some additional set-theoretical axioms, many interesting
and exotical objects on real line R can be constructed. In this thesis our discussion is
devoted to certain paradoxical subsets of R, in particular, Luzin sets and Sierpiński sets.
These sets have many applications in real analysis, measure theory, general topology, and
modern set theory. Luzin sets were constructed by Luzin in 1914, and Sierpiński sets
were constructed by Sierpiński in 1924. Both Luzin and Sierpiński worked under the
assumption of the Continuum Hypothesis (CH). These sets are dual objects from the
point of view of Lebesgue measure and Baire category (see, for instance, [1] and [3]).

We consider the above-mentioned paradoxical subsets of R and analyze these sets from
the point of view of measure and category.

(a) There exists a translation invariant measure µ on R which extends the Lebesgue
measure λ and has the property that all Sierpiński subsets of R are measurable with
respect to µ; moreover, all of them are of µ-measure zero.

(b) If X is a λ-thick Sierpiński subset of R and λX is the induced measure on X, then
the completion of the product measure λX ⊗ λX is not isomorphic to λX .

(c) Any Luzin set Y is universal measure zero but no uncountable subset of Y has the
Baire property.

References
[1] J. Cichon, A. Kharazishvili, B. Werglorz, Subsets of the Real Line. Wydawnictwo

Uniwersytetu Lodzkiego, Lodz, 1995.
[2] B. R. Gelbaum, J. M. H. Olmsted, Counterexamples in Analysis. The Mathesis

Series Holden-Day, Inc., San Francisco, Calif.-London-Amsterdam, 1964.

[3] J. C. Oxtoby, Measure and Category. Springer-Verlag, New York, 1971.
[4] M. Beriashvili, A. Kirtadze, On the uniqueness property of non-separable exten-

sions of invariant Borel measures and relative measurability of real-valued functions.
Georgian Math. J. 21 (2014), no. 1, 49–56.

[5] M. Beriashvili, On some paradoxical subsets of the real line. Georgian Int. J. Sci.
Technol. 6 (2014), no. 4, 265–275.
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[6] A. B. Kharazishvili, Nonmeasurable Sets and Functions. North-Holland Mathemat-
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On Increasing the Convergence Rate of Difference
Solution to the Third Boundary Value Problem

of Elasticity Theory
Givi Berikelashvili1,2, Bidzina Midodashvili3,4

1 A.Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University
2 Georgian Technical University, Department of Mathematics,

Tbilisi, Georgia
3 I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

4 Gori Teaching University, Gori, Georgia
email: bergi@rmi.ge, berikela@yahoo.com; bidmid@hotmail.com

We consider the third boundary value problem of static elasticity theory (stiff contact
problem) in a rectangle. On the first stage we solve the difference scheme LhU = φ, which
has the second-order accuracy [1, 2]. On the second stage, using approximate solution
U , it is constructed correcting addend RU , and on the same grid we solve the problem
LhŨ = φ+ RU .

Using the methodology of obtaining the consistent estimates (see, e.g. [3, 4]) it is
shown that the solution Ũ of the corrected scheme converges at the rate O(|h|m) in the
discrete L2-norm, provided that the solution of the original problem belongs to the Sobolev
space Wm

2 (Ω) with exponent m ∈ [2, 4].
Aknowledgement. This work was supported by the Shota Rustaveli National Science

Foundation (Grant FR/406/5-106/12)
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Fiz. 38 (1998), no. 2, 310–314; translation in Comput. Math. Math. Phys. 38
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[3] A. A. Samarskii, R. D. Lazarov, V. L. Makarov, Difference Schemes for Differential
Equations with Generalized Solutions. (Russian) Visshaya Shkola, Moscow, 1987.
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On the Solvability of the Three-Dimensional
First Dynamic Boundary-Value Problem

of Hemitropic Elasticity
Yuri Bezhuashvili

Georgian Technical University, Department of Mathematics
Tbilisi, Georgia

email: y.Bezhuashvili@yandex.com

We consider the first main dynamic boundary-value problem for a three-dimensional
piecewise homogeneous hemitropic micropolar medium. By using the Fourier method
under sufficiently general assumptions, we prove the solvability of the problem in the
classical sense.

On a Method of Constructing a Basis
for a Banach Space

Bilal Bilalov, Telman Gasymov
Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan

Baku, Azerbaijan
email: b_bilalov@mail.ru, telmankasumov@rambler.ru

In this work, we consider a direct expansion of a Banach space with respect to sub-
spaces. We offer a method for constructing a basis for a space proceeding from bases
for subspaces. We also consider the cases when the bases for subspaces are isomorphic
and the corresponding isomorphisms may not hold. And we study the completeness, the
minimality and the uniform minimality of corresponding systems.

Let us recall the definitions of completeness, minimality of a system in a banach space.
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Let X be some Banach space. A system {un}n∈N ⊂ X is called complete in X if
L
[
{un}n∈N

]
= X.

A system {xn}n∈N ⊂ X is called minimal in X if

xk /∈ L
[
{xn}n∈Nk

]
, ∀k ∈ N, where Nk = N\ {k} .

Let the following direct sum hold

X = X1 ⊕ · · · ⊕Xm,

where Xi, i = 1, m, are some B-spaces, and let some system {uin}n∈N be given in the
space Xi for every i ∈ {1, . . . ,m}. Consider the following system in the space X:

ωin = (ai1u1n; . . . ; aimumn) , i = 1,m; n ∈ N, (1)

where aij are some numbers. Let

A = (aij)i, j=1,m ; ∆ = detA.

The following theorem is true.
Theorem 1. Let the system {uin}n∈N be complete (minimal) in the space Xi, i = 1,m.
If ∆ ̸= 0, then the system {ωin}i=1,m;n∈N is also complete (minimal) in the space X.

In case ∆ = 0 we have the following theorem.
Theorem 2. Let the system {uin}n∈N be minimal in Xi for every i ∈ 1 : m. If ∆ = 0,
then the system {ωin}i=1,m;n∈N defined by (1) is not minimal in X.

On Riemann Boundary Value Problem and
Its Application in Morrey Spaces

B. T. Bilalov, A. A. Quliyeva
Institute of Mathematics and Mechanics of NASA

Baku, Azerbaijan
email: b_bilalov@mail.ru, amea1984@gmail.com

We consider the Riemann boundary value problem with piecewise continuous coeffi-
cients in Hardy–Morrey classes. Under certain conditions, on coefficient of the problem
being studied Fredholm property of this problem and general solution as homogeneous as
inhomogeneous problem in Hardy–Morrey classes. The results of applied to the study of
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bases properties of exponential systems with piecewise linear phase on Lebesgue–Morrey
space.

On the Nonlinear Analogue of the Darboux Problem
Rusudan Bitsadze, Marine Menteshashvili

Georgian Technical University; Muskhelishvili Institute of Computational Mathematics
of the Georgian Technical University, Tbilisi, Georgia

email: bitsadze.r@gmail.com; marimen1963@gmail.com

In this talk for the well-known nonlinear oscillation equation we consider a problem
which is a nonlinear analogue of the Darboux problem and consists in the simultaneous
definition of a solution and its regular propagation domain. The question of solvability of
the formulated problem is solved by the method of characteristics.

The talk is based on the paper [1].

References
[1] R. Bitsadze, M. Menteshashvili, On a nonlinear analogue of the Darboux problem.

Proc. A. Razmadze Math. Inst. (2015), (submitted).

w-Isolated Subgroups
Tengiz Bokelavadze

Akaki Tsereteli State Universiry
Kutaisi, Georgia

email: bokel71@yahoo.com

The main result of this paper is that I(H) consists of all elements w-group G, such that
gn ∈ Hw for some non-zero element η of w, thus generalising a known result for locally
nilpotent groups. With this result as a basis, we prove the generalizations to w-groups of
a number of known theorems on locally nilpotent groups.
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Functional Differential Inclusions Generated
by Delay Differential Equations

with Discontinuities
Alexander Bulgakov1, Arcady Ponosov2, Irina Shlykova2

1 Tambov State University, Department of Algebra and Geometry
Tambov, Russia

2 Norwegian University of Life Sciences, Department of Mathematical Sciences and
Technology, Ås, Norway
email: arkadi@nmbu.no

Given a functional differential equation with a discontinuity, a construction of its
extension in the sense of functional differential inclusions is offered. This construction
can be regarded as a generalization of the well-known Filippov framework [3] to study
ordinary differential equations with discontinuities. Some basic properties of the solutions
of the introduced functional differential inclusions are studied in the manner described in
the paper [1].

The developed framework is applied to analysis of gene regulatory networks with gen-
eral delays. An important feature of gene regulatory networks is the presence of thresh-
olds causing switch-like interactions between genes. Such interactions can be described
by smooth monotone functions rapidly increasing in a vicinity of their thresholds. The
resulting smooth nonlinear system can however be too complicated to be studied the-
oretically and even numerically, as it can contain thousands of variables. To simplify
the functional form of the equations, it is common to represent interactions by the step
functions, which gives a system of differential equations with discontinuous right-hand
sides. To prove that the dynamics of the simplified system is close to the dynamics of
the original smooth system, one may use the Filippov framework, at least in the case of
nondelay genetic networks [2].

On the other hand, it is well-known that delay effects are an important issue in genetic
models. The challenge in this case is to combine delays with the discontinuities arising
from the simplification of the models. In order to implement the central idea of Filippov’s
theory, we suggest a formal procedure of obtaining a functional differential inclusion from
a general discontinuous functional differential equation. This gives a possibility to define
an analog of a Filippov solution for discontinuous functional differential equations and,
finally, to apply the developed theory to gene regulatory networks with general delays.
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About Correspondence between Proof Schemata and
Unranked Logics

Gela Chankvetadze, Lia Kurtanidze, Mikheil Rukhaia
I. Vekua Institute of Applied Mathematics, Tbilisi State University

Faculty of Informatics, Mathematics and Natural Sciences, Georgian University
email: gelachan@hotmail.com, lia.kurtanidze@gmail.com, mrukhaia@logic.at

The proof theory takes its roots from G. Gentzen, when he introduced a sequent
calculus for first-order logic. Since then, proofs are heavily used in computer science.
It is well known that first-order logic is undecidable, therefore all complete proof-search
procedures are non-terminating.

The concept of term schematization was introduced in [2] to avoid non-termination
in symbolic computation procedures and to give finite descriptions of infinite derivations.
Later, formula schemata for propositional logic was developed [1] to deal with schematic
problems (graph coloring, digital circuits, etc.) in more uniform way. In [3, 4] the language
of formula schemata was extended to first-order logic and a sequent calculus was defined,
introducing a notion of proof schema.

Another very expressive formalisms used in computer science are unranked languages,
which have unranked alphabet, i.e. function and/or predicate symbols do not have a fixed
arity. Since such languages can naturally model XML documents and operations over
them, they are more and more often used for knowledge representation. Thus increasing
demand for designing and improving deduction methods that would permit to automatize
reasoning in unranked languages.

It is easy to see similarities between schematic logical operators and unranked logi-
cal operators, defined in [5]. Therefore the question rises: whether it is possible to use
proof schemata for knowledge representation. To tackle this problem we try to find cor-
respondence between these two formalisms. As a result we obtained that proof schemata
contains unranked logics, i.e. every unranked formula can be represented as a formula
schema, but not vice versa.

Acknowledgment. This work was supported by the project No. FR/51/4-102/13 of
the Shota Rustaveli National Science Foundation.
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Influence of the Background Inhomogeneous Wind
on Large Scale Zonal Flow Generation by ULF

Modes
K. Chargazia1, O. Kharshiladze2

1 I. Javakhishvili Tbilisi State University
2 I. Javakhishvili Tbilisi State University, Department of Physics

Tbilisi, Georgia
e-mail: khatuna.chargazia@gmail.com

In the work the features of generation of the large scale flows in the ionosphere on
the background of inhomogeneous non-stationary winds is considered. From the equation
of magnetized (modified by the geomagnetic field) Rossby type waves using multi-scale
expansion the nonlinear equation of interaction of amplitudes of five different scale modes
is obtained. These modes are: ultra low frequency (ULF) primary magnetized Rossby
wave, its two satellites, long wavelength zonal mode and large scale background mode (in-
homogeneous wind). The effects of nonlinearities (scalar, vector) in formation of the large
scale zonal flows by magnetized Rossby waves with finite amplitudes in the dissipative
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ionosphere is studied. In this case modified parametric approach is used. On the basis
of theoretical and numerical analysis of the corresponding system (generalized problem
on the eigen values) the new features of energy pumping from comparably small scale
ULF magnetized Rossby wave and the background flow into the large scale zonal flows
and nonlinear self-organization of collective activity of above mentioned five modes in the
ionosphere medium is revealed. Generation of the zonal flow is caused by the Reinolds
stress of the magnetized Rossby wave with finite amplitude and effect of the background
shear flow. It is shown, that amplitude of the background flow affects the increment of
modulation instability and the zonal flow generation. The satellite observation data is
also analyzed by means of linear and nonlinear methods.

ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÈ ÄÅÒÏÊÀÅÛÉÒÛÉ ÀÍÖ
ÓÀÃÏØÔÏÒÏ ÈÄÌÀ - ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÓÉÍÈÄÆÉ
ÃÀ ÀÌÏÝÍÏÁÀ“ ÌÉÆÍÄÁÉÓ, ÌÄÈÏÃÄÁÉÓÀ ÃÀ ÐÉÒÅÄËÉ

ÛÄÃÄÂÄÁÉÓ ÌÏÊËÄ ÌÉÌÏáÉËÅÀ
ÂÉÏÒÂÉ ÜÉÜÖÀ, ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÓÀÓßÀÅËÏ-ÓÀÌÄÝÍÉÄÒÏ ÝÄÍÔÒÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gllc.ge@gmail.com

2015 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ØÀÒÈÖËÉ
ÄÍÉÈ ÄÅÒÏÊÀÅÛÉÒÛÉ ÀÍÖ ÓÀÃÏØÔÏÒÏ ÈÄÌÀ - ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÓÉÍÈÄÆÉ ÃÀ
ÀÌÏÝÍÏÁÀ“.1

ÌÏáÓÄÍÄÁÉÓÀÓ ÌÏÊËÄÃ ÌÉÌÏÅÉáÉËÀÅÈ ÐÒÏÄØÔÉÓ ÌÉÆÍÄÁÓÀ ÃÀ ÌÄÈÏÃÄÁÓ [1]. ÀÓÄÅÄ,
ÐÒÏÄØÔÉÓ ÐÉÒÅÄËÉ ÛÄÃÄÂÄÁÉÓ ÓÀáÉÈ ÌÉÌÏÅÉáÉËÀÅÈ, Ê.×áÀÊÀÞÉÓ ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖ-
ÒÉ ÂÒÀÌÀÔÉÊÉÓ [2] ×ÀÒÂËÄÁÛÉ ÛÄÌÖÛÀÅÄÁÖËÉ ØÀÒÈÖËÉ ÓÀÌÄÔÚÅÄËÏ ÄÍÉÓ ÀÍÁÀÍÆÄ [3]
ÃÀÚÒÃÍÏÁÉÈ ÀÂÄÁÖË ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÌÀÓÉÍÈÆÄÁÄË ÓÉÓÔÄÌÄÁÓ. ÀÓÄÅÄ, ÀÌÀÅÄ
ÌÉÃÂÏÌÄÁÆÄ ÃÀÚÒÃÍÏÁÉÈ, ÌÉÌÏÅÉáÉËÀÅÈ ØÀÒÈÖËÉ ÌÊÉÈáÅÄË-ÌÓÌÄÍÄËÉ ÓÉÓÔÄÌÉÓ ÀÌÂÄÁ
ÌÄÈÏÃÄÁÓÀ ÃÀ ÜÅÄÍ ÌÉÄÒ ÖÊÅÄ ÛÄÌÖÛÀÅÄÁÖË ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÀÌÏÌÝÍÏÁ ÃÀ
áÌÏÅÀÍÉ ÌÀÒÈÅÉÓ ÓÉÓÔÄÌÄÁÓ [4].

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ DO/305/4-
105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.

1ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ ÌÏØÌÄÃÉ
áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [4] ÄÒÈ-ÄÒÈÉ ÛÄÌÀÃÂÄÍÄËÉ
ØÅÄÐÒÏÄØÔÉÀ.



78 Abstracts of Participants’ Talks Batumi, July 12–16, 2015

ËÉÔÄÒÀÔÖÒÀ

[1] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, ÐÒÏÄØÔÉ „ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ ÂÒÀ-
ÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀ ÓÀÉÍ×ÏÒÌÀÝÉÏ ÔÄØÍÏËÏÂÉÄÁÛÉ“ ÃÀ
ÓÀÃÏØÔÏÒÏ ÈÄÌÄÁÉ „ØÀÒÈÖËÉ ÂÒÀÌÀÔÉÊÖËÉ ÌÀÒÈËÌßÄÒÉ (ÀÍÀËÉÆÀÔÏÒÉ)“ ÃÀ
„ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÓÉÍÈÄÆÉ ÃÀ ÀÌÏÝÍÏÁÀ“. ÑÖÒÍÀËÉ „ØÀÒÈÖËÉ ÄÍÀ ÃÀ
ËÏÂÉÊÀ“, N7-N8, ÂÅ. 21-36, 2013-2014.

[2] K. Pkhakadze, G. Chichua, M. Chikvinidze, A. Maskharashvili, I. Beriashvili, An
overview of the trial version of the georgian self-developing intellectual corpus nec-
essary for creating georgian texts analyzer, speech processing, and automatic trans-
lation systems. Rep. Enlarged Sess. Semin. I. Vekua Inst. Appl. Math. 28 (2014),
70–75.

[3] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, À. ÌÀÓáÀÒÀÛÅÉËÉ, ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ
ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀÍÉ, (ÉÁÄàÃÄÁÀ) 2015.

[4] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÈ ÄÅÒÏÊÀÅÛÉÒÛÉ ÀÍÖ
ÓÀÃÏØÔÏÒÏ ÈÄÌÀ - ØÀÒÈÖËÉ ÂÒÀÌÀÔÉÊÖËÉ
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ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ØÀÒÈÖËÉ
ÄÍÉÈ ÄÅÒÏÊÀÅÛÉÒÛÉ ÀÍÖ ÓÀÃÏØÔÏÒÏ ÈÄÌÀ - ØÀÒÈÖËÉ ÂÒÀÌÀÔÉÊÖËÉ ÌÀÒÈËÌßÄÒÉ
(ÀÍÀËÉÆÀÔÏÒÉ)“.2

2ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ ÌÏØÌÄÃÉ
áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [4] ÄÒÈ-ÄÒÈÉ ÛÄÌÀÃÂÄÍÄËÉ
ØÅÄÐÒÏÄØÔÉÀ.
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ÌÏáÓÄÍÄÁÉÓÀÓ ÌÏÊËÄÃ ÌÉÌÏÅÉáÉËÀÅÈ ÐÒÏÄØÔÉÓ ÌÉÆÍÄÁÓÀ ÃÀ ÌÄÈÏÃÄÁÓ [1]. ÀÓÄÅÄ,
ÐÒÏÄØÔÉÓ ÐÉÒÅÄË ÛÄÃÄÂÄÁÉÓ ÓÀáÉÈ ÌÏÊËÄÃ ÌÉÌÏÅÉáÉËÀÅÈ Ê.×áÀÊÀÞÉÓ ØÀÒÈÖËÉ ÄÍÉÓ
ËÏÂÉÊÖÒÉ ÂÒÀÌÀÔÉÊÉÓ [2] ×ÀÒÂËÄÁÛÉ ØÀÒÈÖËÉ ÄÍÉÓÀÈÅÉÓ ÛÄÌÖÛÀÅÄÁÖËÉ ÀáÀË ÌÉÃÂÏ-
ÌÄÁÆÄ ÃÀÚÒÃÍÏÁÉÈ ÀÂÄÁÖË ØÀÒÈÖËÉ ÓÀÌßÄÒËÄÁÏ ÄÍÉÓ ÓÉÔÚÅÄÁÉÓ, ×ÒÀÆÄÁÉÓ, ßÉÍÀÃÀÃÄ-
ÁÄÁÉÓÀ ÃÀ ÔÄØÓÔÄÁÉÓ ÌÀÀÍÀËÉÆÄÁÄË, ÌÀÂÄÍÄÒÉÒÄÁÄË ÌÀÒÈËÌßÄÒÉÓ ÛÄÌÌÏßÌÄÁÄË ÓÉÓÔÄ-
ÌÄÁÓ [3].

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
DO/308/4-105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.
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Nonlinear Mathematical Model of the Two-Level
Assimilations
Temur Chilachava

Sokhumi State University, Tbilisi, Georgia
email: temo_chilachava@yahoo.com

In work the new nonlinear mathematical model of two-level assimilation taking into
account demographic factors is offered. In model three subjects are considered: the pop-
ulation and powerful government institutions with very widespread language, influencing
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by means of the state and administrative resources the population of two states or the
autonomy for the purpose of their assimilation; the population and government institu-
tions with widespread second language which underwent assimilation from the powerful
state, but in the turn, influencing by means of the state and administrative resources the
third population with some less widespread language for the purpose of their assimilation;
the third population (autonomy) which underwent bilateral assimilation from two rather
powerful states.

In model existence of negative demographic factor (natural decrease in the population)
at the most powerful state and positive demographic factor (a natural increase of the
population) at the autonomy which underwent bilateral assimilation is supposed.

In special cases, constancy of coefficients of model, for Cauchy’s task of system of
three nonlinear differential equations is found the first integrals. In the first case, the first
integral in phase space of solutions represents a hyperbolic paraboloid, and in the second
case, a cone. By means of the first integral the required task of Cauchy is reduced to
Cauchy’s task for nonlinear system of two differential equations for which the stationary
point lying in the first quadrant of the phase plane of solutions is found. With use of
a criteria of Bendikson, the theorem, about existence in the first quadrant of the phase
plane of solutions of some area in which there is a solution in the form of the closed
trajectory which is completely lying in this area is proved.

Thus it is proved that when performing some conditions, there is no full assimilation
of the population of the autonomy to less widespread language.

Nonlinear Mathematical Model of Bilateral
Assimilation with Zero Demographic Factor

of the Assimilating Sides
Temur Chilachava, Maia Chakaberia
Sokhumi State University, Tbilisi, Georgia

email: temo_chilachava@yahoo.com, chakaberiam@gmail.com

In work mathematical modeling of nonlinear process of the assimilation taking into
account positive demographic factor which underwent bilateral assimilation of the side and
zero demographic factor of the assimilating sides is considered. In model three objects
are considered:

1. The population and government institutions with widespread first language, influ-
encing by means of state and administrative resources on the population of the third state
formation for the purpose of their assimilation;
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2. The population and government institutions with widespread second language, in-
fluencing by means of state and administrative resources on the population of the third
state formation for the purpose of their assimilation;

3. Population of the third state formation which is exposed to bilateral assimilation
from two powerful states or the coalitions.

For nonlinear system of three differential equations of the first order are received the
two first integral. Special cases of two powerful states assimilating the population of small
state formation (autonomy), with different initial number of the population, both with
identical and with various economic and technological capabilities are considered. It is
shown that in all cases there is a full assimilation of the population to less widespread
language. Thus, proportions in which assimilate the powerful states the population of
small state formation are found.

Nonlinear Mathematical Model of Two-Party
Elections in Case of Linear Functions

of Coefficients
Temur Chilachava, Shorena Geladze
Sokhumi State University, Tbilisi, Georgia

email: temo_chilachava@yahoo.com, shokooo@bk.ru

In work the nonlinear mathematical model describing dynamics of voters of pro-
governmental and opposition party (two selective subjects, the coalitions) is offered. In
model three objects are considered: the government and administrative institutions influ-
encing citizens by means of administrative resources (first of all, on voters of opposition
party) for their attraction on the side of pro-government party; the citizens with a selective
voice now supporting opposition party; the citizens with a selective voice now supporting
pro-government party.

Cases when coefficients of attraction of votes of pro-government and oppositional par-
ties are linearly increasing functions of time, and administrative impact on voters of
opposition party from government institutions, is constant from elections to elections
are considered. Cauchy’s problem for nonlinear system of the differential equations with
variable coefficients of attraction of votes is solved numerically by means of the program
environment Matlab. Cases as maximum and certain voter turnout on elections, and
also the set falsification of voices of opposition party, the election commission which is
partially controlled by government institutions are considered.

The following qualitatively various results are received:
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– despite superiority of coefficient of attraction of votes of opposition party over pro-
governmental, due to constant administrative impact on voters of opposition party from
government institutions, the pro-government party will win the next elections;

– despite superiority of the voters supporting opposition party by the election day due
to the best mobilization on elections of the voters, the pro-government party will win the
next elections;

– despite superiority of the voters supporting opposition party by the election day at
a lonely voter turnout on elections, due to a certain falsification of elections, the pro-
government party will win the next elections;

– the opposition party, despite the best appearance on elections of voters of pro-
government party, all the same will win the next elections;

– the opposition party, despite the best appearance on elections of voters of pro-
government party and a certain falsification of elections, nevertheless will win the next
elections.

Nonlinear Mathematical Model of Elections
with Variable Coefficients of Model

Temur Chilachava, Leila Sulava
Sokhumi State University, Tbilisi, Georgia

email: temo_chilachava@yahoo.com, le83o@hotmail.com

Mathematical modeling and computing experiment in the last decades gained com-
prehensive recognition in science as the new methodology which is roughly developing
and widely introduced not only in natural-science and technological spheres, but also in
economy, sociology, political science and other public disciplines. Considerable interest
represents creation of the mathematical model, allowing to define dynamics of voters of
political subjects.

In work the nonlinear mathematical model describing dynamics of voters of pro-
governmental and opposition party (two selective subjects, the coalitions) is offered. In
model three objects are considered: the government and administrative institutions influ-
encing citizens by means of administrative resources (first of all, on voters of opposition
party) for their attraction on the side of pro-government party; the citizens with a selective
voice now supporting opposition party; the citizens with a selective voice now supporting
pro-government party.

Cases when coefficients of attraction of votes of pro-government and oppositional par-
ties, and also administrative impact on voters of opposition party from government in-
stitutions, are exponential increasing functions from elections to elections are considered.
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Cauchy’s problem for nonlinear system of the differential equations with variable coeffi-
cients of model is solved numerically by means of the program environment Matlab. Cases
as maximum and certain voter turnout on elections, and also the set falsification of voices
of opposition party, the election commission which is partially controlled by government
institutions are considered. The following qualitatively various results are received:

– despite superiority of coefficient of attraction of votes of opposition party over pro-
governmental, due to administrative impact on voters of opposition party from government
institutions, the pro-government party will win the next elections;

– despite superiority of the voters supporting opposition party by the election day due
to the best mobilization on elections of the voters, the pro-government party will win the
next elections;

– despite superiority of the voters supporting opposition party by the election day at
a lonely voter turnout on elections, due to a certain falsification of elections, the pro-
government party will win the next elections;

– the opposition party, despite the best appearance on elections of voters of pro-
government party, all the same will win the next elections;

– the opposition party, despite the best appearance on elections of voters of pro-
government party and a certain falsification of elections, nevertheless will win the next
elections.

The Magnetic Boundary Layer of the Earth
as an Energy-supplying Channel for the Processes

inside the Magnetosphere
Marina Chkhitunidze1, Nino Dzhondzoladze2

1 I. Javakhishvili Tbilisi State University, M. Nodia Institute of Geophysics, Sector of
Seismology, Seismic Hazard and Disaster Risks, Tbilisi, Georgia

2 I. Gogebashvili Telavi State University, Faculty of Exact and Natural Sciences,
Informatics and Physics Department, Telavi, Georgia

email: marina_chxitunidze@yahoo.com, nino.bej@gmail.com

Quasi-viscous interaction between the solar wind plasma and the geomagnetic field
regularly takes place at the boundary of the magnetosphere. Like the effect of reconnection
of force lines of the Earth magnetic field and the interplanetary magnetic field (IMF)
transported by the solar wind the intensity of the quasi-viscous interaction depends on
the magnetic viscosity of the plasma. Anomalous increase of the value of this parameter
in the MHD boundary layer of the Earth, the magnetopause is analogized with which,
is connected with the variation of the solar wind perturbation. In such circumstances
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for presenting the development process of the magnetopause dynamics the numerical and
analytical methods of mathematical modeling have been used. Their effectiveness depends
on the quality of the model describing the energy transmission process from the solar wind
to the magnetopause. Usually, adequacy of a model for the development dynamics of the
phenomena inside the magnetosphere is assessed in this way. In this work one of such
theoretical models is considered. This model is based on the Zhigulev “magnetic” equation
of the MHD boundary layer

∂Hy

∂t
+ u

∂Hy

∂x
+ v

∂Hy

∂y
−Hy

∂v

∂y
= λm

∂2Hy

∂x2
,

which is simplified by means of the Parker velocities kinematic model

u = −αx, v = αy,

where α is the reverse value of the time characteristic for the overflow of the magnetosphere
day side.MHD equations involve magnetic viscosity λm as a coefficient that is defined by
σ specific electric conductivity (c is light speed):

λm =
c2

4πσ
.

In order to clearly show the physical mechanisms stipulating the energy transmission
process from the magnetosphere boundary to its inner structures some new characteristics
of the MHD boundary layers are presented: thicknesses of magnetic field induction and the
energy driven into the magnetopause. Besides, in the magnetic field induction equation
several models of impulsive time variation of the magnetic viscosity of the solar wind is
used

1) λm=λ0m [1 + βsin (πt/τ0)] ; 2) λm=λ0me
− t

τ0 ; 3) λm=λ0m

(
1− e−

t
τ0

)
,

where λ0m is the value characterizing the magnetic viscosity, τ0 is the time characterizing
the impulsive variation of the magnetic viscosity, β is the coefficient of the impulsive
strengthening. By means of the sequent approximation method an analytical image of
quasi-stationary variation of the magnetopause parameters correspondent to these models
is presented.

References
[1] M. Chkhitunidze, N. Dzhondzoladze, The Magnetic Boundary Layer of the Earth as

an Energy-supplying Channel for the Processes inside the Magnetosphere. Journal
of Georgian Geophysical Society, Issue B. Physics of Atmosphere, Ocean and Plasma
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ÁÀÈÖÌÉ, 12–16 ÉÅËÉÓÉ, 2015 ÌÏÍÀßÉËÄÈÀ ÌÏáÓÄÍÄÁÄÁÉÓ ÈÄÆÉÓÄÁÉ 85

Rotation of Coordinate Axes and Integrability
of Maximal Functions

Kakha Chubinidze
Akaki Tsereteli State University

Kutaisi, Georgia
email: kaxachubi@gmail.com

A mapping B defined on Rn is said to be a differentiation basis if for every x ∈ Rn,
B(x) is a family of bounded measurable sets with positive measure and containing x, such
that there exists a sequence Rk ∈ B(x) (k ∈ N) with limk→∞ diamRk = 0.

For f ∈ L(Rn) the maximal function MB(f)(x) corresponding to a basis B is defined
as the supremum of integral means 1

|R|

∫
R
|f |, where R ∈ B(x).

In what follows the dimension of the space Rn is assumed to be greater than 1.
Denote by I = I(Rn) the basis of intervals, i.e., the basis for which I(x) (x ∈ Rn)

consists of all n-dimensional intervals containing x.
A basis B is called: translation invariant if B(x) = {x + R : R ∈ B(0)} for every

x ∈ Rn; sub-basis of a basis B′ if B(x) ⊂ B′(x) for every x ∈ Rn.
Let us introduce the following notation: BTI is the class of all translation invariant

bases; BB is the class of all sub-bases of a basis B; BNL is the class of all bases which
does not differentiate L(Rn)(i.e. there exists a function f ∈ L(Rn) the integral of which
is not differentiable with respect to B).

For a basis B by ΛB denote the class of all functions f ∈ L(Rn) for which the maximal
function MB(f) is locally integrable.

A class of functions F is called invariant with respect to a class of transformations of
a variable Γ if (f ∈ F, γ ∈ Γ)⇒ f ◦ γ ∈ F.

Denote by Γn the family of all rotations in the space Rn.
From the results of G. G. Oniani (see [1] or [2]) it follows that the class ΛI is not

invariant with respect to rotations(i.e., with respect to the class Γn). The following
theorem shows that the similar conclusion is valid for bases from a quite general class.
Theorem. If B ∈ BI ∩BTI ∩BNL, then the class ΛB is not invariant with respect to
rotations.

References
[1] G. G. Oniani, Differentiation of Lebesgue integrals. (Russian) Tbilisi Univ. Press,

Tbilisi, 1998.
[2] G. G. Oniani, On the integrability of strong maximal functions. Bull. Georgian
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On the Development of the Growth Properties
of Composite Entire and Meromorphic Functions

from Fifferent Angle of View
Sanjib Kumar Datta

Department of Mathematics, University of Kalyani, Kalyani, Dist-Nadia, PIN-741235,
West Bengal, India

email: sanjib_kr_datta@yahoo.co.in

The value distribution theory deals with various aspects of the behavior of entire and
meromorphic functions one of which is the study of comparative growth properties. For
any entire function f , M (r, f), a function of r is defined as follows:

M (r, f) = max
|z|=r
|f (z) |.

Similarly for another entire function g, M (r, g) is defined. The ratio M(r,f)
M(r,g)

as r → ∞ is
called the growth of f with respect to g in terms of their maximum moduli.

The maximum term µ (r, f) of f can be defined in the following way:

µ (r, f) = max
n≥0

(|an|rn) .

In fact µ (r, f) is much weaker than M (r, f) in some sense. So from another angle of view
µ(r,f)
µ(r,g)

as r →∞ is also called the growth of f with respect to g where µ (r, g) denotes the
maximum term of entire g.

But for meromorphic f,M (r, f) and µ (r, f) are not defined. To overcome this sit-
uation, the theory due to Rolf Nevanlinna (1926) may be considered. The quantity
T (r, f) = m (r, f)+N (r, f) is called the Nevanlinna’s Characteristic function of f which
plays an important role in the theory of meromorphic functions where m (r, f) is the
proximity function of f and N (r, f) is the integrated counting function of f . If T (r, g)
denotes the Nevanlinna’s Characteristic function (abbreviated as N.C.F.) of meromorphic
g, the ratio T (r,f)

T (r,g)
as r → ∞ is called the growth of f with respect to g in terms of their

N.C.Fs. In the talk an extensive study of growth properties of composite entire and mero-
morphic functions have been made from different angle of view. Several researchers have
made close investigations on this topic. In this talk we have made a brief survey of the
existing literature involved in the growth properties of composite entire and meromorphic
functions and then have mentioned the improvement of some of the results in connection
with the original one.
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Hydraulic Calculation of Branched Gas Pipeline
by Quasi-stationary Nonlinear Mathematical Model

Teimuraz Davitashvili, Meri Sharikadze
Faculty of Exact and Natural Sciences of I. Javakhishvili Tbilisi State University,

I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: tedavitashvili@gmail.com, meri.sharikadze@tsu.ge

At present pipelines become one of the main sources of liquid and gas substances
transportation and play a vital role in our daily lives. That is way study of gas and liquid
substances flow behavior in horizontal and inclined branched pipelines became topical
problem of today and had attracted attention of a number of scientists. Recently, many
gas flow equations have been developed and a number are using by the gas-liquid industry
but as accounting practices have shown none of them are universal. In spite of the fact that
most of those have been based on the result of gas-liquid flow experiments as yet they needs
to be carefully analyzed, retreated, reworked and checked by the flow pattern. It has been
shown in many modern publications that the most complicated part describing practical
methods of modeling especially are branched pipeline networks and mathematical models
describing flow in the pipelines having outlets containing essential mistakes, which are
owing significant simplification of the modeling environment and processes. For this reason
development of the detailed numerical models adequate describing the real non-stationary
not isothermal processes processing and progressing in the branched pipeline systems and
study the problem by analytical methods are actual. In the present paper pressure and
gas flow rate distribution in the branched pipeline based on the one quasi-stationary
nonlinear mathematical model using analytical methods is investigated. For realization
of that purposes the system of partial differential equations describing gas quasi-stationary
flow in the branched pipeline was studied. We have found effective solutions of the quasi-
stationary nonlinear mathematical model(pressure and gas flow rate distribution in the
branched pipeline). For learning the affectivity of the method quite general test was
created. Preliminary data of numerical calculations have shown efficiency of the suggested
method.
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Integro-Differential Equations
with Piecewise-Continuous Coefficients

R. Duduchava, T. Tsutsunava
A. Razmadze Mathematical Institute, Tbilisi State University,

Tbilisi, Georgia
email: roldud@gmail.com, tamta.wuwunava@mail.ru

The purpose of the present research is to investigate the integro-differential equa-
tions with piecewise-continuous coefficients and obtained Fredholm criteria in the Bessel
potential spaces.

We reduce the integro-differential equations to an equivalent system of the equation
of Mellin convolution type. Applying recent results on Mellin convolution equations with
meromorphic kernels in Bessel potential and Sobolev-Slobodeckij (Besov) spaces obtained
by V. Didenko & R. Duduchava [1] and R. Duduchava [2], criteria of the unique solvability
(the Fredholm criteria) of the above mentioned integro-differential equations in classical
and non-classical setting are obtained.
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ËÀÉÁÍÉÝÉ – ÌÀÈÄÌÀÔÉÊÖÒÉ ËÏÂÉÊÉÓ ×ÖÞÄÌÃÄÁÄËÉ
ÍÉÍÏ ÃÖÒÂËÉÛÅÉËÉ

ÉÅ. ãÀÅÀáÉÛÅÉËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: nino_du@yahoo.com

ËÀÉÁÍÉÝÉÓ ËÏÂÉÊÖÒ ÌÄÌÊÅÉÃÒÄÏÁÀÛÉ ÉÊÅÄÈÄÁÀ ÈÀÍÀÌÄÃÒÏÅÄ ×ÏÒÌÀËÖÒÉ ËÏÂÉÊÉÓ
ÜÀÍÀÓÀáÄÁÉ. ÌÊÅËÄÅÀÒÈÀ ÀÆÒÉÈ, ËÀÉÁÍÉÝÉÓ ÍÀÛÒÏÌÉÓ «ÆÏÂÀÃÉ ÂÀÌÏÊÅËÄÅÄÁÉ ÝÍÄÁÄÁÉÓÀ
ÃÀ àÄÛÌÀÒÉÔÄÁÄÁÉÓ ÀÍÀËÉÆÉÓ ÛÄÓÀáÄÁ» ÁÀÆÀÆÄ ÒÄÊÏÍÓÔÒÖÉÒÄÁÖËÉ ÝÍÄÁÀÈÀ ËÏÂÉÊÉÓ
ÂÀÍÆÏÂÀÃÄÁÀ ÁÖËÉÓ ÓÉÌÒÀÅËÄÈÀ ÀËÂÄÁÒÉÓ ÐÉÒÅÄËÓÀáÄÀ.
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ËÀÉÁÍÉÝÉÓ ÌÉÄÒ ÍÀÂÖËÉÓáÌÄÅ ÉÍÔÄÒÐÒÄÔÀÝÉÄÁÛÉ ÌÀÒÔÉÅÉ ÊÀÔÄÂÏÒÉÖËÉ ßÉÍÀÃÀÃÄÁ-
ÄÁÉÓ ÛÄÓÀÔÚÅÉÓÉ ÂÀÌÏÓÀáÖËÄÁÄÁÉ ßÀÒÌÏÀÃÂÄÍÓ ÊËÀÓÈÀ ÀÙÒÉÝáÅÉÓ ÌÄÔÀÈÄÏÒÉÉÓ ÌÔÊÉÝÄ-
ÁÄÁÓ. ÄÓ ÀÙÒÉÝáÅÀ ËÏÂÉÊÖÒÉ ÈÄÏÒÉÀÀ ÃÀ, ÛÄÓÀÁÀÌÉÓÀÃ, ÌÉÓÉ ÌÔÊÉÝÄÁÄÁÉ ËÏÂÉÊÖÒÉ
ÈÄÏÒÉÉÓ ×ÀØÔÄÁÓ ÀÙßÄÒÄÍ.

ÓÀÅÀÒÀÖÃÏÀ, ÒÏÌ ÊËÀÓÈÀ ÀÙÒÉÝáÅÉÓ ×ÏÒÌÖËÄÁÉ, ÀÍÖ ÈÅÉÓÄÁÀÈÀ «ÛÉÛÅÄËÉ»
ÓÔÒÖØÔÖÒÄÁÉ, ËÀÉÁÍÉÝÉÓÀÈÅÉÓ Ö×ÒÏ ÁÖÍÃÏÅÀÍÉ ÌÄÍÔÀËÖÒÉ ÏÁÉÄØÔÄÁÉ ÉÚÏ, ÅÉÃÒÄ -
ËÉÍÂÅÉÓÔÖÒÉ. ÄÓ ÁÖÍÄÁÒÉÅÉÝÀÀ, ÒÀÃÂÀÍ ÊËÀÓÈÀ ÀÙÒÉÝáÅÉÓ ÐÉÒÅÄËÓÀáÄÓ ËÀÉÁÍÉÝÉ
ÐÀÒÀËÄËÖÒÀÃ ØÌÍÉÃÀ ÆÏÂÀÃÉ ÀÙÒÉÝáÅÉÓ ÓÀáÉÈ. ÌÉÖáÄÃÀÅÀÃ ÀÌÉÓÀ, ÛÄÉÞËÄÁÀ ÉÈØÅÀÓ,
ÒÏÌ ËÀÉÁÍÉÝÉÓ ÉÃÄÄÁÉÓ ÍÀÌÃÅÉËÉ ÀÆÒÉ, ÒÏÌÄËÉÝ ÓÀ×ÖÞÅËÀÃ ÃÀÄÃÏ ÓÉËÏÂÉÓÔÉÊÉÓ
ÄÍÉÓ ÌÉÓ ÌÉÄÒ ÛÄÌÖÛÀÅÄÁÖË ÀÒÉÈÌÄÔÉÊÖË ÉÍÔÄÒÐÒÄÔÀÝÉÄÁÓ, ÀÒÉÓ ÓÉËÏÂÉÓÔÉÊÉÓ
ÉÍÔÄÒÐÒÄÔÀÝÉÀ ÊËÀÓÈÀ ÀÙÒÉÝáÅÉÓ ÌÄÔÀÈÄÏÒÉÀÛÉ ÃÀ, ÓßÏÒÄÃ ÀÌ ÀÆÒÉÈ ÛÄÉÞËÄÁÀ
ÌÉÅÉÜÍÉÏÈ ËÀÉÁÍÝÉ ÌÀÈÄÌÀÔÉÊÖÒÉ ËÏÂÉÊÉÓ ×ÖÞÄÌÃÄÁËÀÃ.

ËÉÔÄÒÀÔÖÒÀ

[1] Â.Å. ËÀÉÁÍÉÝÉ, ÓÏÜ., ÌÏÓÊÏÅÉ, 1982-89.

[2] Luis Cuturat, La logique de Laibniz, 1905.

Uniform Convergence of Integrated Double
Trigonometric Fourier Series

Omar Dzagnidze
A. Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University

Tbilisi, Georgia
e-mail: odzagni@rmi.ge

The following theorem is valid:
Theorem. For the exponential series of a 2π-periodic in each variable and summable
function f on [0, 2π]2

f ∼ c00 +
∑
|m|≥1

cm0e
imx +

∑
|n|≥1

c0ne
iny +

∑
|m|≥1, |n|≥1

cmne
i(mx+ny),

the equality∫ x

0

∫ y

0

f(t, τ) dt dτ = c00xy + iy
∑
|m|≥1

1

m
cm0(1− eimx) + ix

∑
|n|≥1

1

n
c0n(1− einy)

−
∑

|m|≥1, |n|≥1

1

mn
cmn(1− eimx)(1− einy),
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is fulfilled uniformly on [0, 2π]2.
Moreover, the convergence of the series

∑
|m|≥1, |n|≥1

cmn

mn
is obtained and its sum is found.

×ÖÍØÝÉÖÒ ÌßÊÒÉÅÈÀ ÈÄÏÒÉÉÓ ÄÒÈÉ ÔÄÒÌÉÍÉÓ
ÛÄÓÀáÄÁ
ÏÌÀÒ ÞÀÂÍÉÞÄ

ÉÅÀÍÄ ãÀÅÀáÉÛÅÉËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉÓ ÀÍÃÒÄÀ
ÒÀÆÌÀÞÉÓ ÌÀÈÄÌÀÔÉÊÉÓ ÉÍÓÔÉÔÖÔÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË. ×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: odzagni@rmi.ge

×ÖÍØÝÉÖÒ ÌßÊÒÉÅÈÀ ÈÄÏÒÉÀÛÉ ÂÀÜÍÃÀ ÀáÀËÉ ÓÀáÉÓ ÌßÊÒÉÅÄÁÉ, ÒÏÌÄËÈÀ ßÄÅÒÄÁÉ
ßÀÒÌÏÀÃÂÄÍÄÍ ÌÖÃÌÉÅÄÁÉÓ ÍÀÌÒÀÅËÄÁÓ ÓÐÄÝÉÀËÖÒÉ ÓÀáÉÓ ×ÖÍØÝÉÄÁÆÄ ÃÀ ÌÀÈ ÉÍÂËÉÓÖÒÀÃ
ÄßÏÃÄÁÀÈ wavelet [‘weivlit] - ÐÀÔÀÒÀ ÔÀËÙÀ (небольшая волна - Éá. Англо-русский
словарь под редакцией В.К. Мюллера, Москва, 1970, стр. 852).

ÀÌÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ ÛÄÓÀÞËÄÁËÀÃ ÌÉÌÀÜÍÉÀ ÈÀÍÀÃÏÁÀ wavelet - ÔÀËÙÉÅÀ. ÄÓ
ÌÓÂÀÅÓÀÃ ÉÌÉÓÀ, ÒÏÌ ÐÀÔÀÒÀ ÂÖÁÄÓ ÄÞÀáÉÀÍ ÂÖÁÖÒÀÓ, ÐÀÔÀÒÀ ÊÀÝÓ ÊÉ ÊÀÝÖÍÀÓ ÃÀ À.Û.

ÒÀÉÌÄ ×ÖÍØÝÉÉÓ ÔÀËÙÉÅÄÁÉÓ ÌßÊÒÉÅÀÃ ßÀÒÌÏÃÂÄÍÀÓÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ ÛÄÓÀÞËÄÁËÀÃ
ÌÉÌÀÜÍÉÀ ÂÀÌÏÈØÌÀ “×ÖÍØÝÉÉÓ ÔÀËÙÉÅÀ ÂÀÌßÊÒÉÅÄÁÀ”.

ÈÖÊÉ ×ÖÍØÝÉÉÓ ÔÀËÙÉÅÀ ÂÀÌßÊÒÉÅÄÁÀÛÉ ÓÀàÉÒÏÀ ×ÖÒÉÄÓ ÌÏáÓÄÍÉÄÁÀ, ÌÀÛÉÍ ÛÄÉÞËÄÁÀ
ÅÈØÅÀÈ “×ÖÍØÝÉÉÓ ×ÖÒÉÄÓÌÉÄÒÉ ÔÀËÙÉÅÀ ÂÀÌßÊÒÉÅÄÁÀ”.

ÄÓ ÖÊÀÍÀÓÊÍÄËÉ ÌÉÅÉÙÄ ÀÒÜÉË áÀÒÀÞÉÓ ßÉÂÍÉÓ “ÏÒÈÏÂÏÍÀËÖÒ ÐÏËÉÍÏÌÈÀ ÈÄÏÒÉÉÓ
ÄËÄÌÄÍÔÄÁÉ” (ÈÓÖ, 1999ß) ÂÅÄÒÃ 120-ÆÄ ÌÏßÏÃÄÁÖËÉ ÂÀÌÏÈØÌÉÃÀÍ “ËÄÑÀÍÃÒÉÓÄÖËÉ
ÂÀÌßÊÒÉÅÄÁÀ” ÉÌ ÂÀÍÓáÅÀÅÄÁÉÈ, ÒÏÌ ËÄÑÀÍÃÒÉÓÄÖËÉ ÛÄÝÅËÉËÉÀ ËÄÑÀÍÃÒÉÓÌÉÄÒÉÈ
(áÏÌ ÂÅÀØÅÓ ÂÀÌÏÈØÌÀ “ÍÄÁÉÓÌÉÄÒÉ” – ÍÄÁÉÓÂÀÍ ÂÀÌÏÌÃÉÍÀÒÄ).

ÀÒÜÄÅÀÍÉ “ÔÀËÙÉÅÀ” ÈÖ “ÔÀËÙÉÅÉ”, ÃÀÌÏÊÉÃÄÁÖËÉÀ ÌÀÓÈÀÍ ÖÛÖÀËÏÃ ÃÀÊÀÅÛÉÒÄÁÖË
ÓÉÔÚÅÀÆÄ. ÆÄÌÏáÓÄÍÄÁÖË ÂÀÌÏÈØÌÀÛÉ ÓÉÔÚÅÀ “ÔÀËÙÉÅÀ” ÌÏÉÈáÏÅÀ ÓÉÔÚÅÀÌ “ÂÀÌßÊÒÉ-
ÅÄÁÀ”. ÆÄÃÀÐÉÒÈÀÍ ÃÀÊÀÅÛÉÒÄÁÉÈ ÛÄÉÞËÄÁÀ ÅÉáÌÀÒÏÈ “ÔÀËÙÉÅÉ ÆÄÃÀÐÉÒÉ”. ÀØ ÍÀÓÀÒ-
ÂÄÁËÄÁÉÀ ÜÅÄÍÈÅÉÓ ÊÀÒÂÀÃ ÝÍÏÁÉËÉ ÛÄÓÀÁÀÌÉÓÏÁÀ “высотный корпус“ – “ÌÀÙËÉÅÉ
ÊÏÒÐÖÓÉ”.

ÓÉÔÚÅÀÌ ÌÏÉÔÀÍÀ ÃÀ ÀÙÅÍÉÛÍÀÅ, ÒÏÌ ÖÍÃÀ ÅÈØÅÀÈ “ÛÅÀÒÝÉÓÌÉÄÒÉ ßÀÒÌÏÄÁÖËÉ” ÃÀ
ÀÒÀ “ÛÅÀÒÝÉÓ ßÀÒÌÏÄÁÖËÉ” (ÄÓ ÒÖÓÖËÉÓ ÂÀÅËÄÍÀÀ: ÂÀßÀÒÌÏÄÁÀ áÃÄÁÀ ×ÖÍØÝÉÉÓ ÃÀ
ÀÒÀ ÐÉÒÏÅÍÄÁÉÓ) – ÉÍÂËÉÓÖÒÛÉ ÉáÌÀÒÄÁÀ by ÃÀ ÀÒÀ of (Éá. Англо-русский словарь -
составители В.Д. Аракин, З.С. Выгодская, Н.Н. Ильина, четвёртое издание, Москва, 1962,
стр. 124: by II [bai] 4) указывает на авторство произведения, пьесы т.п. – например
“The Young Guard” by Fadeyev; the 6th symphony by Tchaikovsky”; “Moscow was
founded by Yury Dolgoroocky in 1147”).
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Synergetics and Higher Education
Tsiala Dzidziguri

Sokhumi State University, Faculty of Mathematics and Computer Sciences
Tbilisi, Georgia

email: cialadzidziguri@rambler.ru

This work is devoted to the synergy as a new approach to the functioning of the mod-
ern higher educational system. The emergence of such an approach is due primarily to
the strong development of synergistic principles in applied science, in particular, in math-
ematical modeling. We consider different points of view on the synergy as a methodology
of modern scientific research. To change the educational strategy the new methodology
already developed - is an interdisciplinary branch of science - Synergetics or the theory of
self-organization. Offered some examples of synergistic action principles.

On Regular Cohomologies of Biparabolic
Subalgebras of sl(n)

Alexsander Elashvili1, Giorgi Rakviashvili2
1 A. Razmadze Math. Inst., I. Javakhishvili State University, Tbilisi, Georgia

2 Faculty of Science and Arts, Ilia State University, Tbilisi, Georgia
email: alela@rmi.ge, giorgi.rakviashvili@iliauni.edu.ge

A Lie biparabolic subalgebra (firstly named a “seaweed algebra”) of a semisimple
Lie algebra is relatively new object in Lie theory; it generalizes a note of a parabolic
subalgebra. There are many articles about cohomologies of parabolic subalgebras and
some its subalgebras, but cohomologies of biparabolic subalgebras are not investigate yet.
In this paper we investigate regular cohomologies of biparabolic subalgebras of a simple
Lie algebra sl(n).

In 1972 Leger and Luks [1] have proved that regular cohomologies of Borel algebras
with coefficients in himself (i.e. regular cohomologies) are equal to zero in any dimensions.
In the same year Tolpygo [2] proved that this result is true in more general case, for
parabolic subalgebras. We prove that the foresaid result is true for biparabolic subalgebras
too, but we consider biparabolic subalgebras only of sl(n), which definition is based on
pair of partitions of n.

Our mane results are:
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Theorem 1. If P is a biparabolic subalgebra of sl(n) and Z(P ) is it’s center, then regular
cohomologies of P are isomorphic in any dimensions to cohomologies of P with coefficients
in Z(P ).
Theorem 2. If pair of partitions of n is indecomposable, then all regular cohomologies
of corresponding biparabolic subalgebra of sl(n) are equal to zero.

We hope, that analogous theorems are true also for biparabolic subalgebras of all
semisimple Lie algebras.

References
[1] G. Leger, E. Luks, Cohomology theorems for Borel-like solvable Lie algebras in

arbitrary characteristic. Canad. J. Math. 24 (1972), 1019–1026.
[2] A. K. Tolpygo, The cohomology of parabolic Lie algebras. (Russian) Mat. Zametki

12 (1972), 251–255; translation in Math. Notes Acad. Science USSR 12 (1972),
585–587.

[3] V. Dergachev, A. Kirillov, Index of Lie algebras of seaweed type. J. Lie Theory 10
(2000), no. 2, 331–343.

On Martingales and the End of Life Problem
in Inventory Control

J. B. G. Frenk, Semih Onur Sezer
Sabanci University, Faculty of Engineering and Natural Sciences

Istanbul, Turkey
email: frenk@sabanciuniv.edu

We consider an inventory problem of controlling the inventory of spare parts in the
final phase of the service life cycle. The final phase starts when the production of a
product is terminated and it continues until the last service contract or warranty period
expires. Placing final orders for service parts at the end of the production cycle of a
product is considered to be a popular tactic to satisfy demand during this period and
to mitigate the effect of part obsolescence at the end of the service life cycle. Previous
research focuses on repairing defective products by replacing the defective parts with
properly functioning spare ones. However, for most of the inventory problems with the
product in a no production phase there is typically a price erosion for the new type of
product presently in production while repair cost for a defective product of a previous
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generation stays steady over time. As a consequence, there might be a point in time at
which the unit price of a new generation product drops below the repair costs. If so, it
is more cost effective to adopt an alternative policy to meet service demands toward the
end of the final phase, such as offering customers the new product of a similar type or a
discount on a next generation product. As an example we mention the handling of old
generation iPhones after the introduction of a new type of iPhone. This study examines
the cost trade-offs of implementing alternative policies for the repair policy and develops
an exact expression for the expected total cost function under the assumption that the
arrival process of demands for repairing defective products of an old type is given by
a nonhomogeneous Poisson process with a given arrival rate function. This problem is
know as the end of life problem and to derive this expression under very general cost
assumptions we use well known results from martingale theory. As such this talk focuses
on ongoing research and the use of more sophisticated techniques well known within the
theory of stochastic processes contrary to the Markovian techniques used within inventory
theory.

The talk is based on joint work with co-author Semih Onur Sezer, Sabanci University,
Faculty of Engineering and Natural Sciences, Istanbul.

A Development of the Monotonicity Method
for Unilateral and Bilateral Quasi-variational

Inequalities
Avtandil Gachechiladze

A. Razmadze Mathematical Institute of I. Javakhishvili State University,
Department of Mathematical Physics, Tbilisi, Georgia

email: avtogach@yahoo.com

We consider the variational inequalities with unilateral and bilateral obstacles for
second order linear elliptic operator. The domain is bounded and the obstacles may appear
in domain and on the boundary as well. We prove some monotone dependence between the
solutions and the data of the variational inequalities. It gives an opportunity to construct
the monotonicity method for quasi-variational inequalities when the obstacle operator is
not monotone in L2 sense. As an example we consider Implicit Signorini problem, the
quasi-variational inequality with unilateral implicit obstacle on the boundary. We show
the unique solvability of the problem and construct the iteration schemes for the solution.
Then we consider the several statements of the mentioned problem; we consider this
problem for the double boundary obstacles, also for the obstacles in domain, obtaining
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the similar results as for the classical statement of the problem. Some of the results can
be generalized for the evolutionary variational inequalities.

Numerical Implementation for One System
of Nonlinear Three-Dimensional Partial

Differential Equations
Mikheil Gagoshidze1, Maia Nikolishvili2, Besik Tabatadze1

1 Sokhumi State University, Tbilisi, Georgia
2 I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

email: maianikolishvili@yahoo.com, besotabatadze84@gmail.com

In the cylinder Ω̄ × [0, T ] the following nonlinear three-dimensional initial-boundary
value problem is considered:

∂U

∂t
=

∂

∂x1

(
V1
∂U

∂x1

)
+

∂

∂x2

(
V2
∂U

∂x2

)
+

∂

∂x3

(
V3
∂U

∂x3

)
,

∂Vα
∂t

= −Vα + gα

(
Vα

∂U

∂xα

)
,

U(x, 0) = U0(x), Vα(x, 0) = Vα 0(x), α = 1, 2, 3, x ∈ Ω̄,

U(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ] ,

(1)

where Ω = {x = (x1, x2, x3) : 0 < x1 < 1, 0 < x2 < 1, 0 < x3 < 1}, ∂Ω is the boundary
of the domain Ω, T is some fixed positive number, U0, Vα 0, gα are given sufficiently smooth
functions, such that:

Vα0(x) ≥ δ0, x ∈ Ω̄,

γ0 ≤ gα (ξα) ≤ G0, |g′α(ξα)| ≤ G1, ξα ∈ R, α = 1, 2, 3,

where δ0, γ0, G0, G1 are some positive constants.
One must note that in two-dimensional case system (1) describes the process of vein

formation in meristematic tissues of young leaves.
For the numerical solution of problem (1) the following variable directions type differ-

ence scheme is considered:

u1t = (v̂βû1x̄1)x1
+ (v2u2x̄2)x2

+ (v3u3x̄3)x3
,

u2t = (v̂1û1x̄1)x1
+ (v̂2û2x̄2)x2

+ (v3u3x̄3)x3
,

u3t = (v̂1û1x̄1)x1
+ (v̂2û2x̄2)x2

+ (v̂3û3x̄3)x3
,

vαt = −v̂α + gα (vαuαx̄α) ,

(2)
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with corresponding initial and boundary conditions. Here the well known notations for
grid functions are used. In (2) the discrete functions uα are defined on whole meshes while
vα are defined on central meshes.

Various numerical test experiments are carried out.

Numerical Modelling of Some Kinds of Humidity
Processes

Giorgi Geladze1, Manana Tevdoradze2

1 Faculty of Exact and Natural Sciences of I. Javakhishvili Tbilisi State University
2 I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

Tbilisi, Georgia
email: givi-geladze@rambler.ru

On the basis of developed by us of numerical model of a mesoscale boundary layer
of atmosphere (MBLA) it is simulated and investigated: a full cycle of clouds and fogs
(origin, development and dissipation); simultaneous existence of fogs and clouds; the role
of turbulent regime in formation of fog-cloudy ensembles.

Genesis of Foehns is studied and their new classification (dryadiabatic, mostadiabatic
and most-dryadiabatic Foehns) is given; the contribution of the latent heat of condensation
in formation of such kind of local winds is investigated. The role of Foehns from the point
of view of ecology and different branches of a national economy is considered.

Possibility of active influence on some humidity processes (a radiating fog, regulation
of an atmospheric precipitation, Foehns) is studied.

The problem about MBLA in a case of humidity and water nonhomogeneous of un-
derlying surface is put and is at a stage of computer realisation (earlier we considered
only temperature nonhomogeneous of underlying surface) that will certainly enrich and
will improve our initial mesometeorological model.
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Interaction of Elastic and Scalar Fields
L. Giorgashvili, G. Karseladze, G. Sadunishvili

Georgian Technical University, Department of Mathematics
Tbilisi, Georgia

email: lgiorgashvili@gmail.com

In this work we consider the problem of interaction of elastic body with scalar field.
The general solution of uniforms system of equations (of elasticity theory) for static case is
solved using Papkovich representation method. The contact problem is solved using spe-
cial boundary-contact condition, in case when the contact surface is a stretched spheroid.
The uniqueness theorem for the solution is also proved. Solutions are obtained in terms
of absolutely and uniformly convengent series.

Geometrical Applications of Split Octonions
Merab Gogberashvili

I. Javakhishvili Tbilisi State University
Andronikashvili Institute of Physics,

Tbilisi, Georgia

Physical signals and space-time intervals are described in terms of the algebra of real
split octonions. Geometrical symmetries are represented by its automorphism group - the
real non-compact form of Cartan’s smallest exceptional group G2. This group generates
specific rotations of (3+4)-vector parts of split octonions with three extra timelike coor-
dinates and in certain limits represents standard Lorentz transformations. In this picture
several physical characteristics of ordinary (3+1)-dimensional theory (such as: number
of dimensions, existence of maximal velocities, the uncertainty principle, some quantum
numbers, etc.) are naturally emerge from the properties of the algebra.

References
[1] M. Gogberashvili, arXiv: hep-th/0212251;

Adv. Appl. Clif. Alg. 15 (2005) 55, arXiv: hep-th/0409173;
J. Phys. A 39 (2006) 7099, arXiv: hep-th/0512258;
Int. J. Mod. Phys. A 21 (2006) 3513, arXiv: hep-th/0505101;
Eur. Phys. J. C 74 (2014) 3200, arXiv: 1410.4136 [physics.gen-ph];
arXiv: 1506.01012 [math-ph].
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ÓÀÓßÀÅËÏ ÐÒÏÝÄÓÛÉ ÌÀÈÄÌÀÔÉÊÖÒÉ ÓÉÌÁÏËÉÊÉÓ
ÂÀÌÏÚÄÍÄÁÉÓ ÛÄÓÀáÄÁ

ÂÖÒÀÌ ÂÏÂÉÛÅÉËÉ

ÓÀØÀÒÈÅÄËÏÓ ÓÀÐÀÔÒÉÀÒØÏÓ ßÌÉÃÀ ÀÍÃÒÉÀ ÐÉÒÅÄËßÏÃÄÁÖËÉÓ ÓÀáÄËÏÁÉÓ
ØÀÒÈÖËÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ÉÍ×ÏÒÌÀÔÉÊÉÓ, ÌÀÈÄÌÀÔÉÊÉÓÀ ÃÀ ÓÀÁÖÍÄÁÉÓÌÄÔÚÅÄËÏ

ÌÄÝÍÉÄÒÄÁÀÈÀ ×ÀÊÖËÔÄÔÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË. ×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: guramgog@gmail.com

ÌÀÈÄÌÀÔÉÊÉÓ ÂÀÍÅÉÈÀÒÄÁÉÓ ÉÓÔÏÒÉÀ ÂÀÍÖÚÏ×ÄËÉÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ÍÏÔÀÝÉÉÓÀ ÃÀ
ÓÉÌÁÏËÉÊÉÓ ÂÀÍÅÉÈÀÒÄÁÉÓ ÉÓÔÏÒÉÉÓÂÀÍ. ÓÀÖÊÖÍÄÄÁÉÓ ÌÀÍÞÉËÆÄ ÀÒ ÛÄßÚÅÄÔÉËÀ ÔÒÀÃÉ-
ÝÉÄÁÉÈ ÃÀÌÊÅÉÃÒÄÁÖËÉ ÓÉÌÁÏËÉÊÉÓ ÛÄÌÏØÌÄÃÄÁÉÈÉ ÂÀÀÆÒÄÁÀ, ÌÉÓÉ ÃÀáÅÄßÀ ÃÀ ÌÉÆÀÍÌÉ-
ÌÀÒÈÖËÉ ÂÀÌÏÚÄÍÄÁÀ. ÄÓ ÀÌÀÒÔÉÅÄÁÃÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ÈÄÏÒÉÄÁÉÓ ÜÀÌÏÚÀËÉÁÄÁÀÓÀ ÃÀ
ÌÀÈ ÀÙØÌÀÓ, áÅÄßÃÀ ÀÆÒÏÅÍÄÁÉÓ ÓÔÉËÓ.

ÝÏÃÍÉÓ ÂÀÃÀÝÄÌÉÓÀÓ ÁÖÍÃÏÅÀÍÄÁÉÓ ÂÀÌÏÓÀÒÉÝáÀÃ, ÈÉÈÏÄÖËÉ ÓÉÃÉÃÉÓ ÀÙÓÀÍÉÛÍÀÅÀÃ
ÖÍÃÀ ÂÀÌÏÅÉÚÄÍÏÈ ÄÒÈÀÃÄÒÈÉ ÓÉÌÁÏËÏ, ÌÏÓßÀÅËÄÓ (ÓÔÖÃÄÍÔÓ) ÊÉ ÌÉÅÀßÏÃÏÈ
ÉÍ×ÏÒÌÀÝÉÀ ÓáÅÀÂÅÀÒÉ ÀÙÍÉÛÅÍÄÁÉÓ ÛÄÓÀáÄÁÀÝ. ÌÀÂÀËÉÈÀÃ, tg ÃÀ tan (ÔÀÍÂÄÍÓÉÓ
ÀÙÍÉÛÅÍÄÁÉ); ln ÃÀ log (ÍÀÔÖÒÀËÖÒÉ, e-×ÖÞÉÀÍÉ ËÏÂÀÒÉÈÌÉÓ ÀÙÍÉÛÅÍÄÁÉ); Ck

n ÃÀ(
n
k

)
(ãÖ×ÈÄÁÀÈÀ ÒÉÝáÅÉÓ ÀÙÍÉÛÅÍÄÁÉ); {an} ÃÀ (an) (ÌÉÌÃÄÅÒÏÁÉÓ ÀÙÍÉÛÅÍÄÁÉ); ex,

exp(x), e^x (ÌÀÜÅÄÍÄÁËÉÀÍÉ ×ÖÍØÝÉÉÓ ÀÙÍÉÛÅÍÄÁÉ) ÃÀ ÓáÅÀ. ÓÀÃÙÄÉÓÏÃ ÀÌ ÀÙÍÉÛÅÍÀÈÀ
ÖÍÉ×ÉÝÉÒÄÁÀ ÛÄÖÞËÄÁÄËÉÀ, ÒÀÃÂÀÍ ÓáÅÀÃÀÓáÅÀ ÓÀáÄËÌÞÙÅÀÍÄËÏÛÉ ÛÄÓÀÞËÏÀ ÓáÅÀÃÀÓáÅÀ
ÀÙÍÉÛÅÍÄÁÓ ÛÄáÅÃÄÈ.

ÌÀÈÄÌÀÔÉÊÖÒÉ ÍÏÔÀÝÉÉÓ ËÀÊÏÍÖÒÏÁÀÓÀ ÃÀ ÂÀÌÀÒÔÉÅÄÁÀÓ áÄËÓ ÖßÚÏÁÓ ÓÐÄÝÉÀËÖÒ
ÏÁÉÄØÔÈÀ ÓÔÀÍÃÀÒÔÖËÉ ÓÉÌÁÏËÏÄÁÉÈ ÀÙÍÉÛÅÍÀ. ÀÓÄÈÉÀ, ÌÀÂÀËÉÈÀÃ, N, Z, R,
ÒÏÌËÄÁÉÝ ÀÓÄÝ ÀÙÉÍÉÛÍÄÁÀ N, Z, R (ÍÀÔÖÒÀËÖÒ, ÌÈÄË ÃÀ ÍÀÌÃÅÉË ÒÉÝáÅÈÀ
ÓÉÌÒÀÅËÄÄÁÉ). ÈÖÌÝÀ, ÆÏÂãÄÒ, ËÄØÝÉÀÆÄ (ÂÀÊÅÄÈÉËÆÄ) ÂÀÊÄÈÄÁÖË ÜÀÍÀßÄÒÄÁÛÉ ÄÓ
ÓÉÌÁÏËÏÄÁÉ ßÀÒÌÏÂÅÉÃÂÄÁÀ, ÒÏÂÏÒÝ N , Z, R. ÈÖ, ÀÌÀÓÈÀÍÀÅÄ, ÒÀÉÌÄ ÍÀÔÖÒÀËÖÒÉ
ÒÉÝáÅÉ N -ÉÈ ÀÒÉÓ ÀÙÍÉÛÍÖËÉ, ÛÄÓÀÞËÄÁÄËÉÀ ÃÀ×ÀÆÄ ÂÀÜÍÃÄÓ ÊÖÒÉÏÆÖËÉ ÜÀÍÀßÄÒÉ
N ∈ N . ÀÓÄÈÉ ÜÀÍÀßÄÒÄÁÉ, ÝáÀÃÉÀ, ÖÍÃÀ ÂÀÌÏÉÒÉÝáÏÓ.

ßÒÄßÉÒÉÓ ÓÉÂÒÞÉÓ ÌÉÓÉÅÄ ÃÉÀÌÄÔÒÉÓ ÓÉÂÒÞÄÓÈÀÍ ÛÄ×ÀÒÃÄÁÀ ÓÔÀÍÃÀÒÔÖËÀÃ π
ÀÓÏÈÉ ÀÙÉÍÉÛÍÄÁÀ. ÈÖÌÝÀ, ÄÓ ÀÒ ÍÉÛÍÀÅÓ ÀÌ ÀÓÏ-ÁÂÄÒÉÓ ßÒÄßÉÒÉÓ ÓÉÂÒÞÄÓÈÀÍ
ÀÖÝÉËÄÁÄË "ÌÉÁÌÀÓ". ÌÀÒÈËÀÝ, x ÍÀÌÃÅÉË ÒÉÝáÅÀÌÃÄ ÌÀÒÔÉÅ ÒÉÝáÅÈÀ ÏÃÄÍÏÁÉÓ
ÓÔÀÍÃÀÒÔÖËÉ ÀÙÍÉÛÅÍÀÀ π(x). ßÀÒÌÏÓÀáÅÉÈ ÄÒÈÄÖËÓ i-ÈÉ ÀÙÅÍÉÛÍÀÅÈ, ÌÀÂÒÀÌ, ÈÖ
i ÌáÏËÏÃ ÊÏÌÐËÄØÓÖÒ ÒÉÝáÅÄÁÓ ÃÀÅÖÊÀÅÛÉÒÄÈ, ÌÉÅÀËÈ ÉÓÄÈ ÀÁÓÖÒÃÀÌÃÄ, ÒÏÌÄËÉÝ
ai = 1 ÜÀÍÀßÄÒÛÉ i-Ó ßÀÒÌÏÓÀáÅÉÈ ÄÒÈÄÖËÀÃ ßÀÒÌÏÂÅÉÃÂÄÍÓ.

ÌÏáÓÄÍÄÁÀÛÉ ÂÀÍáÉËÖËÉÀ ÛÄÌÈáÅÄÅÄÁÉ, ÒÏÝÀ ÌÏÖØÍÄËÉ ÃÀ ÛÄÖÓÀÁÀÌÏ ÓÉÌÁÏËÉÊÀ
ÃÀÁÒÊÏËÄÁÀÃ ÉØÝÄÅÀ áÏËÌÄ ÍÀÈÄËÉ ÌÀÈÄÌÀÔÉÊÖÒÉ ßÀÒÌÏÃÂÄÍÄÁÉÓ ×ÏÒÌÉÒÄÁÀÛÉ,
ÂÀÍÓÀÊÖÈÒÄÁÉÈ - ÌÀÈÄÌÀÔÉÊÉÓ ÓßÀÅËÄÁÉÓ ÐÒÏÝÄÓÛÉ. ßÀÒÌÏÃÂÄÍÉËÉÀ ÀÌ ÐÒÏÁËÄÌÀÈÀ
ÃÀÞËÄÅÉÓ ÂÆÄÁÉ.



98 Abstracts of Participants’ Talks Batumi, July 12–16, 2015

Neural Network Software Library for Natural
Language Understanding

Paata Gogishvili
Saint Andrew The First-called Georgian University, Faculty of Informatics, Mathematics

and Natural Sciences, Tbilisi, Georgia
email: paatagog@gmail.com

Neural Networks are the powerful tool in investigation and understanding of natural
languages [1]. There are several types of neural networks that are especially effective in
this field.

It is very important to have possibility to do quick testing of new approaches in order
to find good solutions for particular tasks. Software library is an effective solution for
creating and testing of custom neural networks.

We created software library which has ready components for creating and testing of
custom Deep Neural Networks. Our goal was to develop components that are usually
used in natural language processing. Particularly we have components for Feed-Forward
Convolutional Neural Networks [2] and Recurrent Neural Networks [3].

Among ready components for neural networks, our software library provides necessary
objects and functions for constructing new custom components. For the creation of custom
components we provide linear algebra formulas, vector operations, matrix operations, etc..

References
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ral language processing (almost) from scratch. The Journal of Machine Learning
Research 12 (2011), 2493–2537.

[2] J. Jin, A. Dundar, E. Culurciello, Flattened convolutional neural networks for feed-
forward acceleration. arXiv:1412.5474 (2014).

[3] W. Zaremba, I. Sutskever, O. Vinyals, Recurrent neural network regularization.
arXiv preprint arXiv:1409.2329 (2014).
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Nonlocal Contact Problems for Two Dimensional
Stationary Equations of Mathematical Physics

David Gordeziani , Tinatin Davitashvili1, Hamlet Meladze2

1 Faculty of Exact and Natural Sciences, I. Javakhishvili Tbilisi State University,
Tbilisi, Georgia

2 Faculty of Informatics, Mathematics and Natural Sciences, St. Andrew the First
Called Georgian University, Tbilisi, Georgia

email: h_meladze@hotmail.com

Nonlocal problems represent quite interesting generalization of classical problems of
mathematical physics and at the same time they are naturally raised at construction of
mathematical models of real processes and the phenomenon.

The present report is devoted to statement and the analysis of nonlocal contact bound-
ary problems for linear elliptic equations of second order in two-dimensional domains.
The existence and uniqueness of a regular solution is proved. The iteration process is
constructed, which allows one to reduce the solution of the initial problem to the solution
of a sequence of classical Dirichlet problems.

In the report the results of numerical calculations of nonlocal contact problem for
Poisson’s equation in two-dimensional domain are given.

Eigenvalues of Hermitian Toeplitz Matrices
with Smooth Simple-Loop Symbols

Sergei Grudsky
CINVESTAV del I.P.N. Mexico, Mexico

email: grudsky@math.cinvestav.mx

The report presents higher-order asymptotic formulas for the eigenvalues and eigen-
vectors of large Hermitian Toeplitz matrices with moderately smooth symbols which trace
out a simple loop on the real line. The formulas are established not only for the extreme
eigenvalues, but also for the inner eigenvalues. The results extend and make more precise
existing results, which so far pertain to banded matrices or to matrices with infinitely
differentiable symbols. Also given is a fixed-point equation for the eigenvalues which may
be solved numerically by an iteration method.
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Boundary-Domain Integral Formulation
for Boundary Value Problem Involving

the Laplace–Beltrami Operator
Richards Grzhibovskis

Department of Applied Mathematics, Saarland University
Saarbrücken, Germany

email: richards@num.uni-sb.de

A boundary value problem for the Laplace-Beltrami operator on a smooth two-dimen-
sional surface embedded in R3 is considered. As in the case of an inhomogeneous heat
transfer [1], a suitable parametrix (Levi function) is found and an integral formulation of
the problem is derived. This formulation involves geometrical properties of the surface.
Furthermore, besides the usual boundary integrals the integration along the surface is
present.

A numerical method of finding the approximate solution is derived similarly to the
corresponding case in R3 [2]. Several key differences and similarities to the popular finite
element methods are discussed. Some aspects of implementation are commented on and
several numerical examples are presented.

References
[1] O. Chkadua, S. E. Mikhailov, D. Natroshvili, Analysis of direct boundary-domain

integral equations for a mixed BVP with variable coefficient. I. Equivalence and
invertibility. J. Integral Equations Appl. 21 (2009), no. 4, 499–543.

[2] R. Grzhibovskis, S. Mikhailov, S. Rjasanow, Numerics of boundary-domain integral
and integro-differential equations for BVP with variable coefficient in 3D. Comput.
Mech. 51 (2013), no. 4, 495–503.
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A BEM-RBF Coupled Method for a Damage Model
in Linear Elasticity

Richards Grzibovskis, Christian Michel
Department for Applied Mathematics, Saarland University,

Saarbrücken, Germany
email: michel@num.uni-sb.de

For several years, the industry has brought the use of composite materials into focus,
e.g. by using them for the construction of wind turbines, aircraft, or in the automotive
industry. There exists a wide variety of possible applications due to the unbeatable advan-
tages over conventional materials such as steel or aluminum; these are mainly the lower
weight and an often significantly higher mechanical strength. In contrast to homogeneous
materials, the modeling of composites is significantly more complex because of the fine ge-
ometrical features. We use a non linear strain- and stress-based continuum damage model,
which was first introduced by Simon and Ju [2], and is well accepted throughout the en-
gineering community [4]. The stress tensor σ is defined by σ(x) = (1−d(ϵ, x))C(x) : ϵ(x),
where ϵ is the strain tensor, d the internal damage variable and C the stiffness tensor.

Due to the model we make use of a multi domain Galerkin boundary element method
for elasticity [1, 3, 5] coupled with a specific matrix valued radial basis function part
to treat the non linear term. To reduce memory requirements of the fully populated
matrices we apply a low rank approximation for the matrices generated by the BEM and
RBF parts. The resulting linear system is then solved with the help of specially developed
preconditioner technique.

References
[1] H. Andrä, R. Grzibovskis, S. Rjasanow, Boundary element method for linear elas-

ticity with conservative body forces. In: Advanced finite element methods and
applications, 275–297, Lect. Notes Appl. Comput. Mech., 66, Springer, Heidelberg,
2013.

[2] J. Simo and J. Ju, Strain- and stress-based continuum damage models. I. Formula-
tion; II. Computational aspects, Internat. J. Solids Structures 23 (1987), 821–869.

[3] A. Sutradhar, G. H. Paulino, L. J. Gray, Symmetric Galerkin Boundary Element
Method. With a foreword by Giulio Maier. Springer-Verlag, Berlin, 2008.

[4] J. Spahn, H. Andä, M. Kabel, R. Müller, A multiscale approach for modeling pro-
gressive damage of composite materials using fast Fourier transforms. Comput.
Methods Appl. Mech. Engrg. 268 (2014), 871–883.
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[5] R. Grzhibovskis, S. Rjasanow, H. Andrä, A. Zemitis, Boundary element method for
calculation of effective elastic moduli in 3D linear elasticity. Math. Methods Appl.
Sci. 33 (2010), no. 8, 1021–1034.

Blow-up Solutions Some Classes of the Nonlinear
Parabolic Equations

H. Guliev, T. S. Gadjiev, S. A. Aliev
Department of Differential equations, Institute of Mathematics and Mechanics,

Baku, Azerbaijan
email: tgadjiev@mail.az, soltanaliyev@yahoo.com

In this paper the unbounded increasing solutions of the nonlinear parabolic equations
for the finite time is investigated. Before we considered Dirichlet boundary condition. In
this paper Neuman boundary problem is investigated.

The sufficient condition for nonlinearity is established. Under this condition every
solution of the investigated problem is blown-up. I.e., there is number T > 0 such that

∥u (x; t)∥L2(Rn) →∞, t→ T <∞.

The existence of the solution is proved by smallness of the initial function.
These type of nonlinear equations describe the processes of electron and ionic heat

conductivity in plasma, fusion of neutrons and etc. One of the essential ideas in theory of
evolutional equations is known as method of eigenfunctions. In this paper we apply such
method. We different boundary problem is considered.

In [1] the existence of unbounded solution for finite time with a simple nonlinearity
have been proved. In [2] has been shown that, under the critical exponent any nonnegative
solution is unbounded increasing for the finite time. Similar results were obtained in
[3] and corresponding theorems are called Fujita–Hayakawa’s theorems. More detailed
reviews can be found in [4], [5] and [6].

2010 Mathematics Subject Classification. Primary 35115; Secondary 35K10.
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Cauchy Problem of the Dynamical Equations of the
Theory of the Thermo-Electro-Magneto Elasticity

Diana Ivanidze, Marekh Ivanidze
Georgian Technical University, Department of Mathematics

Tbilisi, Georgia
email: dianaivanize@gmail.com, marexi.ivanidze@gmail.com

In the paper we consider uniqueness and existence of solutions of Cauchy problem of
the dynamical equations of the theory of thermo-electro-magneto elasticity. Applying the
Fourier transform we construct the solution of the problem explicitly.

References
[1] M. Aouadi, On the coupled theory of thermo-magnetoelectroelasticity. Quart. J.
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ÓÀÉÍ×ÏÒÌÀÝÉÏ ÓÉÅÒÝÉÓ ÓÀ×ÒÈáÄÄÁÉÓ ÌÏÃÄËÄÁÉÓÀ
ÃÀ ÀËÂÏÒÉÈÌÄÁÉÓ ÛÄÓÀáÄÁ

ÂÉÏÒÂÉ ÉÀÛÅÉËÉ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gioiasha@gmail.com

ÓÀÉÍ×ÏÒÌÀÝÉÏ ÓÉÅÒÝÄÓ ÌÒÀÅÀËÉ ÓÀ×ÒÈáÄ ÄÌÖØÒÄÁÀ. ÆÏÂÀÃÀÃ ÉÍ×ÏÒÌÀÝÉÖËÉ
ÌÖØÀÒÀ ÛÄÉÞËÄÁÀ ÂÀÍÉÓÀÆÙÅÒÏÓ ÒÏÂÏÒÝ ÓÀÉÍ×ÏÒÌÀÝÉÏ-ÓÀÊÏÌÖÍÉÊÀÝÉÏ ÓÉÓÔÄÌÀÆÄ ÂÀÒ-
ÊÅÄÖË ÃÒÏÓÀ ÃÀ ÄÔÀÐÆÄ ÉÓÄÈÉ ÌÏÅËÄÍÉÓ ßÀÒÌÏÛÏÁÀ, ÒÏÌËÉÓ ÛÄÃÄÂÉÀ ÀÒÓÄÁÖË
ÉÍ×ÏÒÌÀÝÉÀÆÄ ÂÀÒÊÅÄÖËÉ ÀÒÀÓÀÓÖÒÅÄËÉ ÆÄÌÏØÌÄÃÄÁÀ. ÓÀ×ÒÈáÄÄÁÉ ÂÀÍÉÒÜÄÅÉÀÍ ÌÀÈÉ
ßÀÒÌÏÛÏÁÉÓ, ÀÃÂÉËÉÓ, ÁÖÍÄÁÉÓ, ×ÏÒÌÉÓ ÃÀ ÊÉÃÄÅ ÁÄÅÒÉ ÓáÅÀ ÊÒÉÔÄÒÉÖÌÉÓ ÌÉáÄÃÅÉÈ.

ÓÀÉÍ×ÏÒÌÀÝÉÏ-ÓÀÊÏÌÖÍÉÊÀÝÉÏ ØÓÄËÄÁÉÓ ÖÓÀ×ÒÈáÏÄÁÀ ÂËÏÁÀËÖÒÉ ÐÒÏÁËÄÌÀÀ ÃÀ
ØÅÄÚÀÍÀ, ÒÏÌÄËÉÝ ÀÌ ÓÀÊÉÈáÓ ÓÀÈÀÍÀÃÏ ÚÖÒÀÃÙÄÁÀÓ ÀÒ ÀØÝÄÅÓ ÛÄÓÀÞËÏÀ ÌÄÔÀÃ
ÓÄÒÉÏÆÖËÉ ÐÒÏÁËÄÌÉÓ ßÉÍÀÛÄ ÀÙÌÏÜÍÃÄÓ.

ÆÏÂÀÃÀÃ, ÚÅÄËÀ ØÅÄÚÍÉÓ ÃÀ ÛÄÓÀÁÀÌÉÓÀÃ ÜÅÄÍÉ ØÅÄÚÍÉÓ ÌÈÀÅÒÏÁÉÓ, ÓÀáÄËÌßÉ×Ï
ÃÀßÄÓÄÁÖËÄÁÄÁÉÓ ÃÀ ÌÓáÅÉËÉ ÊÏÌÄÒÝÉÖËÉ ÓÔÒÖØÔÖÒÄÁÉÓÀÈÅÉÓ ÌÏÓÀËÏÃÍÄË ÌÈÀÅÀÒ
ÊÉÁÄÒÓÀÛÉÛÒÏÄÁÄÁÓ ßÀÒÌÏÀÃÂÄÍÄÍ: ÌÏÍÀÝÄÌÈÀ ÁÀÆÄÁÉÓ äÀÊÉÒÄÁÀ; ÅÄÁ-ÓÀÉÔÄÁÉÓÀ ÃÀ
ÉÍÔÄÒÍÄÔÉÓ ÌÉÓÀÌÀÒÈÄÁÉÓ ×ÀËÓÉ×ÉÝÉÒÄÁÀ; ÃÄÓÔÒÖØÝÉÖËÉ ÅÉÒÖÓÄÁÉ; ÃÀÝÖËÉ ÉÍ×ÏÒÌÀ-
ÝÉÄÁÉÓ ÌÏÐÀÒÅÀ; ÐÀÒÏËÄÁÉÓ, ÊÏÃÄÁÉÓÀ ÃÀ ÂÀÓÀÙÄÁÄÁÉÓ ÌÏÐÀÒÅÀ; ØÓÄËÄÁÉÓÀ ÃÀ ÊÏÌÐÉÖ-
ÔÄÒÄÁÉÓ ÓÄÒÅÄÒÄÁÉÓ ×ÉÆÉÊÖÒÉ ÂÀÍÀÃÂÖÒÄÁÀ; ÓÀÄÒÈÀÛÏÒÉÓÏ ÉÍÔÄÒÍÄÔ-ÊÀÅÛÉÒÄÁÉÓ
ÃÀÊÀÒÂÅÀ; ÌÔÒÄÁÉÓ ÃÀ ÔÄÒÏÒÉÓÔÄÁÉÓ ÌÉÄÒ ÉÍ×ÏÒÌÀÝÉÄÁÉÓ ÀÒÀÊÀÍÏÍÉÄÒÉ ÂÆÉÈ ÌÏÐÏ-
ÅÄÁÀ-ÌÉÙÄÁÀ ÃÀ ÓáÅÀ.

ÝáÀÃÉ ÂÀáÃÀ, ÒÏÌ ØÅÄÚÍÉÓ ÓÀÉÍ×ÏÒÌÀÝÉÏ ÓÉÅÒÝÄ ÃÀ ÀÌ ÓÉÅÒÝÉÓ ÛÄÌÀÃÂÄÍÄËÉ
ØÓÄËÄÁÉ ÞÀËÆÄ ÃÀÖÝÅÄËÉ ÃÀ ÀÒÀÌÃÂÒÀÃÉÀ, áÏËÏ ÊÉÁÄÒÖÓÀ×ÒÈáÏÄÁÉÓ ÀÒÓÄÁÖËÉ
áÀÒÉÓáÉ, ÒÏÂÏÒÝ ÓÀÌÈÀÅÒÏÁÏ, ÀÓÄÅÄ ÓáÅÀ ÏÒÂÀÍÉÆÀÝÉÄÁÛÉ ÞÀËÆÄÃ ÀÒÀÀÃÄÊÅÀÔÖÒÉÀ
ÃÀ ÌÍÉÛÅÍÄËÏÅÍÀÃ ÜÀÌÏÒÜÄÁÀ ÓÀÄÒÈÀÛÏÒÉÓÏ ÓÔÀÍÃÀÒÔÄÁÓ.

ØÅÄÚÍÉÓ ÓÀÉÍ×ÏÒÌÀÝÉÏ ÓÉÅÒÝÉÓ ÓÀ×ÒÈáÄÄÁÉÓ ÊËÀÓÉ×ÉÊÀÝÉÀ ßÀÒÌÏÀÃÂÄÍÓ ÓÀ×ÖÞÅÄËÓ,
ÒÏÌÄËÉÝ ÂÀÍÓÀÆÙÅÒÀÅÓ ÉÍ×ÏÒÌÀÝÉÄÁÉÓ ÃÀÝÅÉÓ ÌÉÆÍÏÁÒÉÅ ÌÉÌÀÒÈÖËÄÁÄÁÓ. ÃÙÄÉÓÀÈÅÉÓ
ÀÒÓÄÁÏÁÓ ÓÀ×ÒÈáÄÄÁÉÓ ÂÀÍÓÀÆÙÅÒÉÓ ÓáÅÀÃÀÓáÅÀ ÌÉÃÂÏÌÀ. ßÀÒÌÏÛÏÁÉÓ ÁÖÍÄÁÉÓ ÌÉáÄÃÅÉÈ
ÓÀ×ÒÈáÄÄÁÉ ÛÄÉÞËÄÁÀ ÉÚÏÓ: ÛÄÌÈáÅÄÅÉÈÉ ÃÀ ßÉÍÀÓßÀÒÂÀÌÉÆÍÖËÉ, áÏËÏ ÓÀ×ÒÈáÄÄÁÉÓ
ÂÀÌÏÜÄÍÉÓ ÐÉÒÏÁÄÁÉ ÉÚÏ×À ÏÒ ãÂÖ×ÀÃ: ÏÁÉÄØÔÖÒÉ ÃÀ ÓÖÁÉÄØÔÖÒÉ ÓÀ×ÒÈáÄÄÁÉ.

ÓÀ×ÒÈáÄÄÁÉÓ ßÀÒÌÏØÌÍÉÓ ßÚÀÒÏ ÛÄÉÞËÄÁÀ ÉÚÏÓ: ÀÃÀÌÉÀÍÄÁÉ; ÔÄØÍÉÊÖÒÉ ÌÏßÚÏÁÉ-
ËÏÁÄÁÉ; ÐÒÏÂÒÀÌÄÁÉ, ÀËÂÏÒÉÈÌÄÁÉ, ÌÏÃÄËÄÁÉ; ÉÍ×ÏÒÌÀÝÉÉÓ ÃÀÌÖÛÀÅÄÁÉÓ ÔÄØÍÏËÏ-
ÂÉÖÒÉ ÓØÄÌÄÁÉ ÃÀ ÂÀÒÄÌÏ. ÓÀáÄÄÁÉÓ ÌÉáÄÃÅÉÈ ÂÀÌÏÚÏ×ÄÍ ÉÍ×ÏÒÌÀÝÉÉÓ ×ÉÆÉÊÖÒÉ
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ÌÈËÉÀÍÏÁÉÓ, ÌÉÓÉ ËÏÂÉÊÖÒÉ ÓÔÒÖØÔÖÒÉÓ, ÛÉÍÀÀÒÓÉÓ, ÊÏÍ×ÉÃÄÍÝÉÀËÏÁÉÓÀ ÃÀ ÓÀÊÖÈ-
ÒÄÁÉÓ ÒÙÅÄÅÀÓ.

ÓÀÄÒÈÏÃ ÖÍÃÀ ÉÈØÅÀÓ, ÒÏÌ ÓÀ×ÒÈáÄÄÁÉÓ ÂÀÒÜÄÅÀ, ÊËÀÓÉ×ÉÝÉÒÄÁÀ, ÌÀÈÉ ×ÏÒÌÀËÉ-
ÆÄÁÖËÉ ÀÙßÄÒÀ, ÌÏÃÄËÄÁÉÓ ÛÄØÌÍÀ ÃÀ ÌÀÈÉ ßÀÒÌÏÛÏÁÉÓ ÌÉÆÄÆÄÁÉÓ ÛÄÓßÀÅËÀ ÀÒÀÌÀÒÔÏ
ÀØÔÖÀËÖÒÉÀ, ÀÒÀÌÄÃ ÜÅÄÍÉÓ ÀÆÒÉÈ ßÀÒÌÏÀÃÂÄÍÓ ÀÖÝÉËÄÁÄË ÐÉÒÏÁÀÓ ÓÀÉÍ×ÏÒÌÀÝÉÏ
ÓÉÅÒÝÉÓ ÃÀÌÝÀÅÉ ÙÏÍÉÓÞÉÄÁÄÁÉÓ, ÌÏßÚÏÁÉËÏÁÄÁÉÓ ÃÀ ÓÉÓÔÄÌÄÁÉÓ ÛÄÌÖÛÀÅÄÁÉÓÀ ÃÀ
ÀÂÄÁÉÓÀÈÅÉÓ.

ÂÀÌÏàÒÉÓÀ ÃÀ ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÄÁÛÉ
ÊÏÌÁÉÍÀÔÏÒÖËÉ ÏÐÔÉÌÉÆÀÝÉÉÓ ÌÄÈÏÃÄÁÉÓ

ÊËÀÓÉ×ÉÊÀÝÉÀ
ÂÉÏÒÂÉ ÉÀÛÅÉËÉ, ÍÖÂÆÀÒ ÉÀÛÅÉËÉ, ÂÄÍÀÃÉ ×ÄÃÖËÏÅÉ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: nugzar.iashvili@rambler.ru

ÒÈÖË ÂÀÌÏÈÅËÀÈÀ ÈÄÏÒÉÀÛÉ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ ÝÍÏÁÉËÉ ÀÌÏÝÀÍÀ ÂÀÍÉáÉ-
ËÄÁÀ ÒÏÂÏÒÝ ÊÏÌÁÉÍÀÔÏÒÖË ÀÌÏÝÀÍÀÈÀ ÄÒÈÉ ÔÉÐÉÓ ÌÄÔÀÃ ÒÈÖËÉ ÃÀ ÓÀÉÍÔÄÒÄÓÏ
ÀÌÏÝÀÍÀ. ÀÒÓÄÁÏÁÓ ÀÌ ÀÌÏÝÀÍÉÓ ÌÒÀÅÀËÉ ÓÀáÄÏÁÀ, ÒÏÌËÄÁÉÝ ÂÀÌÏÉÚÄÍÄÁÉÀÍ ÓáÅÀÃÀÓáÅÀ
Ó×ÄÒÏÛÉ ÃÀ ÌÀÈÉ ÀÌÏáÓÍÉÓÈÅÉÓ ÌÉÌÀÒÈÀÅÄÍ ÄÅÒÉÓÔÉÊÖË ÃÀ ÌÄÔÀÄÅÒÉÓÔÉÊÖË ÀËÂÏ-
ÒÉÈÌÄÁÓ. ÂÀÒÃÀ ÀÌÉÓÀ, ÀØÔÉÖÒÀÃ ÂÀÌÏÉÚÄÍÄÁÀ áÄËÏÅÍÖËÉ ÉÍÔÄËÄØÔÉÓ ÌÄÈÏÃÄÁÉ
(ÌÀÂ. ÍÄÉÒÏÍÖËÉ ØÓÄËÄÁÉ).

ÒÀÝÉÏÍÀËÖÒÀÃ ÂÀÌÏàÒÉÓ ÀÌÏÝÀÍÀ ÐÉÒÅÄËÀÃ ×ÏÒÌÀËÉÆÄÁÖËÀÃ ÀÙßÄÒÀ ÝÍÏÁÉËÌÀ
ÌÄÝÍÉÄÒÌÀ Ë. ÊÀÍÔÏÒÏÅÉÜÌÀ. ÌÀÍ ãÄÒ ÊÉÃÄÅ 1939 ßÄËÓ ÈÀÅÉÓ ÛÒÏÌÀÛÉ ÌÀÓÀËÄÁÉÓ
ÄÊÏÍÏÌÉÖÒÀÃ ÂÀÌÏÚÄÍÄÁÉÓÀÈÅÉÓ ÂÀÍÉáÉËÀ ßÒ×ÉÅÉ ÐÒÏÂÒÀÌÉÒÄÁÉÓ ÌÄÈÏÃÄÁÉÓ ÂÀÌÏÚÄ-
ÍÄÁÀ. ÉÂÉÅÄ ÛÄÉÞËÄÁÀ ÉÈØÅÀÓ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÉÓÈÅÉÓÀÝ.

ÂÀÌÏàÒÉÓÀ ÃÀ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÄÁÛÉ ÂÀÌÏÚÄÍÄÁÖËÉ ÊÏÌÁÉÍÀÔÏÒÖËÉ
ÏÐÔÉÌÉÆÀÝÉÉÓ ÌÄÈÏÃÄÁÉÓ ÊËÀÓÉ×ÉÊÀÝÉÉÓÀÓ ÝÀËÊÄ ÖÍÃÀ ÂÀÌÏÉÚÏÓ ÓßÏÒÄÃ NP-ÒÈÖËÉ
ÉÓÄÈÉ ÀÌÏÝÀÍÄÁÉ, ÒÏÂÏÒÄÁÉÝÀÀ: ØÅÄÓÉÌÒÀÅËÄÈÀ ãÀÌÉÓ, ÌÀÓÀËÄÁÉÓ ÂÀÌÏàÒÉÓ, ÊÏÍÔÄÉÍÄ-
ÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ, „ÆÖÒÂÜÀÍÈÉÓ“ ÀÌÏÝÀÍÄÁÉ ÃÀ ÓáÅÀ ÌÓÂÀÅÓÉ. ÈÀÅÉÓ ÌáÒÉÅ ÊÏÍÔÄÉÍÄÒÄÁÛÉ
ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÀ ÛÄÉÞËÄÁÀ ÉÚÏÓ ÄÒÈ, ÏÒ ÃÀ ÓÀÌ ÂÀÍÆÏÌÉËÄÁÉÀÍÉ, ÛÄ×ÖÈÅÀ ßÏÍÉÓÀ
ÃÀ ×ÀÓÉÓ ÌÉáÄÃÅÉÈ ÃÀ ÓáÅ.

ÝÍÏÁÉËÉÀ, ÒÏÌ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓÀ ÃÀ ÌÀÓÀËÄÁÉÓ ÂÀÌÏàÒÉÓ ÀÌÏÝÀÍÄÁÉ
ÌÉÄÊÖÈÅÍÄÁÉÀÍ ÊÏÌÁÉÍÀÔÏÒÉÊÖËÉ ÏÐÔÉÌÉÆÀÝÉÉÓ Ä.ß. NP- ÒÈÖË ÀÌÏÝÀÍÄÁÓ. ÌÀÈÉ
ÌÏÃÄËÄÁÉÓÀ ÃÀ ÀËÂÏÒÉÈÌÄÁÉÓ ÊÅËÄÅÀ ÃÀ ÀÌ ÁÀÆÀÆÄ ÉÍÔÄÒÀØÔÉÖËÉ ÓÉÓÔÄÌÉÓ ÛÄØÌÍÀ
ÌÄÔÀÃ ÀØÔÖÀËÖÒÉ ÃÀ ÌÍÉÛÅÍÄËÏÅÀÍÉÀ, ÒÀÃÂÀÍ ÌÀÈ ÂÀÀÜÍÉÀ ÌÒÀÅÀË ÓáÅÀÃÀÓáÅÀ ÃÀÒÂÛÉ
×ÀÒÈÏ ÐÒÀØÔÉÊÖËÉ ÂÀÌÏÚÄÍÄÁÀ: ÍÄÁÉÓÌÉÄÒÉ ÌÀÓÀËÄÁÉÓ (ÌÄÔÀËÉ, áÄ, ÌÉÍÀ, ÐËÀÓÔÌÀÓÉ,
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ØÀÙÀËÃÉ ÃÀ À.Û.) ÂÀÌÏàÒÀ; ÓÀÔÅÉÒÈÏ ÓÀÀÅÔÏÌÏÁÉËÏ ÂÀÃÀÆÉÃÅÄÁÉÓ ÏÒÂÀÍÉÆÄÁÀ;
ÉÍ×ÏÒÌÀÝÉÉÓ ÌÀÔÀÒÄÁËÄÁÉÓ ÓÀÒÄÆÄÒÅÏ ÀÓËÄÁÉÓ ÛÄØÌÍÀ; ×ÀÉËÄÁÉÓ ÂÀÍËÀÂÄÁÀ CD-
ÃÉÓÊÆÄ; ÔÅÉÒÈÄÁÉÓ ÂÀÍÀßÉËÄÁÀ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÃÀ ÓáÅÀ; ÜÅÄÍÓ ßÉÍÀÛÄ ÃÀÓÌÖËÉ ÀÌÏÝÀÍÄ-
ÁÉÓ ÂÀÃÀÓÀàÒÄËÀÃ ÀÒÓÄÁÖËÉ ÓáÅÀÃÀÓáÅÀ ÌÄÈÏÃÄÁÉÃÀÍ ÂÀÌÏÉÚÄÍÄÁÀ ÀÌÏÝÀÍÄÁÉÓ ÌÏÃÄ-
ËÉÒÄÁÉÓÀ ÃÀ ÌÀÈ ÁÀÆÀÆÄ ÏÐÔÉÌÉÆÀÝÉÉÓ ÀËÂÏÒÉÈÌÄÁÉÓ ÃÀÌÖÛÀÅÄÁÉÓ ÌÄÈÏÃÄÁÉ, ÊÏÍÊÒÄ-
ÔÖËÀÃ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÄÁÉÓÀÈÅÉÓ ÏÐÔÉÌÉÆÀÝÉÉÓ ÌÄÔÀÄÅÒÉÓÔÉÊÖËÉ
ÌÄÈÏÃÄÁÉ. ÀÓÄÅÄ ÂÀÍÆÒÀáÖËÉÀ ÊÏÌÁÉÍÉÒÄÁÖËÉ ÌÄÈÏÃÄÁÉÓ ÂÀÌÏÚÄÍÄÁÀ.

ÜÅÄÍÓ ÌÉÄÒ ÊÏÍÔÄÉÍÄÒÄÁÛÉ ÛÄ×ÖÈÅÉÓ ÀÌÏÝÀÍÉÓ ÊÅËÄÅÉÓÀÓ ÛÄØÌÍÉË ÉØÍÀ ÀÌÏÝÀÍÀÈÀ
ÓáÅÀÃÀÓáÅÀ ÌÏÃÄËÉ (ÓÖË 22), ÒÏÌËÄÁÉÝ ÃÀÚÏ×ÉË ÉØÍÀ ÏÒ ãÂÖ×ÀÃ. ÈÉÈÏÄÖËÉ
ÌÏÃÄËÉÓÈÅÉÓ ÍÀÐÏÅÍÉ ÉØÍÀ ÀÌÏÍÀáÓÍÉ ÃÀ ÌÏáÃÀ ÌÀÈÉ ÏÐÔÉÌÀËÖÒÏÁÉÓ ÛÄ×ÀÓÄÁÀ.

Solution of a Nonclassical Problems of Statics
of Microstretch Materials with Microtemperatures

A. Jaghmaidze1, R. Meladze2

1 Georgian Technical University, Department of Mathematics
2 I. Javakhishvili Tbilisi State University, Department of Mathematics

Tbilisi, Georgia
email: omar.jagmaidze@gmail.com

The paper considers the static of the theory of linear thermoelasticity of microstretch
materials with microtemperatures. The boundary value problem of statics is investigated
when the normal components of displacement and the microtemperature vectors and
tangent components of rotation vectors are given on the spherical surfaces. Uniqueness
theorems are proved. Explicit solutions are constructed in the form of absolutely and
uniformly convergent series.
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Asymptotic Behavior of Solution and Semi-Discrete
Scheme for One Nonlinear Integro-Differential

Equation with Source Term
Temur Jangveladze1,2, Zurab Kiguradze2, Maia Kratsashvili3

1 Georgian Technical University, Department of Mathematics, Tbilisi, Georgia
2 I. Vekua Institute of Applied Mathematics of

I. Javakhishvili Tbilisi State University, Tbilisi, Georgia
3 Sokhumi State University, Tbilisi, Georgia

email: tjangv@yahoo.com, zkigur@yahoo.com, maiakratsashvili@gmail.com

The following nonlinear integro-differential equation with source term is considered:

∂U

∂t
− a

 t∫
0

1∫
0

(
∂U

∂x

)2

dxdτ

 ∂2U

∂x2
+ f(U) = 0, (1)

where a = a(S) ≥ a0 = Const > 0, a′
(S) ≥ 0, a′′

(S) ≤ 0, and f = f(U) is nonnegative
increasing function.

In the [0, 1] × [0,∞) let us consider the following initial-boundary value problem for
equation (1)

U(0, t) =
∂U(x, t)

∂x

∣∣∣∣
x=1

= 0,

U(x, 0) = U0(x),

(2)

where U0 = U0(x) is given function.
On the uniform mesh correspond to problem (1), (2) the following semi-discrete

scheme:

dui
dt
− a

(
h

M∑
i=1

t∫
0

(ux̄,i)
2 dτ

)
ux̄x,i + f(ui) = 0, i = 1, 2, . . . ,M − 1, (3)

u0(t) = ux̄,M(t) = 0,

ui(0) = U0,i, i = 0, 1, . . . ,M.
(4)

Here we used the well known notations for grid functions.
Asymptotic behavior as t → ∞ of solution of problem (1), (2) is investigated. The

stability and convergence of the scheme (3), (4) is proven.
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Interpolation Method of Shalva Mikeladze
for Solving Partial Differential Equations

Liana Karalashvili
Tbilisi, Georgia

email: liana.qaralashvili@yahoo.com

This report presents an interpolation method of Shalva Mikeladze. Accuracy of the
method depends on the number of interpolation points. This is a method without sat-
uration. The method was designed to find a numerical solution of ordinary differential
equations and was constructed on the basis of Shalva Mikeladze interpolation formula to
solve numerically linear and nonlinear ordinary differential equations of any order as well
as systems of such equations. Using different versions of interpolation formula it became
possible to solve boundary value problems, eigenvalue problems and Cauchy problem.
Later this method in combination with the method of lines was applied to solve boundary
value problem for partial differential equations of elliptic type. The Dirichlet problem for
the Poisson equation in the symmetric rectangle was considered as a model for applica-
tion. This application created a semi-discrete difference scheme with matrices of central
symmetry having certain properties.

2010 Mathematics Subject Classification. 34K10

Commutators of Convolution Type Operators
on Some Banach Function Spaces

Oleksiy Karlovych
Departamento de Matemática, Faculdade de Ciências e Tecnologia,

Universidade Nova de Lisboa, Caparica, Portugal
email: oyk@fct.unl.pt

We study the boundedness of Fourier convolution operators W 0(b) and the compact-
ness of commutators of W 0(b) with multiplication operators aI on some Banach function
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spaces X(R) for certain classes of piecewise quasicontinuous functions a ∈ PQC and
piecewise slowly oscillating Fourier multipliers b ∈ PSO⋄

X,1. We suppose that X(R) is a
separable rearrangement-invariant space with nontrivial Boyd indices or a reflexive vari-
able Lebesgue space, in which the Hardy-Littlewood maximal operator is bounded. Our
results complement those of Isaac De La Cruz-Rodríguez, Yuri Karlovich, and Iván Loreto
Hernández obtained for Lebesgue spaces with Muckenhoupt weights.

On the Necessary and Sufficient Conditions
for the Stability of Linear Difference Systems

Nestan Kekelia
Sukhumi State University, Faculty of Mathematics and Computer Sciences

Tbilisi, Georgia
email: nest.kek@mail.ru

We present the necessary and sufficient conditions for the stability (in the Lyapunov
sense) of the solutions of the linear difference system

∆y(k − 1) = G1(k − 1)y(k − 1) +G2(k)y(k) + g(k), k = 1, 2, . . . , (1)

with respect to small perturbations of the system, where Gj ∈ E(N0;R
n×n) (j = 1, 2)

and g ∈ E(N0;R
n), N0 = {0, 1, . . . }, and E(N0;R

n×m) is the set of all matrix-functions
from N0 into Rn×m.

Let G ∈ E(N0;R
n×n) be an arbitrary matrix-function. A solution y0 ∈ E(N0;R

n) of
the system (1) is called G-stable if for every ε > 0 and k0 ∈ N0 there exists δ = δ(ε, k0)
such that for every solution y of the system satisfying the inequality

∥∥(In + G(k0)
)
·(

y(k0)− y0(k0)
)∥∥ < δ, the following estimate

∥∥(In +G(k)
)
·
(
y(k)− y0(k)

)∥∥ < ε holds for
k > k0.

The pair (G1, G2) is G-stable if each solution of the system (1) is G-stable.
Let Gj (j = 1, 2) be operators defined by Gj(X)(k) ≡ (−1)j+1X(k), and Pj (j = 1, 2)

be operators defined by Pj(X1, X2)(k) ≡
(
X1(k−j+1)+X2(k−j+1)

)
×
(
In−(−1)jXj(k−

j + 1)
)−1 for corresponding matrix-functions X, X1 and X2 from E(N0;R

n×n).
Theorem. Let det

(
In − (−1)iGi(k)

)
̸= 0 (i = 1, 2, k = 0, 1, . . . ) and let j ∈ {1, 2}

be fixed.Then the pair (G1, G2) is Gj(Gj)-stable if and only if there exists a nonsingular
matrix-function H ∈ E(N0;R

n×n) such that

sup{ ∥H−1(k)∥ : k = 0, 1, . . .} < +∞
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and
+∞∑
k=1

∥∆H(k − 1) +H(k + j − 2) ·Pj(G1, G2)(k)∥ < +∞.

The analogous results are valid for another type of stability, as well.

To the Question of Full Transitivity
of a Co-Torsion Hull

Tariel Kemoklidze
Akaki Tsereteli Kutaisi State University, Kutaisi, Georgia

email: kemoklidze@gmail.com

A separable primary group T , which is the infinite direct sum of separable primary
groups Ti, T =

⊕
i∈I
Ti, is considered. Therefore there exists a summand T1 with a base

subgroup B =
∞⊕
n=1

Bn, Bn =
⊕

Z(pn), which satisfies the following condition: if M =

{n1, n2, . . . } is an infinite set of indexes, then in the socle of the group T1 there exists an
element with a carrier from an infinite subset of the set M . It is proved that the co-torsion
hull T • of the group T is not fully transitive.

The Chilker Task in Mathematical and
Computer Models of Information Warfare

Nugzar Kereselidze
Sokhumi State University, Department of Mathematics and Computer Sciences

Tbilisi, Georgia
email: kereselidzenugzari@gmail.com, tvn@caucasus.net

The paper gives a formulation of the problem Chilker in mathematical and computer
models of information warfare. We consider the controllability of this problem. We derive
necessary and sufficient conditions for the existence of solutions of the problem Chilker.

2000 MSC: 34H05, 49J15, 49K15, 65C20, 68U20, 93C51, 93C81.
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About One Aspect of the Information Security
Nugzar Kereselidze

Sokhumi State University, Department of Mathematics and Computer Sciences
Tbilisi, Georgia

email: kereselidzenugzari@gmail.com, tvn@caucasus.net

It is proposed opportunity of increase security in information systems. Using the
analogy of event logs on different operating systems [1], it is proposed the creation of a
visual identification of the log - VIL. We establish necessary hardware components of VIL
and requirements to the software.

2010 Mathematics Subject Classification. 68U35, 68N25
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ÓÀÌÂÀÍÆÏÌÉËÄÁÉÀÍ ÁÀÃÄÈÀ ÛÄÓÀáÄÁ
ÏÈáÂÀÍÆÏÌÉËÄÁÉÀÍ ÂÀ×ÀÒÈÏÄÁÖË À×ÉÍÖÒ ÓÉÅÒÝÄÛÉ

ÒÀÑÃÄÍ áÀÁÖÒÞÀÍÉÀ

ÀÊÀÊÉ ßÄÒÄÈËÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ØÖÈÀÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: Razhden.Khaburdzania@atsu.edu.ge

ÂÀÍÉáÉËÄÁÀ ÓÀÌÂÀÍÆÏÌÉËÄÁÉÀÍÉ V3 ÆÄÃÀÐÉÒÉ ÏÈáÂÀÍÆÏÌÉËÄÁÉÀÍ ÂÀ×ÀÒÈÏÄÁÖË
À×ÉÍÖÒ A4 = A4 ∪ A∗

3 ÓÉÅÒÝÄÛÉ, ÓÀÃÀÝ A∗
3 ÀÒÉÓ ÐÒÏÄØÝÉÖËÉ P3 ÓÔÒÖØÔÖÒÉÓ

ÌØÏÍÄ ÀÒÀÓÀÊÖÈÒÉÅÉ äÉÐÄÒÓÉÁÒÔÚÄ. V3 ÆÄÃÀÐÉÒÓ ÌÉÖÄÒÈÃÄÁÀ ÌÏÞÒÀÅÉ ÒÄÐÄÒÉ
R = (A,Ai, A4) (i = 1, 2, 3), ÓÀÃÀÝ A ∈ V3, Ai ∈ T3(A) (T3(A) ÀÒÉÓ ÌáÄÁÉ ÓÉÁÒÔÚÄ
V3 ÆÄÃÀÐÉÒÉÓÀÃÌÉ A ßÄÒÔÉËÛÉ), {Ai, A4} ⊂ A∗

3. V3 ÆÄÃÀÐÉÒÆÄ ÂÀÍÉáÉËÄÁÀ ßÉÒÈÀ
ÁÀÃÄ (ω1, ω2, ω3), ÀÌÀÓÈÀÍ (AAi) ßÒ×ÄÄÁÉ ßÀÒÌÏÀÃÂÄÍÄÍ ωi ßÉÒÄÁÉÓÀÃÌÉ ÌáÄÁÄÁÓ A
ßÄÒÔÉËÛÉ. ÒÏÝÀ A ßÄÒÔÉËÉ ÂÀÃÀÀÃÂÉËÃÄÁÀ V3 ÆÄÃÀÐÉÒÆÄ, ÌÀÛÉÍ ÈÉÈÏÄÖËÉ Ai

ßÄÒÔÉËÉ A∗
3 ÓÉÅÒÝÄÛÉ, ÆÏÂÀÃ ÛÄÌÈáÅÄÅÀÛÉ ÀÙßÄÒÓ ÓÀÌÂÀÍÆÏÌÉËÄÁÉÀÍ (Ai) ÆÄÃÀÐÉÒÓ,

ÒÏÌËÄÁÆÄÝ ÁÖÍÄÁÒÉÅÀÃ ÀÙÌÏÝÄÍÃÄÁÉÀÍ (ω1, ω2, ω3) ÁÒÔÚÄËÉ ÁÀÃÄÄÁÉ. ÛÄÉÓßÀÅËÄÁÀ
ÄÓ ÁÀÃÄÄÁÉ, ÒÏÝÀ: À) V3 ÆÄÃÀÐÉÒÆÄ ßÉÒÈÀ ÁÀÃÄ (ω1, ω2, ω3) ÛÄÖÙËÄÁÖËÉÀ, Á) V3
ÆÄÃÀÐÉÒÉ (ω1, ω2, ω3) ÁÀÃÉÓ ÌÉÌÀÒÈ ßÀÒÌÏÀÃÂÄÍÓ 3-ÛÄÖÙËÄÁÖË ÓÉÓÔÄÌÀÓ.

Cancer Proteins and the Blood Flow
N. Khatiashvili, K. Pirumova, V. Akhobadze, M. Tevdoradze

I. Vekua Institute of Applied Mathematics of
I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

email: ninakhatia@gmail.com

In the paper the connection of the blood flow with the amount of the cancer proteins
in the blood at the small arteriole level is investigated. Blood supply all cells by nutrients,
but cancer cells grow faster [1, 2]. When the volume of cancer reaches the critical size it
becomes dangerous. At this stage cancer cells begin to circulate in the blood and the vis-
cosity and density of blood flow changes dramatically. Consequently, changes metabolism,
especially oxygen consumption by normal cells [3, 4]. Oxygen consumption depends on
the velocity of a single erythrocyte at the capillary level and the blood plasma flow V
[1,2]. In a cylindrical coordinates the velocity of plasma V (Vx, Vr) satisfies the Stokes
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axi-symmetric system with the equation of continuity and specific boundary conditions.
The solution of this problem is given by [5, 6]

Vx = q((x+ a)((x+ a)2 + r2)−3/2 − (x− a)((x− a)2 + r2)−3/2) + r2C/(ρν)− C1,

Vr = qr((x+ a)2 + r2)−3/2 − ((x− a)2 + r2)−3/2),

where V 0is the velocity of erythrocyte, S is a boundary of the erythrocyte, q, C, C0, C1

are the definite constants, ρ is a density of plasma, ν is a viscosity. The pressure P at the
capillary is given by the formula P = Cx + C0. The profile of velocity is constructed by
using experimental data and Maple.
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Indefinite Metric Spaces and Operator Linear
Fractional Relations

Victor Khatskevich
Department of Mathematicsm, ORT Braude College, Karmiel 21982, Israel

email: vkhats@braude.ac.il, victor_kh@hotmail.com

This is a natural continuation of our previous work in the considered area.
We consider strict and bistrict plus-operators between spaces with indefinite metrics,

in particular, Krein spaces (or J-spaces). We call a plus-operator T in a Krein space strict
if T = dA, where d > 0 is constant and A is a J-expansion, and we call T bistrict if both
T and its conjugate operator T ∗ are strict plus-operators.

We consider operator and geometric sufficient and necessary conditions for a given
strict plus-operator T in a Krein space H to be bistrict as an operator between H and
ImT with the induced indefinite metric.

It is well known that a plus-operator T defines an operator linear fractional relation.
In particular, we consider the special case of linear-fractional transformations. In the case
of Hilbert spaces H1 and H2, each linear-fractional transformation of the closed unit ball
K of the space L(H1,H2) is of the form

FT (K) = (T21 + T22K)(T11 + T12K)−1

and is generated by the bistrict plus-operator T.
The theory of bistrict plus-operators and generated linear fractional transformations

forms a significant part of the theory of spaces with indefinite metrics, in particular,
Krein spaces. But the much more wider class of strict plus-operators is an open area for
investigations. We hope that our new results on “similarity” of some subclass of strict
plus-operators, namely the set of all strict plus-operators A, for which the so-called “plus-
characteristic” D(A) is non-negative operator, to the subclass of bistrict plus-operators,
will allow to develop the theory of strict plus-operators and to obtain new results on
generated linear fractional relations.

We consider applications of our results to the well-known Krein–Phillips problem of
invariant subspaces of special type for sets of plus-operators acting in Krein spaces, to
the so-called Koenigs embedding problem and some other fields of the Operator Theory.

Keywords. Strict and bistrict plus-operators, Krein space, linear fractional relation,
operator ball.
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Financial Market with Gaussian Martingale and
Hedging of European Contingent Claim

Zaza Khechinashvili
I. Javakhishvili Tbilisi State University, Department of Probability and Statistics,

Tbilisi, Georgia
email: khechinashvili@gmail.com

On the filtered probability space (Ω,F , (Ft)0≤t≤T , P ) consider stochastic process in
discrete time as evolution of risky asset price

St = St−1 exp{I(τ ≥ t)∆N
(1)
t + I(τ < t)∆N

(2)
t }, t = 1, . . . , T,

where S0 > 0 is a constant, (N (1)
t ,Ft), N

(1)
0 = 0 and (N

(2)
t ,Ft), N

(2)
0 = 0 are independent

Gaussian martingales. τ is a random variable which takes values 1, 2, . . . , T, with prob-
abilities pi = P (τ = i), i = 1, T . The vector (N (1), N (2)) is independent of τ and I(A) is
the indicator of A ∈ F .

For this model we investigate the problem of European option hedging and consider
special class of strategies πt = (γt, βt), t ∈ 1, T which satisfy the condition

∆βt +∆γtSt−1 = −∆Gt,

where Gt, t ∈ 1, T is some stochastic sequence.
In this set of strategies we have obtained optimal in the following sense

E[f(ST )−Xπ
T ]

2,

where Xπ
T is the final capital and f(ST ) is an European contingent claim.
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On Some Mathematical Method of Calculating
Implied Volatility and Prices of Options

Aben Khvoles
Bar Ilan University, Ramat Gan, Israel

email: abenkh@gmail.com

In our report we will tell about application of the Newton–Rapson method for the
calculation of implied volatility and application of the Monte Carlo method for the calcu-
lation of prices of options. Some examples will be exposed by using the program Excel.

Monte-Carlo Algorithms for Computations
of Infinite-Dimensional Riemann Integrals
with respect to Product Measures in R∞

Murman Kintsurashvili, Gogi Pantsulaia
Georgian Technical University, Department of Mathematics

Tbilisi, Georgia
email: m.kintsurashvili@gtu.ge, g.pantsulaia@gtu.ge

In [1], the concept of increasing families of finite subsets uniformly distributed in
infinite-dimensional rectangles has been introduced and a certain infinite generalization
of the Weyl’s famous result (cf. [2], Theorem 1.1, p. 2) has been obtained as follows.
Theorem ([1], Theorem 3.5, p. 339). Let (Yn)n∈N be an increasing family of finite subsets
of [0, 1]∞. Then (Yn)n∈N is uniformly distributed in the infinite-dimensional rectangle
[0, 1]∞ if and only if for every Riemann integrable function f on [0, 1]∞ the following
equality

lim
n→∞

∑
y∈Yn

f(y)

#(Yn)
=

∫
[0,1]∞

f(x)dλ(x)

holds true, where λ denotes the infinite-dimensional “Lebesgue measure” [3].
In this talk we introduce Riemann integrability with respect to product measures

for real-valued functions in R∞ and give some sufficient conditions under which a real-
valued function of infinitely many real variables is Riemann integrable. We describe also
Monte-Carlo algorithm for computing of such infinite-dimensional Riemann integrals. In
addition, by using the properties of the uniformly distributed sequences of real numbers
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on (0, 1), we present a short proof of a certain version of Kolmogorov strong law of large
numbers which essentially differs from Kolmogorov’s original proof (cf. [4], Theorem
3 (Kolmogorov), p. 379).

Acknowledgment. The research for this talk was partially supported by Shota Rus-
taveli National Science Foundation’s Grant no FR/503/1-30/14.
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The Computational Implementation of the Conjugate
Gradient Method

Igor Kireev
Institute of Computational Modelling SB RAS, Krasnoyarsk, Russia

email: kiv@icm.krasn.ru

In the paper, some aspects of the numerical implementation of the conjugate gradient
method (CGM) for systems of linear algebraic equations with symmetric positive definite
matrix in the presence of round-off errors are discussed. With exact calculations, CGM
provides an exact solution in a finite number of iteration steps. But in fact CGM is an
iterative process and the weak point in an iterative process is in a stopping criterion. It
is required to determine the number of the iteration step, after which the accuracy of
an approximation to a solution of a system of linear equations may not be considerably
improved with a particular computer. Hence, the construction of inexpensive stopping
criteria for CGM being the aim of this paper is an urgent problem. For four popular
versions of CGM, the step-by-step behavior as well as stopping criteria for an iterative
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process are considered. Numerical results show that the most accurate approximation is
achieved by the CGM-version where descent directions and residual vectors are orthogonal
in the energy and Euclidean metrics, respectively, at each iteration step. A practical
stopping criteria for CGM is proposed as a formula that enables one to determine the
number of the CGM iteration step, starting with which the progress is no longer being
made. The application of the constructed criteria to the solution of specific systems of
linear algebraic equations with ill-conditioned matrices is demonstrated.

This work has been supported by the Russian Foundation for Basic Research (RFBR)
grant 14-01-00130.

On Infinite Sample Consistent Estimates
of an Unknown Average Quadratic Deviation
Defined by the Law of the Iterated Logarithm

Tengiz Kiria, Zurab Zerakidze
Gori University, Department of Mathematics, Gori, Georgia

Georgian Technical University, Department of Mathematics, Tbilisi, Georgia
email: t.kiria@gtu.ge, z.zerakidze@mail.ru

In this talk we study the structure of an infinite sample consistent estimate of an
unknown average quadratic deviation defined by the law of the iterated logarithm (cf.
[1], Theorem 1, p. 385). First we investigate the domain of this estimate in the sense of
shyness [2]. More precisely, we prove the following lemma.
Lemma. A set S, defined by{

(xk)k∈N : (xk)k∈N ∈ RN & lim sup
n→∞

|
∑n

k=1 xk|√
2n log logn

exists and is finite
}

is Borel shy set in RN .
By using this lemma we prove the following statement.

Theorem. Let µθ a Borel probability measure in R defined by the distribution function
of the random variable Y with means zero and θ2 variance. For (xk)k∈N ∈ RN we put
T1((xk)k∈N) = lim supn→∞

|
∑n

k=1 xk|√
2n log logn

if lim supn→∞
|
∑n

k=1 xk|√
2n log logn

exists and is finite, and
T1((xk)k∈N) = 1, otherwise. Then T1 is a subjective infinite sample consistent estimate of
the parameter θ ∈ (0,∞).

By using the main approach introduced in [3], we construct certain modifications of the
estimate T1 such that they stand objective or strong objective infinite sample consistent
estimates of an unknown average quadratic deviation.
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Invariant Subspaces in the Polydisc
Beyaz Basak Koca

Istanbul University, Science Faculty, Department of Mathematics
Istanbul, Turkey

email: basakoca@istanbul.edu.tr

In this talk we describe invariant subspaces of the Hardy space over the polydisc under
the multiplication operators by the independent variables generated by a single function.

Using of the Genetic Algorithm Like “Island Model”
for Cryptanalysis of the Merkli–Hellman’s

Cryptosystem
Zurab Kochladze1, Lali Beselia2

1 Iv. Javakhishvili Tbilisi State University, Department of Computer Science
2 Sokhumi State University

Tbilisi, Georgia
email: lalibeselia@hotmail.com

This work is devoted to the application of genetic algorithms to cryptanalysis known
system Merkle–Hellman’s cryptosystem. Selection cryptosystem is defined so that the
system is known to be compromised, and there is a known Shamir algorithm by which the
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system is broken. This makes it possible to compare how much better can handle genetic
algorithm. The article describes a general approach to solving the problem using genetic
algorithms, and proposes a model of the island parallelize computations. Conducted case
studies confirm that this model can significantly reduce the time for solving the problem
without loss of quality of the result.

Acknowledgment. The designated project has been fulfilled by financial support
of Georgian Research and Development Foundation and the Shota Rustaveli National
Science Foundation (Grant No A60776).

ÌÀÈÄÌÀÔÉÊÉÓ ÓÔÀÍÃÀÒÔÉÓ ÏÐÔÉÌÀËÖÒÉ ÓÔÒÖØÔÖÒÀ
ÃÀ ÌÉÓÉ ÂÀÅËÄÍÀ ÂÀÍÀÈËÄÁÉÓ áÀÒÉÓáÆÄ

Ä. ÊÏÒÞÀÞÄ

ÂÀÍÀÈËÄÁÉÓÀ ÃÀ ÌÄÝÍÉÄÒÄÁÉÓ ÓÀÌÉÍÉÓÔÒÏ, ÉËÉÀÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ,
ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: e.kordzadze@gmail.com

ÌÀÈÄÌÀÔÉÊÉÓ ÄÒÏÅÍÖËÉ ÓÀÓßÀÅËÏ ÂÄÂÌÀ (ÓÔÀÍÃÀÒÔÉ) ÞÉÒÉÈÀÃÉ ÍÏÒÌÀÔÉÖËÉ ÃÏ-
ÊÖÌÄÍÔÉÀ, ÒÏÌÄËÉÝ ÂÀÍÓÀÆÙÅÒÀÅÓ ÓÀÓÊÏËÏ ÌÀÈÄÌÀÔÉÊÖÒÉ ÂÀÍÀÈËÄÁÉÓ ÌÉÆÍÄÁÓÀ ÃÀ
ÀÌÏÝÀÍÄÁÓ, ÓßÀÅËÄÁÉÓ ÛÉÍÀÀÒÓÓ ÃÀ ÞÉÒÉÈÀÃ ÐÒÉÏÒÉÔÄÔÄÁÓ. ÖÀÙÒÄÓÀÃ ÃÉÃÉ ÌÍÉÛÅÍÄ-
ËÏÁÀ ÀØÅÓ ÉÌÀÓ, ÒÏÌ ÀÙÍÉÛÍÖËÉ ÃÏÊÖÌÄÍÔÉ ÉØÍÀÓ ÂÀÆÉÀÒÄÁÖËÉ ÃÀ ÌÉÙÄÁÖËÉ ÌÀÓßÀÅËÄ-
ÁÄËÈÀ ÀÁÓÏËÖÔÖÒÉ ÖÌÒÀÅËÄÓÏÁÉÓ ÌÉÄÒ. ÌÏáÓÄÍÄÁÀÛÉ ÂÀÍáÉËÖËÉÀ ÐÒÉÍÝÉÐÄÁÉ,
ÒÏÌËÄÁÉÝ ÖÍÃÀ ÄÃÏÓ ÓÀ×ÖÞÅËÀÃ ÌÀÈÄÌÀÔÉÊÉÓ ÓÔÀÍÃÀÒÔÉÓ ÂÀÍÅÉÈÀÒÄÁÀÓÀ ÃÀ ÃÀáÅÄßÀÓ;
ÌÉÌÏáÉËÖËÉÀ ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÅËÄÅÄÁÛÉ ßÀÒÌÀÔÄÁÖËÉ ÛÄÃÄÂÉÓ ÌØÏÍÄ ØÅÄÚÍÄÁÉÓ ÓÔÀÍ-
ÃÀÒÔÄÁÉÓ ÓÔÒÖØÔÖÒÀ ÃÀ ÛÉÍÀÀÒÓÉ; ÂÀÀÍÀËÉÆÄÁÖËÉÀ ØÀÒÈÅÄË ÌÀÓßÀÅËÄÁÄËÈÀ ÓÀàÉ-
ÒÏÄÁÄÁÉ ÃÀ ÌÏÈáÏÅÍÄÁÉ ÄÒÏÅÍÖËÉ ÓÀÓßÀÅËÏ ÂÄÂÌÉÓ ÌÉÌÀÒÈ.
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A Generalization of Generalized ⊕-Supplemented
Modules

Berna Koşar, Celil Nebiyev
Ondokuz Mayıs University, Department of Mathematics, Kurupelit-Atakum-Samsun,

Türkiye-Turkey
email: bernak@omu.edu.tr, cnebiyev@omu.edu.tr

In this work, we define tg-supplemented modules and investigate some properties of
these modules. These modules generalize generalized ⊕−supplemented modules. We
prove that the finite t-sum of tg-supplemented modules is tg-supplemented. We also prove
that the homomorphic image of a distributive tg-supplemented module is tg-supplemented.
Definition 1. Let M be an R−module. M is called a tg-supplemented module if every
submodule of M has a generalized supplement that is a t-summand in M . Clearly,
generalized ⊕-supplemented modules are tg-supplemented. But the converse is not true
in general.
Lemma 2. Let M be a distributive tg-supplemented R−module. Then every factor module
of M is tg-supplemented.
Corollary 3. Let M be a distributive tg-supplemented R−module. Then every homomor-
phic image of M is tg-supplemented.
Lemma 4. Let M be a t-sum of M1 and M2. If M1 and M2 are tg-supplemented, then
M is tg-supplemented.
Corollary 5. Let M be a t-sum of M1,M2, . . . ,Mn. If Mi is tg-supplemented (i =
1, 2, . . . , n), then M is tg-supplemented.

Key words and Phrases. Small submodules, radical, supplemented modules, gen-
eralized supplemented modules.
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Spectral Asymptotics for 2× 2 Canonical Systems
Aleksey Kostenko

University of Vienna, Vienna, Austria
email: oleksiy.kostenko@univie.ac.at

Based on continuity properties of the de Branges correspondence, we develop a new
approach to study the high-energy behavior of m-functions and spectral functions of 2×2
first order canonical systems. Our main objective is to provide one-term asymptotic for-
mulas for m-functions, as well as spectral functions of canonical systems. In particular, we
characterize Hamiltonians such that the corresponding m-functions behave asymptotically
at infinity as

mν(z) = Ceiπ 1−ν
2 zν , z ∈ C+,

with some constants C > 0 and ν ∈ (−1, 1). In the case ν = 0, this enables us to solve a
problem posed by W. N. Everitt, D. B. Hinton and J. K. Shaw in [2]. Furthermore, we
apply these results to radial Dirac and radial Schrödinger operators as well as to Krein
strings and generalized indefinite strings.

The talk is based on joint work with J. Eckhardt and G. Teschl [1].
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Nonlinear Optimization and Hemi-Variational
Inequalities for Unilateral Crack Problems

Victor A. Kovtunenko
Institute for Mathematics and Scientific Computing,

Karl-Franzens University of Graz, NAWI Graz, 8010 Graz, Austria;
Lavrent’ev Institute of Hydrodynamics, Sibirian Branch

of the Russian Academy of Sciences, 630090 Novosibirsk, Russia
email: victor.kovtunenko@uni-graz.at

Macro and micro cracks appear in material science, geophysical and biomedical ap-
plications. The modern problems of tribology and fracture require nonlinear modeling of
cracking phenomena taking into account contact interaction between the crack faces [1, 3].
This results in quasi-brittle models of fracture.

From a mathematical viewpoint, modeling of dissipative and interaction phenomena
due to contact with cohesion or friction results in hemi-variational inequalities within set
valued and non-convex optimization context.

In the framework of nonlinear optimization, we suggest and investigate a class of hemi-
variational inequalities (hemVI) supported by primal-dual active set algorithms which are
of a generalized Newton type. The analysis of local as well as global convergence properties
is provided and numerical tests are presented [2, 4].

Acknowledgments. The results were obtained with the support of the Austrian
Science Fund (FWF) in the framework of the project P26147-N26: “Object identification
problems: numerical analysis” (PION) and the NAWI Graz.

The author thanks R. Duduchava for his support of the visit of the Humboldt Kolleg
in Tbilisi, IWOTA 2015, and Batumi 2015 Meetings.
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On Some Integral Formulae for Continued Fractions
Olga Kushel

Shanghai Jiao Tong University, Department of Mathematics, Shanghai, China
email: kushel@mail.ru

The following integral representation of a continued fraction was obtained by Euler
(see, for example, [1]). Let R and P be two positive functions on (0, 1) such that, for
n = 0, 1, 2, . . . and some positive α, β, γ

(a+ nα)

∫ 1

0

PRndx = (b+ nβ)

∫ 1

0

PRn+1dx+ (c+ nγ)

∫ 1

0

PRn+2dx;

then ∫ 1

0
PRdx∫ 1

0
Pdx

=
a

b+ (a+α)c

b+β+
(a+2α)(c+γ)

...

.

We generalize the above formula and obtain some integral representations for other types
of continued fractions.
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Gaussian Approximation of Multi-Channel Networks
with Phase-Type Service in Heavy Traffic

Hanna V. Livinska
Applied Statistics Department, Faculty of Cybernetics, National Taras Shevchenko

University of Kyiv, Ukraine
email: livinskaav@gmail.com

The main objective of this paper is to study the service process in multi-channel
stochastic networks with nodes in a heavy traffic regime. We consider the models of
networks in which an input flow for each node is a non–homogeneous Poisson flow with
rate depending on time. Service times of calls are independent random values. At first
we consider the networks with exponentially distributed service times in each node. For
service process in such a network a limit in uniform topology is found. We construct the
Markov Gaussian approximate process with its correlation characteristics in explicit form.

In real queueing systems and networks there is a typical situation when service time
of a call consists of a certain number of exponential phases with the same parameters.
It means that the total service time of a call is distributed by Erlang law. So, further
the networks with service times of Erlang type was studied. Obviously, service of calls
in the [M t|Em|∞]r-network is different from the service in networks of the [M t|M |∞]r-
type only by replacement of the exponential distribution of service time to the Erlang
distribution. Service time distributed by the Erlang low has the following interpretation.
If a call arrives to service at a node of the network then the service process is split into
some service phases that the call passes consistently one by one. Starting with the phase
1 it occupies each stage during exponentially distributed time. Times of phases occupying
are independent random variables.

The idea to introduce additional service phases belongs to Erlang who used it for
markovisation of the service process in stochastic systems. Following the idea to simplify
the analysis of the [M t|Em|∞]r-network we introduce “new” nodes for modeling of the each
functioning node. These nodes are multi-channel stochastic systems of Markov type. It
is shown that the [M t|Em|∞]r-network reduces to Markov queueing [M t|M |∞]r-network
by increasing the dimension of the phase set. In this case the approximative process in
heavy traffic can be represented in terms of the Markov Gaussian process. The limit is,
of course, a non-Markov Gaussian process. Components of the limit is a sum of some
components of the many-dimensional Markov process.
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Binomial Option Pricing: One Time and
Multiple Time Periods

Dali Magrakvelidze
Georgian Technical University, Department of Applied Mathematics

Tbilisi, Georgia
email: d.magrakvelidze@gtu.ge

The binomial option pricing model is based on the assumption that the underlying
stock follows a binomial return generating process. This means that for any period during
the life of the option, the stock’s value will change by one of two potential constant values.

Our first step in determining the value of the call might be to determine α, the hedge
ratio. The hedge ratio defines the number of shares of stock that must be sold (or short
sold) in order to maintain a riskless portfolio [1].

cu − αuS0 = cd − αfS0. (1)

Thus, our first step in extending the model to two time periods is to substitute for the
hedge ratio based on equation (1):

c0 =
(1 + rf )

(
cu−cd

S0(u−d)

)
S0 + cd −

(
cu−cd

S0(u−d)

)
dS0

1 + rf
. (2)

The next two steps of our development are to simplify equation (2):

c0 =
cu

(
(1+rf )−d

u−d

)
+ cd

(
u−(1+rf )

u−d

)
1 + rf

. (3)

This expression (3) is quite convenient because of the arrangement of potential cash
flows in its numerator. Assume for the moment that investors will discount cash flows
derived from the call based on the riskless rate. This assumption is reasonable if investors
investing in options behave as though they are risk neutral; in fact, they will evaluate
options as though they are risk neutral because they can eliminate risk by setting appro-
priate hedge ratios.
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Using the binomial distribution function, this model is easily extended to n time
periods as follows:

c0 =

∑
n!

j!(n−j)!
π!(1− π)(n−j)MAX

[
0, (ujd(n−j)S0)−X

]
(1 + rf )n

.

One apparent difficulty in applying the binomial model is in obtaining estimates for
u and d that are required for π. However, if we assume that stock returns are to follow a
binomial distribution, we can relate u and d to standard deviation estimates as follows:

u = exp(σ
√

1/n), d = 1/u.
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A Variant of φ-Amenability for Dual
Banach Algebras

Amin Mahmoodi
Department of Mathematics, Central Tehran Branch, Islamic Azad University

Tehran, Iran
email: a_mahmoodi@iauctb.ac.ir

Let A be a dual Banach algebra and let φ be a w∗-continuous homomorphism from A
to C. We study the notion of φ-Connes amenability for A . We prove that the existence
of a certain diagonal for A is equivalent to its φ-Connes amenability. we also show
that φ-Connes amenability is equivalent to so-called φ-splitting of a certain short exact
sequence.

2010 Mathematics Subject Classification. Primary 22D15, 43A10; Secondary
43A20, 46H25.

Keywords. Dual Banach algebra, φ-amenability, Connes amenability.
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On Poincare’s Type Inequality with General Weights
Farman Mamedov, Vafa Mamedova

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan,
Baku, Azerbaijan

email: farman-m@mail.ru, vafa_eng6@yahoo.com

In this note we concern the Poincare’s type gradient inequality in the convex domains
Ω and positive weight functions v, ω1−p′ ∈ L1,loc. The survey on topic see, e.g. in [1, 2].
The Sobolev’s type trace inequality see, in [3].

We suppose also that there exists an ε > 0 such that for any ball Q = Q(x, ρ) with
0 < ρ < diamΩ, x ∈ Ω, it follows∫

Q∩Ω
v(x)dx ≥ ε

∫
Q

v(x)dx. (1)
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We assert the following
Theorem. Let 1 < p ≤ q < ∞, v, ω1−p′ ∈ L1,loc and the domain Ω satisfy the above
condition. Then for the inequality(∫

Ω

v|f |qdx
) 1

q ≤ C
(∫

Ω

ω|∇f |pdx
) 1

p

to hold for any Lipshitsz continuous function f such that∫
Ω

v(x)f(x)dx = 0 or
∫
Ω

f(x)dx = 0

it suffices that ∫
Ω

σ(x)

(∫
Q

v(y)dy

|x− y|n−1

)p′

dx ≤ C

(∫
Q

v(x)dx

) p′
q′

for all balls Q = Q(x, ρ); x ∈ Ω, 0 < ρ < diamΩ, where the constant C > 0 and does not
depend on f.

This work was supported by the Science Development Foundation under the President
of the Republic of Azerbaijan-Grant No EIF/GAM-2-2013-2(8)-25/01/1.
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A Compactness Criterion for the Weighted Hardy
Operator in Lp(x)

F. I. Mamedov, S. M. Mammadova
Mathematics and Mechanics Institute of National Academy of Sciences of Azerbaijan

Baku, Azerbaijan
email: farman-m@mail.ru, sayali@yahoo.com

We claim a necessary and sufficient condition on υ(·), ω(·) and exponent functions
p(·), q(·) governing the compactness of the weighted Hardy operator Hv,ωf(x) =

v(x)
x∫
0

f(t)ω(t)dt from Lp(x)(0,∞) to Lq(x)(0,∞). Set V (x) =
∞∫
x

v(y)q(y)dy, W (x) =

x∫
0

ω(y)p
′(y)dy. Denote by Λ0 and Λ∞ the class of measurable functions such that

lim sup
x→0

|y(x) − y(0)| ln 1
W (x)

< ∞ and lim sup
x→∞

|y(x) − y(∞)| ln 1

V (x)
< ∞ and assume

that lim
x→+0

V (x) = lim
x→+∞

W (x) =∞;

Theorem. Let p, q ∈ Λ0 ∩ Λ∞ and f(x) ≥ 0 be measurable functions such that p− > 1,
q(0) ≥ p(0) > 1, q(∞) ≥ p(∞) > 1 Then operator Hυ,ω is compact from Lp(·)(0,∞) to
Lq(·)(0,∞) iff

lim
a→0

Ba = 0 where Ba = sup
0<t<a

V (t)
1

q(0)W (t)
1

p′(0)

and lim
b→∞

Cb = 0 where Cb = sup
b<t<∞

V (t)
1

q(∞)W (t)
1

p′(∞) .

Key Words. weights, Hardy’s inequality, fractional Hardy inequality, inequality for
differences.
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Direct Boundary Integral Equations Method for
Acoustic Problems in Unbounded Domains

Gela Manelidze, David Natroshvili
Georgian Technical University, Department of Mathematics, Tbilisi, Georgia

email: gelamanelidze@gemail.addr

We investigate some aspects of the so called direct boundary integral equation method
in acoustic scattering theory. It is well known that by the direct approach the uniquely
solvable exterior boundary value problems for the Helmholtz equation can not be reduced
to the boundary integral equations which are uniquely solvable for arbitrary value of the
frequency parameter. This implies that for such resonant frequencies the corresponding
integral operators are not invertible and consequently solutions to the nonhomogeneous
integral equations are not defined uniquely. They are defined modulo a linear combination
of the elements of the null spaces of the corresponding integral operators. In the paper, it
is shown that among the infinitely many solutions of the corresponding integral equations
there is only one solution which has a physical meaning and corresponds ether to the
boundary trace of the unique solution to the exterior problem or to the boundary trace
of its normal derivative. We analyze also modified direct boundary integral equation
approaches which reduce the Dirichlet and Neumann boundary value problems to the
equivalent uniquely solvable integral or singular integro-differential equations.

Riemann-Hilbert Type Boundary Value Problems
on a Plane

N. Manjavidze, G. Akhalaia
Ilia State University, Tbilisi, Georgia
email: nino.manjavidze@iliauni.edu.ge

Certain boundary value problems of Riemann-Hilbert type on a plane are investigated,
conditions of normal solvability are found, connections with the theory of Fredholm op-
erators are established. Some applications of the main results are presented.
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The Adaptation of Heuristics Used for Programming
Non-Deterministic Games to the Problems

of Discrete Optimization
Boris Melnikov1, Elena Melnikova2, Svetlana Baumgärtner2

1 Samara State University, Department of Applied Mathematics, Samara, Russia
2 Togliatti State University, Department of Applied Mathematics, Togliatti, Russia

email: bormel@rambler.ru

We use the terminology, notation and heuristics of [1, 2]. We consider in this paper the
adaptation of heuristics used for programming non-deterministic games to the problems
of discrete optimization, in particular, some heuristic methods of decision-making in vari-
ous discrete optimization problems. The object of each of these problems is programming
anytime algorithms. Among the problems solved in this paper, there are the classical
traveling salesman problem and some connected problems of minimization for nondeter-
ministic finite automata. Considered methods for solving these problems are constructed
on the basis of special combination of some heuristics, which belong to some different
areas of the theory of artificial intelligence. More precisely, we shall use some modifi-
cations of unfinished branch-and-bound method; for the selecting immediate step using
some heuristics, we apply dynamic risk functions; simultaneously for the selection of coeffi-
cients of the averaging-out, we also use genetic algorithms; and the reductive self-learning
by the same genetic methods is also used for the start of unfinished branch-and-bound
method. This combination of heuristics represents a special approach to construction of
anytime-algorithms for the discrete optimization problems. This approach can be consid-
ered as an alternative to application of methods of linear programming, and to methods
of multi-agent optimization, and also to neuronets.
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The Boundedness of Integral Operators in Grand
Variable Exponent Lebesgue Spaces

Alexander Meskhi
A. Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University

Tbilisi. Georgia
email: meskhi@rmi.ge

Recently grand variable exponent Lebesgue spaces (GVELS) were introduced by the
speaker jointly with V. Kokilashvili. We present some structural properties of these
spaces. The boundedness results of maximal, Calderón-Zygmund and potential operators
under the log-Hölder continuity condition on exponents of spaces will be also discussed.
Appropriate results are derived for one-sided integral operators in GVELS for exponents
of spaces satisfying the condition weaker than the log-Hölder continuity condition.

ÌÀÓßÀÅËÄÁÄËÈÀ ÊÅÀËÉ×ÉÊÀÝÉÉÓ ÀÌÀÙËÄÁÉÓ ÃÀ
ÓÀÓÄÒÔÉ×ÉÊÀÝÉÏ ÂÀÌÏÝÃÄÁÉÓ ÛÄÓÀáÄÁ

ÒÖÓÖÃÀÍ ÌÄÓáÉÀ

ÉÅÀÍÄ ãÀÅÀáÉÛÅÉËÉÓ ÓÀáÄËÏÁÉÓ ÈÁÉËÉÓÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: rusudan.meskhia@tsu.ge

ÌÀÓßÀÅËÄÁÄËÈÀ ÊÅÀËÉ×ÉÊÀÝÉÉÓ ÀÌÀÙËÄÁÀÛÉ ÓÀÓÄÒÔÉ×ÉÊÀÝÉÏ ÂÀÌÏÝÃÄÁÉÓÈÅÉÓ ÌÆÀ-
ÃÄÁÀ ÃÀ ßÀÒÌÀÔÄÁÉÈ ÜÀÁÀÒÄÁÀ ÄÒÈ-ÄÒÈÉ ÌÍÉÛÅÍÄËÏÅÀÍÉ ÊÏÌÐÏÍÄÍÔÉÀ.

ÌÀÈÄÌÀÔÉÊÀÛÉ ÌÀÓßÀÅËÄÁÄËÈÀ ÓÀÓÄÒÔÉ×ÉÊÀÝÉÏ ÂÀÌÏÝÃÄÁÉÓ ÐÒÏÂÒÀÌÉÓ ÐÒÏÄØÔÛÉ
ßÀÒÌÏÃÂÄÍÉËÉÀ ÃÉ×ÄÒÄÍÝÉÀËÖÒÉ ÃÀ ÉÍÔÄÂÒÀËÖÒÉ ÀÙÒÉÝáÅÉÓ ÄËÄÌÄÍÔÄÁÉ, ÒÏÌËÄÁÉÝ
ÄÒÏÅÍÖËÉ ÓÀÓßÀÅËÏ ÐÒÏÂÒÀÌÉÈ ÓÀÓÊÏËÏ ÊÖÒÓÛÉ ÀÒ ÀÒÉÓ ÂÀÈÅÀËÉÓßÉÍÄÁÖËÉ.
ÀÌÉÔÏÌ, ÌÉÂÅÀÜÍÉÀ, ÒÏÌ ÐÄÃÀÂÏÂÄÁÉÓÈÅÉÓ ÂÀÍÓÀÊÖÈÒÄÁÉÈ ÓÀÉÍÔÄÒÄÓÏ ÃÀ ÓÀÓÀÒÂÄÁËÏ
ÉØÍÄÁÀ ÂÀÌÏÉÝÄÓ ÃÀÌáÌÀÒÄ ÌÀÓÀËÀ: “ÌÀÈÄÌÀÔÉÊÖÒÉ ÀÍÀËÉÆÉÓ ÄËÄÌÄÍÔÄÁÉ ÌÀÓßÀÅËÄ-
ÁÄËÈÀ ÓÀÓÄÒÔÉ×ÉÊÀÝÉÏ ÂÀÌÏÝÃÄÁÉÓÈÅÉÓ”, ÓÀÃÀÝ ßÀÒÌÏÃÂÄÍÉËÉ ÉØÍÄÁÀ ÈÄÏÒÉÖËÉ
ÓÀÊÉÈáÄÁÉÓ ÌÉÌÏáÉËÅÀ ÓÀÂÀÌÏÝÃÏ ÐÒÏÂÒÀÌÉÓ ÐÒÏÄØÔÉÓ ×ÀÒÂËÄÁÛÉ ÃÀ ÀÂÒÄÈÅÄ
ÛÄÓÀÁÀÌÉÓÉ ÓÀÅÀÒãÉÛÏÄÁÉ ÃÀ ÂÀÍÅËÉËÉ ÓÀÂÀÌÏÝÃÏ ÔÄÓÔÄÁÉÃÀÍ ÀÌÏÝÀÍÄÁÉ ÀÌÏáÓÍÉ-
ÈÖÒÈ.
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Problems of Statics of Linear Thermoelasticity
for a Half-Space

D. Metreveli
Georgian Technical University, Department of Mathematics

Tbilisi, Georgia
email: datometreli@hotmail.com

We consider the statics case of the theory of two-temperature elastic mixtures, when
partial displacements of the elastic components of which the mixture consists are equal
to each other. We consider boundary value problems for a half-space, when limiting
values of the normal components of displacement vectors and tangential components of
rotation vectors are given on the boundary. Also the difference between boundary limit
of temperatures or of temperature flows are given. The uniqueness theorem in proved.
Solutions are represented in quadratures.

On the Construction of Statistical Structures
Parabolic Equations
M. Mumladze, Z. Zerakidze
Gori University, Gori, Georgia
email: zura.zerakidze@mail.ru

Let (E, S) be measurable space. Remember some definitions (see [1], [2]).
Definition 1. A statistical structure is object {E, S, µi, i ∈ I}, where {µi, i ∈ I}, a
family of probability measures which are defined on σ-algebra S. A generalized statistical
structure is object {E, S, µi, i ∈ I}, where {µi, i ∈ I} a family of σ-finite measures on S.
Definition 2. Consider two statistical structures: {E, S, µi, i ∈ I}, {E, S, να, α ∈ A}.
We say, that the first statistical subordinated to second statistical structure if for ∀i ∈ A
there exist such sequense {αk}, αk ∈ A, that measure µi absolutely continue with respect∑

k∈A ρkναk
, where ρk ≥ 0 and

∑
k∈A ρk <∞.

There is proved next theorems:
Theorem 1. Any generalized statistical structure subordinated to some statistical struc-
ture.
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Theorem 2. Any statistical structure {E, S, µi, i ∈ I}, where I have more tan first
uncountable power, orthogonal or dominated by statistical structure {E, S, µ}, which con-
tained for only wan probability measures.
Theorem 3. If statistical structure {E, S, µi, i ∈ I}, where I have more than first
uncountable power, dominated by statistical structure {E, S, µ}, then there exists countable
subfamily {µin , n ∈ N}, such that statistical structures {E, S, µi, i ∈ I} and {E, S, µin , n ∈
N} are equivalent.
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The Limiting Distribution of an Integral
Square Deviation of Two Kernel Estimators

of Bernoulli Regression Function
Elizbar Nadaraya1, Petre Babilua2, Grigol Sokhadze2

1 Academy Member, Faculty Exact and Natural Sciences of
I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

2 Faculty Exact and Natural Sciences of
I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

emails: elizbar.nadaraya@tsu.ge; petre.babilua@tsu.ge; grigol.sokhadze@tsu.ge

Let random variables Y (i), i = 1, 2, take two values 1 and 0 with probabilities pi
(success) and 1−pi, i = 1, 2 (failure), respectively. Assume that the probability of success
pi is the function of an independent variable x ∈ [0, 1], i.e. pi = pi(x) = P{Y (i) = 1 | x}
(i = 1, 2) ([1]–[3]). Let tj, j = 1, . . . , n, be the division points of the interval [0, 1]:
tj =

2j−1
2n

, j = 1, . . . , n.
Let further Y (1)

i and Y
(2)
i , i = 1, . . . , n, be mutually independent random Bernoulli

variables with P{Y (k)
i = 1 | ti} = pk(ti), P{Y (k)

i = 0 | ti} = 1− pk(ti), i = 1, . . . , n, k =

1, 2. Using the samples Y (1)
1 , . . . , Y

(1)
n and Y

(2)
1 , . . . , Y

(2)
n we want to check the hypothesis

H0 : p1(x) = p2(x) = p(x), x ∈ [0, 1],
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against the sequence of “close” alternatives of the form

H1n : pk(x) = p(x) + αnuk(x) + o(αn), k = 1, 2,

where αn → 0 relevantly, u1(x) ̸= u2(x), x ∈ [0, 1] and o(αn) uniformly in x ∈ [0, 1].
The problem of comparing two Bernoulli regression functions arises in some applica-

tions, for example in quantal bios says in pharmacology. There x denotes the dose of a
drug and p(x) the probability of response to the dose x.

We consider the criterion of testing the hypothesis H0 based on the statistic function

Tn =
1

2
nbn

∫
Ωn(τ)

[
p̂1n(x)− p̂2n(x)

]2
p2n(x) dx

=
1

2
nbn

∫
Ωn(τ)

[
p1n(x)− p2n(x)

]2
dx, Ωn(τ) =

[
τbn, (1− τ)bn

]
, τ > 0,

where

p̂in(x) = pin(x)p
−1
n (x), pin(x) =

1

nbn

n∑
j=1

K
(x− tj

bn

)
Y

(i)
j , i = 1, 2,

pn(x) =
1

nbn

n∑
i=1

K
(x− ti

bn

)
,

K(x) is some distribution density and bn → 0 is a sequence of positive numbers, p̂in(x) is
the kernel estimator of the regression function ([4], [5]).

Theorem. Let K(x) ∈ H(τ) and p(x), u1(x), u2(x) ∈ C1[0, 1]. If nb2n →∞, αnb
−1/2
n → 0

and nb1/2n α2
n → c0, 0 < c0 <∞, then for the hypothesis H1n

b−1/2
n (Tn −∆(p))σ−1(p)

d−→ N(a, 1),

d−→ denotes convergence in distribution and N(a, 1)is a random variable having the stan-
dard normal distribution with parameters (a, 1),

a =
c0

2σ(p)

1∫
0

(u1(x)− u2(x))2 dx,
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where

H(τ) =

{
K(x) ≥ 0, K(x) = 0 for |x| ≥ τ > 0,

∫
K(x) dx = 1

}
,

∆(p) =

1∫
0

p(x)(1− p(x))
∫

|x|≤τ

K2(u) du,

σ2(p) = 2

∫
p2(x)(1− p(x))2 dx

∫
|x|≤2τ

K2
0(x) dx, K0 = K ∗K.
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The General Solution of the Homogeneous Problem
Natavan Nasibova

Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan,
Baku, Azerbaijan

email: natavan2008@gmail.com

Consider the following homogenous Riemann problem in H+
p(·),ρ × m0H

−
p(·),ρ classes:

F+(τ)−G(τ)F−(τ) = 0, τ ∈ ∂ω. (1)

By the solution of problem (1) we mean a pair of analytic functions

(F+(z);F−(z)) ∈ H+
p(·),ρ × m0H

−
p(·),ρ,



138 Abstracts of Participants’ Talks Batumi, July 12–16, 2015

boundary values of which satisfy the relation (1) almost everywhere. Introduce the fol-
lowing functions Xi (z), which are analytic inside (with the sign +) and outside (with the
sign −) the unit circle, respectively:

X1 (z) ≡ exp
{

1

4π

∫ π

−π

ln
∣∣G (

eit
)∣∣ eit + z

eit − z
dt

}
,

X2 (z) ≡ exp
{
i

4π

∫ π

−π

θ (t)
eit + z

eit − z
dt

}
,

where θ (t) ≡ argG (eit). Define

Zi (z) ≡

{
Xi (z) , |z| < 1,

[Xi (z)]
−1 , |z| > 1, i = 1, 2.

Assume
Z± (z) ≡ Z±

1 (z)Z±
2 (z) .

The following theorem is true.
Theorem. Let {βk}r1, be defined by βk = −

∑m
i=1 αiχ{tk} (τi) +

1
2π

∑r
i=0 hiχ{tk} (si), k =

0, l, and the inequality − 1
q(tk)

< βk <
1

p(tk)
, k = 0, r, be satisfied. If the inequality

− 1

p (τk)
< αk <

1

q (τk)
, k = 1,m,

is fulfilled, then the general solution of the homogeneous Riemann problem (1) in classes
H+

p(·), ρ ×m0 H
−
p(·), ρ can be represented as

F (z) = Pm0 (z)Z (z) ,

where Z (·) is the canonical solution of homogeneous problem, Pm0 (·) is a polynomial of
order k ≤ m0.
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On g-Supplement Submodules
Celil Nebiyev

Ondokuz Mayıs University, Department of Mathematics, Kurupelit-Atakum-Samsun,
Türkiye-Turkey

email: cnebiyev@omu.edu.tr

In this work, some properties of g-supplement submodules are investigated. Let V be
a g-supplement of an essential submodule U in M . Then it is possible to define a bijective
map between essential maximal submodules of V and essential maximal submodules of
M which contain U . It is also proved that RadgV = V ∩RadgM .
Lemma 1. Let M be an R−module, K ≤ V ≤M and V be a g-supplement of an essential
submodule of M . Then K ≪g V if and only if K ≪g M .
Theorem Let M be an R−module, V ≤ M and V be a g-supplement of an essential
submodule of M . Then RadgV = V ∩RadgM .
Lemma 3. Let V be a g-supplement of U in M , T ≤ V and K E V . Then T is a
g-supplement of K in V if and only if T is a g-supplement of U +K in M .
Corollary 4. Let V be a supplement of U in M , T ≤ V and K E V . Then T is a
g-supplement of K in V if and only if T is a g-supplement of U +K in M .
Proposition 5. Let M be an R−module, V ≤M, U EM and V be a g-supplement of U
in M . Then it is possible to define a bijective map between essential maximal submodules
of V and essential maximal submodules of M which contain U .

Keywords. Small submodules, radical, supplement submodules, supplemented mod-
ules.
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Parallel Algorithm for Timoshenko Non-linear
Problem

Kakhaber Odisharia1, Paata Tsereteli1, Vladimer Odisharia2

1 St. Andrew the First-Called Georgian University of Patriarchate of Georgia,
Informatics, Mathematics and Natural Sciences School, Tbilisi, Georgia

2 I. Javakhishvili Tbilisi State University, Faculty of Exact and Natural Sciences,
Department of Mathematics, Tbilisi, Georgia

email: k.odisharia@gmail.com, Paata.Tsereteli@gmail.com, vodisharia@yahoo.com

The plate problem described by Timoshenko system is considered [1]. The system of
equations is reduced to one non-linear integro-differential equation [2]. Using the pro-
jection method the infinite-dimensional task is replaced by finite-dimensional one [3].
Existence of generalized solution and convergence of Galerkin method are proved [4]. Re-
sulting system of cubic equations is solved by iterative method [5]. Parallel computing
system is used for getting numerical solution [6].
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Modeling of Wing Panel Manufacture Processes
Alexander Oleinikov

Central Aerohydrodynamic Institute, Zhukovskiy, Russian Federation
email: alexander.oleinikov@tsagi.ru

Problems of inelastic straining of three-dimensional bodies with large strains are con-
sidered. The type of finite element representation for simulation of the forming process
is optimized. The process of high-endurance riveted jointing of panels to stiffener ribs is
modelled.

Four 3D finite element models with different types of finite elements (tetrahedral and
hexahedral, with trilinear and triquadratic interpolation functions representing coordi-
nates and displacements) are considered. It is shown that application of tetrahedral finite
elements of constant deformation does not allow us to calculate the shape of a formed
panel correctly.

Spatial discretization of the equations is combined with stepping procedure of time
integration of the quasi-static deformation equations with iterated correction of the solving
on each discrete instant in time. Convergence of the numerical solution to the exact
solution is analyzed. It is including in a case the solution does not to belong to regular
Sobolev space.

An algorithm is offered for definition of the pre-shaped curvature of ribs needed to
ensure the aimed geometry parameters of riveted panels.
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Description of the Structure
of Uniformly Distributed Sequences on [�1/2, 1/2]

from the Point of View of Shyness
Gogi Pantsulaia

Georgian Technical University, Department of Mathematics
Tbilisi, Georgia

email: g.pantsulaia@gtu.ge

Let R∞ be an infinite-dimensional Polish topological vector space equipped with prod-
uct topology. Recall that a sequence of real numbers (xk)k∈N ∈ R∞ is called uniformly
distributed on [a, b] if for each c, d with a ≤ c < d ≤ b we have

lim
n→∞

#({xk : 1 ≤ k ≤ n} ∩ [c, d])

n
= d− c, (1)

where #(·) denotes the counter measure of a set.

In [3] has been obtained the validity of the following statement.
Theorem 1 ([3], Theorem 3.1, p. 26). Let µ be Yamasaki–Kharazishvili measure on R∞

which gets a numerical value one on the set [−1
2
, 1
2
]∞ (cf. [1], [2]). Then µ-almost every

element of R∞ is uniformly distributed on [−1
2
, 1
2
].

In this talk we study the structure of the set of all uniformly distributed sequences on
[−1

2
, 1
2
] from the point of view of shyness [4]. More precisely, we establish the validity of

the following statement.
Theorem 2. The set of all uniformly distributed sequences on [−1

2
, 1
2
] is shy.

Acknowledgment. The research for this talk was partially supported by Shota Rus-
taveli National Science Foundation’s Grant no 31/25.
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On One Method of Approximate Solution
of Antiplane Problem of Elasticity Theory for

Two-Dimensional Body Having Cross Form
Archil Papukashvili1,2, Medea Demetrashvili1, Meri Sharikadze1

1 Faculty of Exact and Natural Sciences of I. Javakhishvili Tbilisi State University,
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New algorithms of the approached decision of antiplane problems of elasticity theory
(Poisson’s equation) for a two-dimensional crosswise body by means of Schwartz iterative
method [1] are considered.

Let us solve a problem Dirichlet for the Poisson equation by an

∆u(x, y) = f(x, y), (x, y) ∈ Ω, (1)

u(x, y) = g(x, y), (x, y) ∈ ∂Ω, (2)

where u(x, y) ∈ C2(Ω) is unknown, f(x, y) ∈ C(Ω), g(x, y) ∈ C(∂Ω) are given functions,
Ω = Ω1 ∪ Ω2 is a given body, ∂Ω = Γ = Γ1 ∪ Γ2 is a boundary of the given body,
Ω1 = {(x, y) : −2 ≤ x ≤ 2, −1 ≤ y ≤ 1}, Ω2 = {(x, y) : −2 ≤ y ≤ 2, −1 ≤ x ≤ 1},
Γ1 = {(x, y) : y = ±1, −2 ≤ x ≤ −1 or 1 ≤ x ≤ 2; x = ±2, −1 ≤ y ≤ 1},
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Γ2 = {(x, y) : x = ±1, −2 ≤ y ≤ −1 or 1 ≤ y ≤ 2; y = ±2, −1 ≤ x ≤ 1}.
The algorithm consists of two parts: the Schwartz method and the Galerkin method.

Unknown function expands in row Fourior–Legendre. Differences of polynoms Legendre
are used as basic functions. It is received the five-dot linear system of the algebraic equa-
tions concerning unknown coefficients (see [2]). A count process is stable, as corresponding
matrix of algebraic equation system has diagonal dominating property relative to rows.
It is created the program code (on the basis of Maple 16) for the approached decision of
the consider problem (1), (2).

The authors express hearty thanks to Prof. T. Vashakmadze for his active help in
problem statement and solving.
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Statistical Modeling of Random Fields for Solving
Boundary Values Problems

Anatolii Pashko
Taras Shevchenko National University of Kyiv, Department of System Analysis

Kyiv, Ukraine
email: aap2011@ukr.net

In work [1] random fields for various problems of structural mechanics were examined.
To assess the statistical characteristics of the solution of boundary values problem random
processes and fields with next spectral densities are recommended:

S1(
−→
λ ) =

ασ2

π(a2 + |
−→
λ |2)

, S2(
−→
λ ) =

ασ2(a2 + |
−→
λ |2)

π(4α2|
−→
λ |2 + (|

−→
λ |2 − a2)2)

.

Statistical simulation methods using for solving these problems has been studied in [2]
before. Solution of the problem leads to: formulation of boundary values problem, in the
form of boundary integral equations, and usage of statistical simulation method, to solve
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these equations. The main difficulty in solving boundary value problems by the statistical
simulation is how to obtain the required integral equation equivalent to the problem and
how to choose the Markov chain, which is based on the trajectories of unbiased estimates.

For the simulation of random fields, we use methods described in[3]. Let the area
represents e square with side T and the origin at the top of the square. Domain of
definition field will be considered in the form of the square A = {

−→
λ : |
−→
λ | ≤ Λ}, D = {di}

– a partition of the field A, −→λ ∈ di. Realization of a random field built by the formula:

X(−→u ) =
M∑
i=1

(cos(−→u ,−→λi )ξ1i + sin(−→u ,−→λi )ξ2i),

where {ξ1i, ξ2i} – Strictly independent subGaussian random variables with Eξ1i = Eξ2i =

0, Eξ21i = Eξ22i = υ(di). Measure υ(·) is built by formula υ(−→λ ) =
∫ ∫

di
S(
−→
λ )d
−→
λ , where

S(
−→
λ ) -spectral density fields.
For a given accuracy δ > 0 and reliability ε modeling in space L2 value Λ and M are

chosen such that the inequalities[3]:

B(M,Λ) < δ2,
δ√

B(M,Λ)
exp

{
1

2
− δ2

2B(M,Λ)

}
≤ 1− ε,

where B(M,Λ) = 16
3M2υ(A) + υ(R2\A).
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An Equation for the Transverse Displacement
of a Nonlinear Static Shell

Jemal Peradze
I. Javakhishvili Tbilisi State University, Georgian Technical University

Tbilisi, Georgia
email: j_peradze@yahoo.com

Let the static behaviour of a slopping shell be described by the system of equations [1]
∂Ni

∂xi
+
∂N12

∂xj
+ pi = 0, i, j = 1, 2, i ̸= j, D∆2w =

∂

∂x1

(
N1

∂w

∂x1

)
+

∂

∂x2

(
N12

∂w

∂x1

)
+

∂

∂x2

(
N2

∂w

∂x2

)
+

∂

∂x1

(
N12

∂w

∂x2

)
+ k1N1 + k2N2 + q, (x1, x2) ∈ Ω, (1)

where

Ni =
Eh

1− ν2

{
∂ui
∂xi
− kiw +

1

2

( ∂w
∂xi

)2

+ ν

[
∂uj
∂xj
− kjw +

1

2

( ∂w
∂xj

)2
]}

, i, j = 1, 2, i ̸= j,

N12 =
Eh

2(1 + ν)

(
∂u1
∂x2

+
∂u2
∂x1

+
∂w

∂x1

∂w

∂x2

)
.

Here ui = ui(x1, x2) are longitudinal, i = 1, 2, and w = w(x1, x2) transverse displace-
ments of points of the shell midsurface Ω, pi = pi(x1, x2), i = 1, 2, q = q(x1, x2) are
external force components, ki = ki(x1, x2) the shell curvature components, i = 1, 2, ∆ is
the Laplace operator, E and 0 < ν < 1

2
are respectively Young’s modulus and Poisson’s

ratio, D is the shell flexural rigidity, h is the thickness.
Assuming that Ω is the rectangle and for ui(x1, x2), i = 1, 2, the first and second

kind conditions are fulfilled on the boundary ∂Ω of Ω, from (1) we obtain the following
nonlinear equation for the function w(x1, x2)

D∆2w −
2∑

i=1

2∑
j=1

{∫
Ω

[
Aij

(
1

2

(
∂w

∂ξ1

)2

− k1w
)
+ Cij

∂w

∂ξ1

∂w

∂ξ2

+Bij

(
1

2

(
∂w

∂ξ2

)2

− k2w
)
+ d1ijp1 + d2ijp2

]
dξ1 dξ2 +

∫
∂Ω

[
aij

(
1

2

(
∂w

∂ξ1

)2

− k1w
)

+cij
∂w

∂ξ1

∂w

∂ξ2
+ bij

(
1

2

(
∂w

∂ξ2

)2

− k2w
)]
ds

}(
δijki +

∂2w

∂xi∂xj

)
+p1

∂w

∂x1
+ p2

∂w

∂x2
= q, (x1, x2) ∈ Ω,

where the integrand coefficients Aij, Bij, Cij, d1ij, d2ij and aij, bij, cij depend on x1, x2
and ξ1, ξ2, ds is an element of the boundary ∂Ω, δij is the Kronecker symbol, i, j = 1, 2.
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Mathematical Modeling of hydraulic Fractures:
Shear-Thinning Fluids

Monika Perkowska, Gennady Mishuris, Michal Wrobel
Department of Mathematics, Aberystwyth University
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Hydraulic fracture (HF) is a physical process of a hydraulically induced crack prop-
agating in a brittle material. It can be found in nature, e.g. magma driven dykes or
subglacial drainage of water. Moreover, it has many technological applications, for ex-
ample exploitation of geothermal reservoirs or methane extraction from coal seams, but
is now mainly associated with stimulation of hydrocarbon reservoirs. Understanding and
control of the process is also crucial in cases like CO2 sequestration and storage of dan-
gerous waste underground.

Alongside the development of modern stimulation techniques, the need for more effi-
cient and accurate numerical modeling of the problem has emerged. However, mathemat-
ical modeling of hydraulically induced fracture is very challenging, due to its complexity.
Even in the simplest formulation we need to take into account interaction between solid
and fluid phases, non-local elasticity operator, leak-off into rock formation or fracture
mechanics criteria. Main mathematical difficulties stem from: i) strong non-linearity of
the system, ii) singularities occurring in the fracture front region, iii) moving boundaries,
iv) degeneration of the governing equations near the crack-tip, v) multiscaling, and others.
Any efficient and accurate numerical solver for HF needs to address these challenges.

Although a number of dedicated software packages are available on the market, there
is still a great need to improve their performance.

In the talk, recently developed universal numerical scheme for simulation of hydraulic
fractures for Newtonian fluids will be extended for the case of shear-thinning fluids. The
adaptation of the algorithm addresses new challenges resulting from rheological proper-
ties of the fluid: i) order of non-linearity of Poiseulle equation, ii) crack-tip asymptotics
dependent on fluid behaviour index, iii) degeneration of the equations for perfectly plas-
tic fluid. Additional non-linearity necessitates modification of regularization techniques
(such us utilization of proper independent and dependent variables or the so called ε-
regularization) used to stabilize the computations. Numerical techniques employed in the
solver will be discussed and its advantages will be illustrated by computational results.
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ÌÈÀÒÂÍÄËÉ ÓÉÓÔÄÌÉÓ ÓÀÝÃÄËÉ ÅÄÒÓÉÄÁÉ

ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ, ÂÉÏÒÂÉ ÜÉÜÖÀ, ÌÄÒÀÁ ÜÉØÅÉÍÉÞÄ,
ÉÍÄÆÀ ÁÄÒÉÀÛÅÉËÉ, ÃÀÈÏ ÊÖÒÝáÀËÉÀ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
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ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gllc.ge@gmail.com

2015 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ÊÉÃÄÅ
ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀ-
ÊÄÍ“.1

ÔÄØÓÔÉÃÀÍ-ÔÄØÓÔÆÄ ÌÈÀÒÂÍÄËÉ ÓÉÓÔÄÌÉÓ ÓÀÝÃÄËÉ ÅÄÒÓÉÀ ÜÅÄÍ ÂÅØÏÍÃÀ ÛÄÌÖÛÀ-
ÅÄÁÖËÉ ãÄÒ ÊÉÃÄÅ 2009 ßÄËÓ. ÀÌ ÓÀÝÃÄËÉ ÓÉÓÔÄÌÉÓ ÂÀÖÌãÏÁÄÓÄÁÖËÉ ÓÀÉÍÔÄÒÍÄÔÏ
ÅÄÒÓÉÄÁÉ ÃÀ áÌÉÃÀÍ-áÌÀÆÄ ÌÈÀÒÂÍÄËÉ ÐÉÒÅÄËÉ ØÀÒÈÖËÉ ÓÀÝÃÄËÉ ÓÀÉÍÔÄÒÍÄÔÏ
ÓÉÓÔÄÌÀ ÜÅÄÍ ÛÄÅÉÌÖÛÀÅÄÈ 2013 ßÄËÓ ÂÀÌÏÚÄÍÄÁÉÈÉ ÊÅËÄÅÄÁÉÓÈÅÉÓ ÓÔÖ N048 ÃÀ
ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ N31/70 ÂÒÀÍÔÄÁÉÓ ÌáÀÒÃÀàÄÒÉÈ
[1], [2].

ÌÏáÓÄÍÄÁÉÓÀÓ ßÀÒÌÏÅÀÃÄÂÍÈ ÀÌ ÓÉÓÔÄÌÄÁÉÓ ÀáÀË - ÂÀÖÌãÏÁÄÓÄÁÖË ÅÄÒÓÉÄÁÓ,
ÒÏÌËÄÁÉÝ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÃÙÄÓ ÌÏØÌÄÃÉ ÐÒÏÄØÔÉÈ
„ÊÉÃÄÅ ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖ-
ÓÉÓÀÊÄÍ“ ßÀÒÌÏÄÁÖËÉ ÊÅËÄÅÄÁÉÓ ×ÀÒÂËÄÁÛÉ ÛÄÌÖÛÀÅÃÀ.

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
AR/122/4-105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.
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overview of the trial version of the georgian self-developing intellectual corpus nec-
essary for creating georgian texts analyzer, speech processing, and automatic trans-
lation systems. Rep. Enlarged Sess. Semin. I. Vekua Inst. Appl. Math. 28 (2014),
70–75.

[2] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

1ÄÓ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ
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[3] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ
ÊÏÒÐÖÓÛÉ ÜÀÃÂÌÖËÉ ØÀÒÈÖËÉ ÌÄÔÚÅÄËÄÁÉÓ ÀÌÏÌÝÍÏÁÉÓÀ ÃÀ ØÀÒÈÖËÉ áÌÉÃÀÍ-
áÌÀÆÄ ÌÈÀÒÂÌÍÄËÉ ÓÉÓÔÄÌÄÁÉÓ ÓÀÝÃÄËÉ ÅÄÒÓÉÄÁÉ. ÓÀØÀÒÈÅÄËÏÓ ÌÀÈÄÌÀÔÉÊÏÓÈÀ
ÊÀÅÛÉÒÉÓ V ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ ÈÄÆÉÓÄÁÉ, ÂÅ. 139-140, 2014.

ØÀÒÈÖËÉ ÅÄÁ-ÂÅÄÒÃÄÁÉÓ áÌÉÈ ÌÀÒÈÅÀÃÉ
ÌÊÉÈáÅÄËÉ ÓÉÓÔÄÌÀ

ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ, ÂÉÏÒÂÉ ÜÉÜÖÀ, ÌÄÒÀÁ ÜÉØÅÉÍÉÞÄ, ÃÀÅÉÈ ÊÖÒÝáÀËÉÀ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÓÀÓßÀÅËÏ-ÓÀÌÄÝÍÉÄÒÏ ÝÄÍÔÒÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gllc.ge@gmail.com

2015 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ÊÉÃÄÅ
ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀ-
ÊÄÍ“.1

ÅÄÁ-ÂÅÄÒÃÄÁÉÓ ÌÊÉÈáÅÄËÉ ÐÉÒÅÄËÉ ÓÀÝÃÄËÉ ÓÉÓÔÄÌÀ ÜÅÄÍ (Ê.×áÀÊÀÞÄ, Â.ÜÉÜÖÀ,
Ì.ÜÉØÅÉÍÉÞÄ) ÛÄÅÉÌÖÛÀÅÄÈ 2013 ßÄËÓ ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉÓ N048 ÃÀ
ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ No31/70 ÂÒÀÍÔÄÁÉÓ ÌáÀÒÃÀàÄÒÉÈ
ßÀÒÌÏÄÁÖËÉ ÊÅËÄÅÄÁÉÓ ×ÀÒÂËÄÁÛÉ [1], [2].

ÌÏáÓÄÍÄÁÉÓÀÓ ÌÉÌÏÅÉáÉËÀÅÈ ÀÌ ÓÉÓÔÄÌÉÓ ÀáÀË - ÂÀÖÌãÏÁÄÓÄÁÖË ÅÄÒÓÉÀÓ, ÒÏÌÄËÉÝ
áÌÏÅÀÍÉ ÌÀÒÈÅÉÈÀÀ ÀÙàÖÒÅÉËÉ ÃÀ ÒÏÌÄËÉÝ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÝÄÍÔÒÛÉ ÃÙÄÓ ÌÏØÌÄÃÉ ÐÒÏÄØÔÉÈ „ÊÉÃÄÅ ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉ-
ÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀÊÄÍ“ ßÀÒÌÏÄÁÖËÉ ÊÅËÄÅÄÁÉÓ ×ÀÒÂËÄÁÛÉ ÛÄÌÖ-
ÛÀÅÃÀ.

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
AR/122/4-105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.

ËÉÔÄÒÀÔÖÒÀ

[1] K. Pkhakadze, G. Chichua, M. Chikvinidze, A. Maskharashvili, I. Beriashvili, An
overview of the trial version of the georgian self-developing intellectual corpus nec-
essary for creating georgian texts analyzer, speech processing, and automatic trans-

1ÄÓ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ
ÌÏØÌÄÃÉ áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [3] ÄÒÈ-ÄÒÈÉ
ÓÀÓÀ×ÖÞÅËÏÃ ÌÍÉÛÅÍÄËÏÅÀÍÉ ØÅÄÐÒÏÄØÔÉÀ.
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lation systems. Rep. Enlarged Sess. Semin. I. Vekua Inst. Appl. Math. 28 (2014),
70–75.

[2] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

[3] Ê. ×áÀÊÀÞÄ, Â. ÜÉÜÖÀ, Ì. ÜÉØÅÉÍÉÞÄ, ØÀÒÈÖËÉ ÀÒÀÛÉÍÀÀÒÓÖËÀÃ ÌÊÉÈáÅÄËÉ ÓÉÓÔÄÌÉÓ
ÉÍÔÄÒÍÄÔ ÅÄÒÓÉÀ ÃÀ ÐÉÒÅÄËÉ ÍÀÁÉãÄÁÉ ØÀÒÈÖËÉ ÛÉÍÀÀÒÓÏÁÒÉÅÀÃ ÌÊÉÈáÅÄËÉ
ÓÉÓÔÄÌÉÓ ÀÂÄÁÉÓ ÌÉÌÀÒÈÖËÄÁÉÈ. ÓÀØÀÒÈÅÄËÏÓ ÌÀÈÄÌÀÔÉÊÏÓÈÀ ÊÀÅÛÉÒÉÓ IV
ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ ÈÄÆÉÓÄÁÉ, ÂÅ. 149-150, 2013.

ØÀÒÈÖËÉ ÄÍÉÈ ÄÅÒÏÊÀÅÛÉÒÛÉ ÀÍÖ ÐÒÏÄØÔÉÓ „ÊÉÃÄÅ
ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ

ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀÊÄÍ“ ÌÉÆÍÄÁÉÓÀ ÃÀ
ÌÄÈÏÃÄÁÉÓ ÌÏÊËÄ ÌÉÌÏáÉËÅÀ

ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ, ÌÄÒÀÁ ÜÉØÅÉÍÉÞÄ, ÂÉÏÒÂÉ ÜÉÜÖÀ,
ÉÍÄÆÀ ÁÄÒÉÀÛÅÉËÉ, ÃÀÅÉÈ ÊÖÒÝáÀËÉÀ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÓÀÓßÀÅËÏ-ÓÀÌÄÝÍÉÄÒÏ ÝÄÍÔÒÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gllc.ge@gmail.com

2015 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ÊÉÃÄÅ
ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀ-
ÊÄÍ“.3

ÐÒÏÄØÔÉÓ ÌÉÆÀÍÉÀ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÅÄÁ-ÊÏÒÐÖÓÉÓ [1] ÀÂÄÁÀ,
ÒÀÝ ÌÄÔÀ-ØÓÄËÉÓ ÀÍÖ ÌÒÀÅÀËÄÍÏÅÀÍÉ ÄÅÒÏÐÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÃÀ×ÖÞÍÄÁÉÓ ØÓÄËÉÓ
ÍÀÛÒÏÌÉÈ „ÓÔÒÀÔÄÂÉÖËÉ ÊÅËÄÅÉÈÉ ÂÄÂÌÀ 2020 ßËÉÓ ÌÒÀÅÀËÄÍÏÅÀÍÉ ÄÅÒÏÐÉÓÀÈÅÉÓ“
ÃÀÂÄÂÌÉËÉ ÌÒÀÅÀËÄÍÏÅÀÍÉ ÄÅÒÏÐÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÃÀ×ÖÞÍÄÁÉÓ ÐÒÏÝÄÓÛÉ ØÀÒÈÖËÉ
ÄÍÉÓ ÃÒÏÖËÉ ÜÀÒÈÖËÏÁÉÓ ÖÆÒÖÍÅÄËÓÀÚÏ×ÀÃ ÓÒÖËÉÀÃ ÝáÀÃ ÀÖÝÉËÄÁËÏÁÀÓ ßÀÒÌÏÀÃ-
ÂÄÍÓ.

3ÄÓ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ
ÌÏØÌÄÃÉ áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [3] ÄÒÈ-ÄÒÈÉ
ÓÀÓÀ×ÖÞÅËÏÃ ÌÍÉÛÅÍÄËÏÅÀÍÉ ØÅÄÐÒÏÄØÔÉÀ.
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ÀÌÀÓÈÀÍ, ÌÉÆÍÉÓ ÌÉÙßÄÅÉÓ ÂÆÀÃ ÃÀÓÀáÖËÉÀ Ê.×áÀÊÀÞÉÓ ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ
ÂÒÀÌÀÔÉÊÀÆÄ [2] ÃÀÚÒÃÍÏÁÉÈ ÊÏÒÐÖÓÛÉ ÜÀÃÂÌÖËÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÉÍÔÄËÄØÔÖÀ-
ËÖÒÉ ÓÉÓÔÄÌÉÓ ÀÍÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉÓ ÀÂÄÁÀ [3] ÃÀ ÌÉÓÉ ÂÀ×ÀÒÈÏ-
ÄÁÀ ÒÏÂÏÒÝ áÌÉÃÀÍ-áÌÀÆÄ, ÉÓÄ ÔÄØÓÔÉÃÀÍ-ÔÄØÓÔÆÄ ÌÈÀÒÂÍÄËÏÁÉÈÉ ÖÍÀÒÄÁÉÈ.

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
AR/122/4-105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.

ËÉÔÄÒÀÔÖÒÀ

[1] K. Pkhakadze, G. Chichua, M. Chikvinidze, A. Maskharashvili, I. Beriashvili, An
overview of the trial version of the georgian self-developing intellectual corpus nec-
essary for creating georgian texts analyzer, speech processing, and automatic trans-
lation systems. Rep. Enlarged Sess. Semin. I. Vekua Inst. Appl. Math. 28 (2014),
70–75.

[2] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, À. ÌÀÓáÀÒÀÛÅÉËÉ, ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ
ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀÍÉ, (ÉÁÄàÃÄÁÀ) 2015.

[3] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ ÂÒÀÌÀÔÉÊÉÓ
ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀ ÓÀÉÍ×ÏÒÌÀÝÉÏ
ÔÄØÍÏËÏÂÉÄÁÛÉ“ ×ÀÒÂËÄÁÛÉ ÀÂÄÁÖËÉ áÌÉÈ

ÌÀÒÈÅÀÃÉ áÌÏÅÀÍÉ ØÀÒÈÖËÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ
ÊÏÌÐÉÖÔÄÒÖËÉ ÓÉÓÔÄÌÉÓ ÓÀÝÃÄËÉ ÓÀÉÍÔÄÒÍÄÔÏ

ÅÄÒÓÉÉÓ ÌÏÊËÄ ÌÉÌÏáÉËÅÀ
ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ, ÌÄÒÀÁ ÜÉØÅÉÍÉÞÄ, ÂÉÏÒÂÉ ÜÉÜÖÀ,

ÉÍÄÆÀ ÁÄÒÉÀÛÅÉËÉ, ÃÀÅÉÈ ÊÖÒÝáÀËÉÀ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÓÀÓßÀÅËÏ-ÓÀÌÄÝÍÉÄÒÏ ÝÄÍÔÒÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: gllc.ge@gmail.com

2013 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ N31/70 ÂÒÀÍÔÉÓ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ
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„ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀ ÓÀÉÍ×ÏÒÌÀÝÉÏ
ÔÄØÍÏËÏÂÉÄÁÛÉ“ [1].1

ÐÒÏÄØÔÉÈ ÃÀÂÄÂÌÉËÉ ÉÚÏ áÌÉÈ ÌÀÒÈÅÀÃÉ áÌÏÅÀÍÉ ØÀÒÈÖËÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ
ÊÏÌÐÉÖÔÄÒÖËÉ ÓÉÓÔÄÌÉÓ [2] ÀÍÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉÓ [3] ÓÀÝÃÄËÉ
ÃÄÓÊÔÏÐ ÅÄÒÓÉÉÓ ÀÂÄÁÀ. ãÂÖ×ÌÀ ÍÀÝÅËÀÃ ÃÀÂÄÂÌÉËÉÓÀ ÛÄÉÌÖÛÅÀ ÉÌÀÅÄ ÔÉÐÉÓ ÁÄÅÒÀÃ
Ö×ÒÏ ÌÒÀÅÀË×ÖÍØÝÉÖÒÉ ÓÀÉÍÔÄÒÍÄÔÏ ÓÉÓÔÄÌÀ. ÌÏáÓÄÍÄÁÉÓÀÓ ÌÉÌÏÅÉáÉËÀÅÈ ÀÌ ÓÉÓÔÄ-
ÌÀÓÀ ÃÀ ÌÉÓ ÉÌ ØÅÄÓÉÓÔÄÌÄÁÓ, ÒÏÌËÄÁÉÝ ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒ ÂÒÀÌÀÔÉÊÀÆÄ [4]
ÃÀÚÒÃÍÏÁÉÈÀÀ ÀÂÄÁÖËÉ ÃÀ ÒÏÌÄËÈÀÂÀÍ ÖÌÄÔÄÓÏÁÀ ÖÍÉÊÀËÖÒÉÀ ÉÌ ÂÀÂÄÁÉÈ, ÒÏÌ
ÌÀÈÉ ÓáÅÀ ØÀÒÈÖËÉ ÀÍÀËÏÂÄÁÉ ÀÒ ÀÒÓÄÁÏÁÓ.

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
FR/362/4-105/12 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ N31/70 ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.

ËÉÔÄÒÀÔÖÒÀ

[1] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, À. ÌÀÓáÀÒÀÛÅÉËÉ, ÐÒÏÄØÔÉ “ØÀÒÈÖËÉ
ÄÍÉÓ ËÏÂÉÊÖÒÉ ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀ ÓÀÉÍ×ÏÒÌÀÝÉÏ
ÔÄØÍÏËÏÂÉÄÁÛÉ" - ÓÀÓÀ×ÖÞÅËÏ ÛÄÃÄÂÄÁÉ ÃÀ ÌÉÓÀÙßÄÅÉ ÌÉÆÍÄÁÉ. ÓÔÖ-Ó 9 ßËÉÓÈÀ-
ÅÉÓÀÃÌÉ ÌÉÞÙÅÍÉËÉ ÓÀÄÒÈÀÛÏÒÉÓÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ÓÀÖÊÖÍÉÓ ÔÄØÍÏËÏÂÉÄÁÉÓ ÃÀ
ÂÀÍÅÉÈÀÒÄÁÉÓ ÞÉÒÉÈÀÃÉ ÐÀÒÀÃÉÂÌÄÁÉÓ“ ÛÒÏÌÄÁÉÓ ÊÒÄÁÖËÉ, ÂÅ. 138-146.

[2] K. Pkhakadze, G. Chichua, L. Abzianidze, A. Maskharashvili, 1-stage voice man-
aged Georgian intellectual computer system. Reports of the Seminar of VIAM 34
(2008), 96-107.

[3] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

[4] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, À. ÌÀÓáÀÒÀÛÅÉËÉ, ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ
ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀÍÉ, (ÉÁÄàÃÄÁÀ) 2015.

1ÄÓ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉ ÄÒÈ-ÄÒÈÉ ÓÀÓÀ×ÖÞÅËÏÃ ÌÍÉÛÅÍÄËÏÅÀÍÉ ØÅÄÐÒÏÄØÔÉÀ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ
ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ ÌÏØÌÄÃÉ áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓÀ „ØÀÒÈÖËÉ
ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [3].
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ØÀÒÈÖËÉ ÅÄÁ-ÂÅÄÒÃÄÁÉÓ áÌÏÅÀÍÉ ÌÀÒÈÅÄËÉÓ
ÓÀÝÃÄËÉ ÅÄÒÓÉÀ

ÊÏÍÓÔÀÍÔÉÍÄ ×áÀÊÀÞÄ, ÌÄÒÀÁ ÜÉØÅÉÍÉÞÄ, ÂÉÏÒÂÉ ÜÉÜÖÀ, ÃÀÅÉÈ ÊÖÒÝáÀËÉÀ

ÓÀØÀÒÈÅÄËÏÓ ÔÄØÍÉÊÖÒÉ ÖÍÉÅÄÒÓÉÔÄÔÉ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ
ÓÀÓßÀÅËÏ-ÓÀÌÄÝÍÉÄÒÏ ÝÄÍÔÒÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË-×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ:gllc.ge@gmail.com

2015 ßËÉÃÀÍ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ
ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ ÀÌÏØÌÄÃÃÀ ÐÒÏÄØÔÉ „ÊÉÃÄÅ
ÄÒÈÉ ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀ-
ÊÄÍ“.1

ØÀÒÈÖËÉ ÅÄÁ-ÂÅÄÃÒÄÁÉÓ áÌÏÅÀÍÉ ÌÀÒÈÅÉÓ ÓÉÓÔÄÌÉÓ ÐÉÒÅÄËÉ ÓÀÝÃÄËÉ ÅÄÒÓÉÀ ÜÅÄÍ
(Ê.×áÀÊÀÞÄ, Â.ÜÉÜÖÀ, Ì.ÜÉØÅÉÍÉÞÄ) ÂÅØÏÍÃÀ ÛÄÌÖÛÀÅÄÁÖËÉ ãÄÒ ÊÉÃÄÅ 2009 ßÄËÓ (Éá.
https://www.facebook.com/qartulienisteqnologizebiscentri?ref=hl ÌÉÓÀÌÀÒÈÆÄ).
ÓÉÓÔÄÌÉÓ ÂÀÖÌãÏÁÄÓÄÁÖËÉ ÅÄÒÓÉÀ ÛÄÌÖÛÀÅÃÀ 2015 ßÄËÓ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ
ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ N31/70 ÂÒÀÍÔÉÓ ÌáÀÒÃÀàÄÒÉÈ ÌÏØÌÄÃÉ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉÈ
„ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀ ÓÀÉÍ×ÏÒÌÀÝÉÏ
ÔÄØÍÏËÏÂÉÄÁÛÉ“ ßÀÒÌÏÄÁÖËÉ ÊÅËÄÅÄÁÉÓ ×ÀÒÂËÄÁÛÉ.

ÌÏáÓÄÍÄÁÉÓÀÓ ÌÉÌÏÅÉáÉËÀÅÈ ÀÌ ÓÉÓÔÄÌÉÓ ÀáÀË - ÂÀÖÌãÏÁÄÓÄÁÖË ÅÄÒÓÉÀÓ, ÒÏÌÄËÉÝ
ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ ÃÙÄÓ ÌÏØÌÄÃÉ ÐÒÏÄØÔÉÈ „ÊÉÃÄÅ ÄÒÈÉ
ÍÀÁÉãÉ ÌÏÓÀÖÁÒÄ ØÀÒÈÖËÉ ÈÅÉÈÂÀÍÅÉÈÀÒÄÁÀÃÉ ÉÍÔÄËÄØÔÖÀËÖÒÉ ÊÏÒÐÖÓÉÓÀÊÄÍ“ ßÀÒ-
ÌÏÄÁÖËÉ ÊÅËÄÅÄÁÉÓ ×ÀÒÂËÄÁÛÉ ÛÄÌÖÛÀÅÃÀ.

ÂÀÌÏØÅÄÚÍÄÁÀ ÌÏÌÆÀÃÃÀ ÛÏÈÀ ÒÖÓÈÀÅÄËÉÓ ÄÒÏÅÍÖËÉ ÓÀÌÄÝÍÉÄÒÏ ×ÏÍÃÉÓ ÌÉÄÒ
AR/122/4-105/14 ÐÒÏÄØÔÆÄ ÂÀÙÄÁÖËÉ ÓÀÂÒÀÍÔÏ ÌáÀÒÃÀàÄÒÉÈ.

ËÉÔÄÒÀÔÖÒÀ

[1] K. Pkhakadze, G. Chichua, M. Chikvinidze, A. Maskharashvili, I. Beriashvili, An
overview of the trial version of the georgian self-developing intellectual corpus nec-
essary for creating georgian texts analyzer, speech processing, and automatic trans-
lation systems. Rep. Enlarged Sess. Semin. I. Vekua Inst. Appl. Math. 28 (2014),
70–75.

[2] Ê. ×áÀÊÀÞÄ, Ì. ÜÉØÅÉÍÉÞÄ, Â. ÜÉÜÖÀ, À. ÌÀÓáÀÒÀÛÅÉËÉ, ØÀÒÈÖËÉ ÄÍÉÓ ËÏÂÉÊÖÒÉ
ÂÒÀÌÀÔÉÊÉÓ ÓÀ×ÖÞÅËÄÁÉ ÃÀ ÌÉÓÉ ÂÀÌÏÚÄÍÄÁÀÍÉ, (ÉÁÄàÃÄÁÀ) 2015.

1ÄÓ ÏÒßËÉÀÍÉ ÐÒÏÄØÔÉ ÓÔÖ ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÆÄÁÉÓ ÝÄÍÔÒÛÉ Ê.×áÀÊÀÞÉÓ áÄËÌÞÅÀÍÄËÏÁÉÈ
ÌÏØÌÄÃÉ áÀÍÂÒÞËÉÅÅÀÃÉÀÍÉ ÐÒÏÄØÔÉÓ „ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ“ [3] ÄÒÈ-ÄÒÈÉ
ÓÀÓÀ×ÖÞÅËÏÃ ÌÍÉÛÅÍÄËÏÅÀÍÉ ØÅÄÐÒÏÄØÔÉÀ.
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[3] Ê. ×áÀÊÀÞÄ, ØÀÒÈÖËÉ ÄÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÀÍÁÀÍÉ − XXI ÓÀÖÊÖÍÉÓ ÄÒÈ-ÄÒÈÉ
ÖÌÈÀÅÒÄÓ ØÀÒÈÖËÉ ÂÀÌÏßÅÄÅÀ. ÓÀÐÀÒËÀÌÄÍÔÏ ÊÏÍ×ÄÒÄÍÝÉÉÓ „ØÀÒÈÖËÉ ÄÍÀ −
21-Ä ÓÀÖÊÖÍÉÓ ÂÀÌÏßÅÄÅÄÁÉ“ ÛÒÏÌÄÁÉ, 95-102, 2013.

Multiple Walsh Series and Sets of Uniqueness
Mikhail Plotnikov

Vologda State Academy of Milk Industry, Chair of Mathematics and Mechanics
Vologda, Russia

email: mgplotnikov@gmail.com

The aim of our research is to study uniqueness problems for multiple series on the
Walsh system of functions {Wn}∞n=0. We will write MWS for those series.

Let {fn} be a system of function defined on some set X. Recall that a set A ⊂ X is
said to be a set of uniqueness (or U -set) for series

∑
n anfn(x), an ∈ R or C, if the only

series converging to zero on X \ A is the trivial series.
Denote by UMWS, rect the class of U -sets for rectangularly converging MWS and by

UMWS, λ, where λ ≥ 1, the one for λ-converging MWS. We notice that UMWS, λ $ UMWS, rect
whenever λ ≥ 1 (see [1]).

Subclasses of UMWS, rect have constructed in numerous works (Skvortsov, Movsisyan,
Lukomskii, Kholshchevnikova, Gogoladze, Zhereb’eva). For example, every countable
union of hyperplanes is a UMWS, rect-set. The widest known subclasses of UMWS, rect are
contained in [2] and [3].

In some papers of the author (see, for instance, [4], [5]) subclasses of UMWS, λ were
constructed. In particular, every countable intersection of various “chessboard” sets Rk

def
=

{t ∈ Gd : W2k,...,2k(t) = 1} belongs to UMWS, λ, for each λ ≥ 1. The mentioned results
were obtained for MWS defined on the dyadic product groups Gd. The problem whether
∅ ∈ UMWS, λ is still open if we consider MWS on the unit cube [0, 1]d.

We intend to discuss new results concerning U -sets for λ-converging MWS.
Acknowledgement. This research was supported by RFBR (grant no. 14-01-00417)

and the program “Leading Scientific Schools” (grant no. NSh-3682.2014.1).
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Uniqueness for Rearranged Multiple Haar Series
Mikhail Plotnikov, Julia Plotnikova

Vologda State Academy of Milk Industry, Chair of Mathematics and Mechanics,
Vologda, Russia

email: japlotnikova@yandex.ru, mgplotnikov@gmail.com

In 1870 Cantor proved the following theorem (see, for example, [1, vol. 1, Ch. 9]). Let
A ⊂ [0, 2π] be some finite set; if a trigonometric series (TS) converges to zero everywhere
on [0, 2π]\A, then (TS) is the trivial series, i.e. all coefficients of (TS) are equal to zero.
Further investigations show that the statement of the Cantor theorem remains true if any
countable set or even some uncountable set instead of finite set is considered.

Unlike trigonometric series, the Cantor type theorem for Haar ones holds only for
everywhere convergence. Uniqueness for multiply Haar series everywhere converging over
rectangles has proved in 1970s independently by Skvortsov, Ebralidze, and Movsisyan.

Uniqueness for multiple Haar series also holds if we consider λ-convergence, where
λ ≥ 2 (see [2]). However, uniqueness is violated for λ close to 1: for every λ ∈ [1,

√
2)

there exists a non-trivial double Haar series (MHS) such that (MHS) λ-converges to zero
everywhere on [0, 1]2 (see [2]). This fact was quite unexpected. Notice that the constant√
2 above is sharp (see [3]).

We intend to present results about uniqueness for rearranged multiple Haar series. In
papers [2]–[4] the fact that the Haar system has the natural order played an important
role.

Acknowledgement. The research of the first author was supported by RFBR (grant
no. 14-01-00417) and by the program ”Leading Scientific Schools” (grant no. NSh-
3682.2014.1).
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Convergence Rate of Stationary Distribution
of Retrial Queueing Systems

J. Protopop, I. Usar
Kyiv Taras Shevchenko National University, Cybernetics, Kyiv, Ukraine

email: usar69@ukr.net

A significant part of the queueing theory is the theory of systems with repeated calls.
The detailed overviews of the related references with retrial queues can be found in [1], [2].
These systems are widely used as mathematical models for the real systems in economics,
transport, computer network designing as well as in modern mobile communication sys-
tems etc.

In this work, we deal with retrial queues of the type MQ/M/m/∞ and MQ/M/m/N ,
m = 1, 2 in which intensity of primary call flow λj depends on the number j - of customers
in the orbit. The intensities of repeated calls ν and the service process µ are supposed to
be constant. Variable character of the input flow rate allows to consider the system under
threshold strategy which realizes the following algorithm of the service process control: we
set λj = λ1 if j = 0, 1, . . . , H and λj = λ2 if j = H+1, . . . . H is a threshold related to by
an jump-like way. Formulas for stationary distribution and conditions of their existence
for these systems were found in [3]. Changing intensity of input flow in models of this
type allows us to resolve optimization problems for them.

In this work we evaluate convergence rates of stationary distribution π
(N)
ij of systems

MQ/M/m/N to relevant distribution πij of systemsMQ/M/m/∞, m = 1, 2 with repeated
calls.
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Clark–Ocone Representation of Nonsmooth
Wiener Functionals

Omar Purtukhia
I. Javakhishvili Tbilisi State University, Department of Mathematics;

A. Razmadze Mathematical Institute, Tbilisi, Georgia
email: o.purtukhia@gmail.com

We have developed some methods of obtaining the stochastic integral representation
of nonsmooth (in the Malliavin sense) Wiener functionals. On the one hand, for receiving
obvious integral expressions, we use the result of stochastic integral representation proved
by us earlier, which demands smoothness only a conditional mathematical expectation of
the considered functional, instead of the usual requirement of smoothness of the functional
(as it was in the well-known Clark–Ocone formula). The second method is based on the
notion of semimartingale local time and the well-known theorem of Trotter–Mayer which
establishes the connection between a predictable square variation of a semimartingale and
its local time. The offered methods allow remove integral representation for the indicator
I{K1≤f(wT )≤K2} (which it is known that is not differentiable in Malliavin sense), for the
functional of integral type

∫ T

0
f(wt)I{K1≤g(wt)≤K2}dt (which it is proved that is also not

differentiable in Malliavin sense) and others.
Theorem 1. Let f be a nondecreasing function. Then we have

I{K1≤f(wT )≤K2} = Φ

[
f−1(K2)√

T

]
− Φ

[
f−1(K1)√

T

]

−
∫ T

0

{
φ

[
f−1(K2)− wt√

T − t

]
− φ

[
f−1(K1)− wt√

T − t

]}
dwt,

where Φ is the standard normal distribution function and φ is its density.
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Consider the Black-Scholes financial market model with Bt ≡ 1 and St = exp{σwt +

(µ− σ2/2)t}. Let dZt = −(µ/σ)Ztdwt, w̃t = wt + µt/σ, dP̃ = ZTdP.

Theorem 2. For the Wiener functional F =
∫ T

0
I{K1≤St≤K2}S

2
t dt the following stochastic

integral representation is valid

F =
1

σ2

∫ K2

K1

[Ẽ(|ST − x|)− |1− x|]dx+
∫ T

0

1

σ
StVtdw̃t,

where
Vt =

∫ K2

K1

{
1− 2Φ

[
lnx− σw̃t − σ2(T/2− t)

σ
√
T − t

]
− sgn (St − x)

}
dx.

Acknowledgement. Research partially supported by Shota Rustaveli National Sci-
entific Grant No FR/308/5-104/12.
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On a Question of A. Hinrichs and A. Pietsch
Oleg Reinov

St Petersburg State University, Dept. Math. Mech.
Saint Petersburg, Russia
email: orein51@mail.ru

We discuss the problems around a question, posed by A. Hinrichs and A. Pietsch [1]:
Suppose T is an operator acting between Banach spaces X and Y, and let s ∈ (0, 1). Is it
true that if T ∗ is s-nuclear then T is s-nuclear too?

As is well known, for s = 1, a negative answer was obtained already by T. Figiel
and W.B. Johnson in 1973. The following result (which is sharp in the scale of s-nuclear
operators in the sense of Theorem 2 below) gives one of the possible positive answers in
this direction. To formulate the theorem, we need a definition: Let 0 < q ≤ ∞ and
1/s = 1/q + 1. We say that X has the approximation property of order s, if for every
(xn) ∈ lq(X) (where lq(X) means c0(X) for q = ∞) and for every ε > 0 there exists a
finite rank operator R in X such that supn ||Rxn − xn|| ≤ ε.
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Theorem 1. If s ∈ [2/3, 1] and T is a linear operator with s-nuclear adjoint from
a Banach space X to a Banach space Y and if one of the spaces X∗ or Y ∗∗∗ has the
approximation property of order s, then the operator T is nuclear.
Remark. In the case where s = 2/3, a famous theorem due to A. Grothendieck says
that every Banach space has the corresponding approximation property and the result is
trivial. The case where s = 1 (Grothendieck’s AP) was firstly investigated in the paper
[8] by Eve Oja and the author [2].

The examples in the following result show that the condition ”X∗ or Y ∗∗∗ has the
approximation property of order s” is essential.
Theorem 2. For each s ∈ (2/3, 1] there exist a Banach space Zs and a non-nuclear
operator Ts : Z∗∗

s → Zs so that Z∗∗
s has the metric approximation property, Z∗∗∗

s has the
APr for every r ∈ (0, s) and T ∗

s is s-nuclear.
Remark. The space Z∗∗∗

1 is isomorphic to a space of type Z∗
1⊕E, where E is an asymptot-

ically Hilbertian space. This gives us one more example of an asymptotically Hilbertian
space which fails the approximation property.

Acknowledgement. The research was supported by the Grant Agency of RFBR
(grant No. 15-01-05796).
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The Estimation of Large Deviation
for the Response Function

Iryna Rozora
Taras Shevchenko National University of Kyiv, Department of Applied Statistics

Kyiv, Ukraine
email: irozora@bigmir.net

A time-invariant casual continuous linear Volterra system with response function
H(τ), τ ∈ R, is considered. It means that the real-valued function H(τ) = 0 as τ < 0,
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and the response of the system to an input process X(t), t ∈ R has such form

Y (t) =

∫ ∞

0

H(τ)X(t− τ)dτ. (1)

One of the problems arising in the theory of such systems is to estimate or identify
the function H by observations of the responses of the system. Here we use a method of
correlograms for the estimation of the response function H.

Assume that X = (X(t), t ∈ R) is a measurable real-valued stationary zero-mean
Gaussian process with known spectral density. The reaction of the system on an input
signal X is represented by (1).

The so-called cross-correlogram (or sample cross-correlogram function)

ĤT (τ) =
1

T

∫ T

0

Y (t+ τ)X(t)dt, τ > 0,

will be used as an estimator for H. Here T is the length of the averaging interval.
The inequality of large deviation probability for ĤT (τ) − H(τ) in uniform norm is

founded. The theory of Square-Gaussian Processes is used.

References
[1] V. V. Buldygin, Yu. V. Kozachenko, Metric Characterization of Random Variables

and Random Processes. (Translated from the 1998 Russian original) Translations of
Mathematical Monographs, 188. American Mathematical Society, Providence, RI,
2000.

The τSR-Analog of the Herbrand Method
of Automatic Theorem Proving

Khimuri Rukhaia1, Lali Tibua2

1 Faculty of Exact and Natural Sciences of I. Javakhishvili Tbilisi State University,
Sokhumi State University

2 Faculty of Exact and Natural Sciences of I. Javakhishvili Tbilisi State University,
Tbilisi Georgia

email: khimuri.rukhaia@gmail.com

We defined τSR-analog of Herbrand universe, Herbrand τSR-base,Herbrand τSR-
interpretation and the following theorems are proved.
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Theorem 1. If an interpretation I over some domain D satisfies a formula A of τSR-
logic, then any one of the τSR-interpretations I⋆ corresponding to I also satisfies a formula
A of τSR-logic.
Theorem 2. A formula A of τSR-logic is unsatisfiable if and only if A is false under all
the τSR-interpretation.

References
[1] Ch. L. Chang, R. Ch. Lee, Symbolic Logic and Mechanical Theorem Proving. Aca-

demic Press New York, San Francisco London, 1973.

[2] Kh. Rukhaia, L. Tibua, G. Chankvetadze, B. Dundua, One method of constructing
a formal system. Appl. Math. Inform. Mech. 11 (2006), no. 2, 81–89, 92–93.

[3] Sh. S. Phakadze, Some Questions of Notation Theory. (Russian) Izdat. Tbilis.
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The General Solution of the Homogeneous Riemann
Problem in the Weighted Smirnov Classes

Sabina Sadigova, Afet Jabrailova
Institute of Mathematics and Mechanics, National Academy of Sciences of Azerbaijan

Baku, Azerbaijan
email: s_sadigova@mail.ru, afet.cebrayilova@mail.ru

Let A (ξ) ≡ |A (ξ)| eiα(ξ), B (ξ) ≡ |B (ξ)| eiβ(ξ) be complex-valued functions given on
the curve Γ. We’ll assume that they satisfy the following basic conditions:

i) |A|±1, |B|±1 ∈ L∞ (Γ);
ii) α (ξ), β (ξ) are piecewise-continuous on Γ and let

{
ξk , k = 1, r

}
⊂ Γ be disconti-

nuity points of the function θ (ξ) ≡ β (ξ)− α (ξ).
For the curve Γ we require the following conditions be fulfilled:
iii) Γ is any Lyapunov or Radon curve (i.e. it is a curve of bounded rotation without

cusps). We’ll assume that the direction along Γ is positive, i.e. while moving in this
direction, the domain D remains in the left side. Let a ∈ Γ be a start point (also an end
point) of the curve Γ. We’ll assume that ξ ∈ Γ follows the point τ ∈ Γ, i.e. τ ≺ ξ, if ξ
follows τ while moving in positive direction along Γ\a, where a ∈ Γ is the junction of two
points a+ = a−, a+ is the start point and a− is the end point of the curve Γ.



162 Abstracts of Participants’ Talks Batumi, July 12–16, 2015

Consider the following homogeneous Riemann problem in the weighted classes
Ep,ρ (D

+)×m Ep,ρ (D
−) :

A (ξ)F+ (ξ) + B (ξ)F− (ξ) = 0, a.e. ξ ∈ Γ. (1)

The following theorem is true.
Theorem. Let the conditions i)–iii) be fulfilled with respect to the complex-valued functions
A (ξ) , B (ξ) and the curve Γ. Assume that with respect to jumps {hk} and the weight
function ρ (ξ) the conditions

hk
2π

< 1 , k = 0, r,∫ S

0

σpp1 (s) ρp1 (z (s)) ds < +∞,∫ S

0

σ−qp2 (s) ρ−
q
p
p2 (z (s)) ds < +∞

are fulfilled. Then the general solution of the homogenous problem (1) has a representation

F (z) ≡ Z (z)Pm (z)

in classes Ep,ρ (D
+) ×m Ep,ρ (D

−), where Z (z) is a canonical solution, and Pm (z) is an
arbitrary polynomial of order k ≤ m.

Bohr Radii of Elliptic Regions
Nazim Sadik

Istanbul, Turkey
email: sadnaz@mail.ru

In this talk we use Faber series to define the Bohr radius for a simply connected planar
domain bounded by an analytic Jordan curve. We estimate the value of the Bohr radius
for elliptic domains of small eccentricity and show that these domains do not exhibit Bohr
phenomenon when the eccentricity is large. We obtain the classical Bohr radius as the
eccentricity tends to 0.
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Mathematical Modeling of the Dynamics
of a Blocky Medium Taking into account
the Nonlinear Deformation of Interlayers

Oxana V. Sadovskaya, Vladimir M. Sadovskii
Institute of Computational Modeling SB RAS

Krasnoyarsk, Russia
o_sadov@icm.krasn.ru

Many natural materials, such as rocks, are characterized by inhomogeneous blocky-
hierarchical structure. The blocky structure is observed at different levels of scale: from
the size of crystal grains to large blocks of a rock body, separated by faults. The blocks
are connected to each other by means of interlayers of a rock with substantially more
compliant mechanical properties. The blocky structure is also found in many artificial
materials, especially in a masonry. The presence of such a structure has a significant
influence on the dynamic processes, occurring under the action of external perturbations.
In this case, classical models of the mechanics of deformable media are not applicable for
the description of wave motions.

In this report parallel computational algorithms, based on mathematical models of
the inhomogeneous elasticity theory taking into account linear and nonlinear behaviour of
interlayers and the Cosserat elasticity theory [1], are applied to the analysis of propagation
of elastic waves in materials with layered and blocky microstructure. These algorithms
are realized as parallel program systems for multiprocessor computers of the cluster type
using the MPI library. Monotone grid-characteristic schemes with a balanced number of
time steps in elastic layers or blocks and in viscoelastic interlayers are used.

The next rheological schemes of mathematical models of the interaction of elastic
blocks through compliant interlayers are considered: the simplest scheme of an elastic
interlayer, the scheme taking into account viscous deformations, and the scheme of non-
linear contact interaction taking into account different resistance of the interlayer material
to tension and compression. Governing equations of the models are obtained using the
generalized rheological method [1]. The algorithms of numerical realization of these equa-
tions, which play the role of internal boundary conditions for the equations of the linear
elasticity theory, recorded in each of the blocks, are developed.

In 1D problem about the propagation of short-time impulses of pressure through a laye-
red medium with thin viscoelastic interlayers the dependence of frequency of the pendulum
wave on the compliance of a material of interlayers was analyzed. 2D computations for
the Lamb problem about a localized impulse action on a homogeneous elastic half-plane
and on a half-plane, filled with a micro-inhomogeneous medium with rotational degrees
of freedom, were carried out. The main qualitative distinction is that specific waves of
pendulum type appear behind the front of transverse wave in the Cosserat medium.
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This work was supported by the Russian Foundation for Basic Research (grant no.
14-01-00130).
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Analysis of Resonant Excitation of a Blocky Media
Based on Discrete Models

Vladimir M. Sadovskii, Evgenii P. Chentsov
Institute of Computational Modeling SB RAS

Krasnoyarsk, Russia
email: sadov@icm.krasn.ru

To analyze a wave motion in an inhomogeneous deformable medium, discrete and
continuous models are proposed. In the simplest discrete model of multilayered media
with compliant interlayers, a linear chain of particles (material points) is considered.
Particles are successively connected among themselves by elastic springs. In monoatomic
chain masses of all particles and springs stiffnesses are equal. Such approximation is
possible in the case of thin interlayers, so their masses can be neglected. In diatomic
chain two different masses alternate, so one may consider them as masses of layers and
interlayers, respectively. Wave processes (in particular, resonances caused by external
periodic perturbations) were investigated using linear and non-linear approaches. It was
shown that, allowing for viscosity forces in the chain, resonance amplitudes become finite;
resonant frequency spectrum rearranges if defects of constraints appear.

The simplest continuous model of a deformable medium with microstructure is formu-
lated in terms of one-dimensional wave equation. This equation may be derived from the
discrete chain model, when the number of particles tending to infinity, suggesting that
density and elastic wave velocity are constant. More complicated model that accounts
rotational degrees of freedom of the chain leads to equations of the Cosserat continuum.
Resonance properties of the Cosserat continuum were studied in [1, 2] within the frame-
work of the spatial stress–strain state model. It has been found that there exists a reso-
nance frequency associated with rotational motion of particles, which is independent on
the size of a specimen and on the type of boundary conditions.
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In this report the resonance processes (in the context of discrete models with different
complexity level) in inhomogeneous materials with blocky and layered microstructure
are analyzed. Eigenfrequencies of longitudinal particle motion in the linear monoatomic
chain, that imitates a blocky medium, are calculated with different boundary conditions.
To analyze a behaviour of the chain in resonant frequencies neighbourhood, spectral
portraits were built. It was shown that in the passage to the limit from the model of
monoatomic chain with elastic constraints that accounts particles rotation resistance to
the Cosserat continuum model, a specific resonant frequency exudes. This frequency does
not depend on the chain length.

This work was supported by the Russian Foundation for Basic Research (grant no.
14-01-00130).
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Commutative C∗-Algebra of Toeplitz Operators
on the Superball

Armando Sánchez-Nungaray
Universida Veracruzana, Mexico

email: sancheznungaray@gmail.com

In this talk we study Toeplitz operators acting on the super Bergman space on the
superball. We consider five different types of commutative super subgroups of the biholo-
morphisms of the superball or the super Siegel domain and we prove that the C∗-algebras
generated by Toeplitz operators whose symbols are invariant under the action of these
groups are commutative.

The talk is based on joint work with R. Quiroga-Barranco.
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Quadrature Formulas of High Accuracy
for Cauchy Type Singular Integrals and

Some of Their Applications
Jemal Sanikidze, Kote Kupatadze

Georgian Technical University
N. Muskhelishvili Institute of Computational Mathematics

Tbilisi, Georgia
email: j_sanikidze@yahoo.com

Quadrature formulas with Cauchy type singularity whose accuracy are higher than
that of interpolational type formulas are considered.

Questions of their application to various problems of harmonic functions and theory
of elasticity are studied.

Stability and Accuracy of RBF Direct Method
for Solving a Dynamic Investment Model

Ahmad Shayganmanesh, Ahmad Saeedi
Department of Mathematics, Iran University of Science and Technology

Tehran, Iran
email: golbabai@iust.ac.ir

In this paper we consider a Dynamic investment model. In the model, firm’s objective
is maximizaing discounted sum of profits over an interval of time. The model assumes
that firm’s capital in time t increases with investment and decreases with depreciation
rate that can be expressed by means of differential equation.

We propose a direct method for solving the problem based on Radial Basis Func-
tions(RBFs). The authors describe operational matrices of RBFs and use them to reduce
the variational problem to a static optimization problem which can be solved via some
optimization techniques. Next, we describe some economic interpretation of the solution.
Finally, the accuracy and stability of the Multiquadric (MQ), Inverse Multiquadric (IMQ)
RBFs are illustrated by conducting some numerical experiments.

Keywords: RBFs, accuracy, stability, variational problems, Dynamic Investment
problem.

2010 Mathematics Subject Classification. 49Mxx; Secondary 37Mxx.



ÁÀÈÖÌÉ, 12–16 ÉÅËÉÓÉ, 2015 ÌÏÍÀßÉËÄÈÀ ÌÏáÓÄÍÄÁÄÁÉÓ ÈÄÆÉÓÄÁÉ 167

ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÂÀÍÔÏËÄÁÄÁÉÓ
ÀÅÔÏÌÏÃÄËÖÒÉ ÀÌÏÍÀáÓÍÄÁÉÓ

ÌÏÞÄÁÍÉÓ ÄÒÈÉ ÀËÂÏÒÉÈÌÉÓ ÛÄÓÀáÄÁ
ÍÖÂÆÀÒ ÓáÉÒÔËÀÞÄ

ÊÀÅÊÀÓÉÉÓ ÖÍÉÅÄÒÓÉÔÄÔÉ, ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

×ÉÆÉÊÖÒ ÓÉÃÉÃÄÈÀ ÂÀÍÆÏÌÉËÄÁÉÓ ÈÄÏÒÉÉÓ ÓÀ×ÖÞÅÄËÆÄ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÂÀÍ-
ÔÏËÄÁÄÁÉÓ ÀÅÔÏÌÏÃÄËÖÒÉ ÀÌÏÍÀáÓÍÄÁÉÓ ÀÂÄÁÀ ÓÀÊÅËÄÅÉ ÏÁÉÄØÔÉÓ ÈÅÉÓÏÁÒÉÅÉ ÈÀÅÉÓÄ-
ÁÖÒÄÁÄÁÉÓ ÃÀÃÂÄÍÉÓ ÛÄÓÀÞËÄÁËÏÁÉÓ ÂÀÒÃÀ, ÌÍÉÛÅÍÄËÏÅÀÍÉÀ ÒÏÂÏÒÝ ÛÄÓÀÁÀÌÉÓÉ
ÌÀÈÄÌÀÔÉÊÖÒÉ ÌÏÃÄËÉÓ ÒÉÝáÅÉÈÉ ÀÌÏáÓÍÉÓ ÀËÂÏÒÉÈÌÉÓ ÔÄÓÔÉÒÄÁÉÓ ÓÀÛÖÀËÄÁÀ.

ÌÏáÓÄÍÄÁÀ ÄÞÙÅÍÄÁÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÄÅÏËÖÝÉÖÒÉ ÂÀÍÔÏËÄÁÄÁÉÓ ÀÅÔÏÌÏÃÄ-
ËÖÒÉ ÀÌÏÍÀáÓÍÄÁÉÓ ÀÂÄÁÉÓ ÄÒÈ ÀËÂÏÒÉÈÌÓ, ÒÏÌËÉÓ ÌÉáÄÃÅÉÈÀÝ ÈÀÍÌÉÌÃÄÅÒÏÁÉÈ
ÀÒÉÓ ÂÀßÄÒÉËÉ ÈÉÈÏÄÖËÉ ÍÀÁÉãÉÓ ÀÒÓÉ ÃÀ ÐÒÏÝÄÃÖÒÀ.

Solution of the Nonclassical Problems of Stationary
Thermoelastic Oscillation

K. Skhvitaridze, M. Kharashvili, E. Elerdashvili
Georgian Technical University, Department of Mathematics

Tbilisi, Georgia
email: ketiskhvitaridze@yahoo.com

We consider the stationary oscillation case of the theory of linear thermoelasticity with
microtemperatures of materials. The boundary value problem of oscillation is investigated
when the normal components of displacement and the microtemperature vectors and
tangent components of rotation vectors are given on the spherical surfaces. Uniqueness
theorems are proved. We construct an explicit solutions in the form of absolutely and
uniformly convergent series.
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Some Properties of the Fundamental Solution
to the Generalized Maxwell’s Body

Movement Equation
Teimuraz Surguladze

Akaki Tsereteli State University
Kutaisi, Georgia

email: temsurg@yahoo.com

For the generalized Maxwell’s body the constitutive relationship has a form:

σ(t) = E
[
1− 1

ηβ
E ∗
β−1

(
− 1

ηβ

)]
e(t),

where E ∗
β−1

(
− 1

ηβ

)
is the operator the kernel of which is the fractional-exponential function.

The equation of movement in displacements has form

P

(
∂

∂t
,
∂

∂x

)
u(t, x) =

1

ρ
f(t, x),

where u(t, x) is the material element movement, f(t, x) external loading, operator P
(

∂
∂t
, ∂
∂x

)
has a form P

(
∂
∂t
, ∂
∂x

)
= ∂2

∂t2
− ∂2

∂x2 + Φ(t) ∗ ∂2

∂x2 Φ(t) = Eβ−1

(
− 1

ηβ

)
.

The operation of convolution concerning a variable t, is denoted by “∗”.
Let us denote by Υ(t, x) the fundamental solution of the operator P

(
∂
∂t
, ∂
∂x

)
.

The following theorems are true.
Theorem 1. If there exists a small value, ε > 0 such as 3

4
+ ε ≤ β < 1, then

lim
t→|x|+0

Υ(t, x) =

{
0, x ̸= 0,
1
2
, x = 0.

Theorem 2. Let ∃δ > 0 such that β ≥ 1 − δ, then the fundamental solution Υ(t, x) of
the operator P

(
∂
∂t
, ∂
∂x

)
is the smooth function for t > |x|, x ̸= 0, and

lim
x→±0

∂

∂x
Υ(t, x) = ∓ 1

2ηβΓ(β)
tβ−1, t > 0.
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The Plane Problem of the Theory of Elastic Mixture
for a Polygonal Domain with a Rectilinear Cut

Kosta Svanadze
Akaki Tsereteli State University, Kutaisi, Georgia

email: kostasvanadze@yahoo.com

The plane problem of statics of the linear theory of elastic mixture for a polygonal
domain with a rectilinear cut is considered under the condition that uniformly distributed
stretching forces or normal displacements are prescribed on the external boundary of the
domain, while the cut edges are free from external forces.

To solve the problem we use the generalized formulas due to Kolosov–Muskhelishvili
and the method described in [1].

References
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ÌÀÈÄÌÀÔÉÊÉÓ ÓßÀÅËÄÁÉÓ ÈÀÍÀÌÄÃÒÏÅÄ ÌÄÈÏÃÄÁÉ
STEM ÓÐÄÝÉÀËÏÁÄÁÆÄ

ÊÀáÀÁÄÒ ÈÀÅÆÀÒÀÛÅÉËÉ, ØÄÈÄÅÀÍ ÊÖÈáÀÛÅÉËÉ

ÉÍ×ÏÒÌÀÔÉÊÉÓ, ÉÍÑÉÍÄÒÉÉÓÀ ÃÀ ÌÀÈÄÌÀÔÉÊÉÓ ÓÊÏËÀ, ÓÀØÀÒÈÅÄËÏÓ ÖÍÉÅÄÒÓÉÔÄÔÉ
ÈÁÉËÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË. ×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: kakha.tavzarashvili@gmail.com, kkutkhashvili@yahoo.com

ØÅÄÚÍÉÓ ÔÄØÍÏËÏÂÉÖÒÉ ÃÀ ÄÊÏÍÏÌÉÊÖÒÉ ÂÀÍÅÉÈÀÒÄÁÉÓÈÅÉÓ ÌÍÉÛÅÍÄËÏÅÀÍÉÀ ÌÀÈÄÌÀ-
ÔÉÊÖÒÉ ÂÀÍÀÈËÄÁÉÓ áÀÒÉÓáÉÓ ÂÀÖÌãÏÁÄÓÄÁÀ ÉÓÄÈ ÓÐÄÝÉÀËÏÁÄÁÆÄ, ÒÏÂÏÒÉÝÀÀ ÌÄÝÍÉ-
ÄÒÄÁÀ, ÔÄØÍÏËÏÂÉÀ, ÉÍÑÉÍÄÒÉÀ ÃÀ ÌÀÈÄÌÀÔÉÊÀ (STEM).

ÈÀÍÀÌÄÃÒÏÅÄ ÌÏÈáÏÅÍÄÁÉÓ ÛÄÓÀÁÀÌÉÓÉ ÊÏÌÐÄÔÄÍÝÉÄÁÉÓ ÌØÏÍÄ ÓÐÄÝÉÀËÉÓÔÉÓ ÌÏÌÆÀÃÄ-
ÁÀ ÆÏÂÀÃÀÃ ÉÍÑÉÍÄÒÉÀÛÉ ÃÀ ÊÄÒÞÏÃ ÊÏÌÐÉÖÔÄÒÖË ÌÄÝÍÉÄÒÄÁÄÁÛÉ ÂÖËÉÓáÌÏÁÓ ÓßÀÅËÄ-
ÁÉÓ ÀáËÉ ÔÄØÍÏËÏÂÉÄÁÉÓ ÃÀÍÄÒÂÅÀÓ. ÓÀÉÍÑÉÍÒÏ ÃÀ ÊÏÌÐÉÖÔÄÒÖË ÌÄÝÍÉÄÒÄÁÄÁÛÉ
ÌÀÈÄÌÀÔÉÊÖÒÉ ÓÀÂÍÄÁÉ ØÌÍÉÀÍ ÉÌ ×ÖÍÃÀÌÄÍÔÓ, ÒÀÆÄÝ ÛÄÌÃÄÂ ÀÂÄÁÖËÉÀ ÓÐÄÝÉÀËÉÆÀÝÉÉÈ
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ÂÀÈÅÀËÉÓßÉÍÄÁÖËÉ ÌÈÄËÉ ÒÉÂÉ ÃÉÓÝÉÐËÉÍÄÁÉ. ÓÀÉÍÑÉÍÒÏ ÃÀÒÂÄÁÛÉ ÌÀÙÀËÊÅÀËÉ×ÉÝÉ-
ÖÒÉ ÃÀ ÊÏÍÊÖÒÄÍÔÖÍÀÒÉÀÍÉ ÓÐÄÝÉÀËÉÓÔÉÓ ÌÏÌÆÀÃÄÁÀ ÌÏÉÈáÏÅÓ ÌÀÈÄÌÀÔÉÊÖÒ ÂÀÍÀÈ-
ËÄÁÀÓ. ÀØÄÃÀÍ ÂÀÌÏÌÃÉÍÀÒÄ, ÀÖÝÉËÄÁÄËÉÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ÓÀÂÍÄÁÉÓ ÛÉÍÀÀÒÓÉÓÀ ÃÀ
ÓßÀÅËÄÁÉÓ ÌÄÈÏÃÄÁÉÓ ÂÀÖÌãÏÁÄÓÄÁÀ ÈÀÍÀÌÄÃÒÏÅÄ ÌÏÈáÏÅÍÄÁÉÓ ÛÄÓÀÁÀÌÉÓÀÃ. ÌÀÈÄÌÀ-
ÔÉÊÖÒÉ ÂÀÍÀÈËÄÁÉÓ ÂÀÖÌãÏÁÄÓÄÁÀ ÂÖËÉÓáÌÏÁÓ ÌÀÈÄÌÀÔÉÊÉÓ ÓÀÂÍÄÁÉÓ ÊÏÍÊÒÄÔÖË
ÃÀÒÂÆÄ ÌÏÒÂÄÁÖË ÓßÀÅËÄÁÀÓ ÃÀ ÈÀÍÀÌÄÃÒÏÅÄ ÓÀÂÀÍÌÀÍÀÈËÄÁËÏ ÔÄØÍÏËÏÂÉÄÁÉÓÀ
ÃÀ ÄËÄØÔÒÏÍÖËÉ ÓßÀÅËÄÁÉÓ ÌÄÈÏÃÄÁÉÓ ÃÀÍÄÒÂÅÀÓ ÓßÀÅËÄÁÉÓ ÐÒÏÝÄÓÛÉ.

ÓÀØÀÒÈÅÄËÏÓ ÖÍÉÅÄÒÓÉÔÄÔÉ ÜÀÒÈÖËÉÀ TEMPUS-ÉÓ ÐÒÏÄØÔÛÉ (MATHGEAR), ÒÏÌ-
ËÉÓ ÞÉÒÉÈÀÃÉ ÌÉÆÀÍÉÀ STEM ÓÐÄÝÉÀËÏÁÄÁÉÓ ÓÔÖÃÄÍÔÄÁÉÓÀÈÅÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÓÀÂÍÄÁÉÓ
ÓßÀÅËÄÁÉÓ ÀáÀËÉ ÌÄÈÏÃÏËÏÂÉÄÁÉÓ ÃÀÍÄÒÂÅÀ ÓÀØÀÒÈÅÄËÏÓ ÒÉÂ ÖÌÀÙËÄÓ ÓÀÓßÀÅËÄÁ-
ËÄÁÛÉ. ÐÒÏÄØÔÛÉ ÃÀÂÄÂÌÉËÉÀ ÓßÀÅËÄÁÉÓ ÐÒÏÝÄÓÛÉ ÓáÅÀÃÀÓáÅÀ ÊÏÌÐÉÖÔÄÒÖËÉ ÐÒÏÂ-
ÒÀÌÄÁÉÓ (Math-Bridge, MatLab, GeoGebra ÃÀ ÓáÅÀ) ÂÀÌÏÚÄÍÄÁÀ.

ÌÏáÓÄÍÄÁÀÛÉ ßÀÒÌÏÃÂÄÍÉËÉ ÉØÍÄÁÀ STEM ÓÐÄÝÉÀËÏÁÄÁÆÄ ÌÀÈÄÌÀÔÉÊÖÒ ÓÀÂÍÄÁÛÉ
ÈÀÍÀÌÄÃÒÏÅÄ ÊÏÌÐÉÖÔÄÒÖËÉ ÔÄØÍÏËÏÂÉÄÁÉÓ ÂÀÌÏÚÄÍÄÁÉÓ ÛÄÓÀÞËÄÁËÏÁÄÁÉ, ÌÀÈÄÌÀÔÉ-
ÊÉÓ ÓßÀÅËÄÁÉÓ ÐÒÏÂÒÀÌÉÓ ÞÉÒÉÈÀÃÉ ÓÔÒÖØÔÖÒÀ ÃÀ ÐÒÏÄØÔÉÓ ×ÀÒÂËÄÁÛÉ ÌÉÙßÄÖËÉ
ÛÄÃÄÂÄÁÉ.

On the Partial Sums of Vilenkin-Fourier Series
on the Martingale Hardy Spaces

George Tephnadze
Ivane Javakhishvili Tbilisi State University, Department of Mathematics,

Tbilisi, Georgia;
Luleå University of Technology, Department of Engineering Sciences and Mathematics,

Luleå, Sweden
email: giorgitephnadze@gmail.com

In [2] (see also [3]) it was proved that the maximal operator of partial sums S∗ :=
supn∈N |Snf | , with respect to Vilenkin systems is not bounded from the maringale Hardy
space Hp to the space Lp, when 0 < p ≤ 1.

On the other hand, it is well known (for details see e.g. [1], [4] and [5]) that the
restricted maximal operator S#f = supn∈N |S2nf | with respect to Walsh system (Walsh
system is an example of Vilenkin systems) is bounded from the martingale Hardy space
Hp to the space Lp for p > 0.

This lecture is devoted to review the boundedness of subsequences of partial sums
with respect to Vilenkin systems on the Hardy spaces, when 0 < p ≤ 1. In particular, we
characterise a maximal subspaceQ of natural numbers N, such that the restricted maximal
operator S#,∗f = supnk∈Q⊂N |Snk

f | is bounded from the martingale Hardy spaces Hp to
the space Lp for 0 < p ≤ 1.
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In the talk will be also review boundedness (or even the ratio of divergence of the norm)
of the subsequence of partial sums of the Vilenkin-Fourier series of Hp martingales in terms
of measurable properties of a Dirichlet kernel corresponding to partial summing. As a
consequence we get the corollaries about some convergence and divergence of some specific
subsequences of partial sums. For p = 1 the simple numerical criterion for the index of
partial sum in terms of its dyadic expansion is given which governs the convergence (or
the ratio of divergence). Moreover we find a relationship of the ratio of convergence of the
partial sum of the Vilenkin series with the modulus of continuity of a martingale. The
conditions are in a sense necessary and sufficient.
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ÄÒÈÄÖËÏÅÀÍ ßÒÄÛÉ ÁËÉÀÛÊÄÓ ÔÉÐÉÓ ÍÀÌÒÀÅËÉÓ
ÓÀÓÀÆÙÅÒÏ ÈÅÉÓÄÁÄÁÉÓ ÛÄÓÀáÄÁ

Â. ÈÄÈÅÀÞÄ

ÀÊÀÊÉ ßÄÒÄÈËÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ØÖÈÀÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÝÍÏÁÉËÉÀ, ÒÏÌ ÈÖ λ+1 ÍÀÔÖÒÀËÖÒÉ ÒÉÝáÅÉÀ, 0 < |an| ≤ |an+1| < 1, lim
n→∞

|an| = 1,

|z| < 1, ÌÀÛÉÍ ÁËÉÀÛÊÄÓ ÔÉÐÉÓ ÍÀÌÒÀÅËÉ

B(z, λ, (an)) = zλ
∞∏
n=1

(
1− 1− |an|2

a− anz

)
exp

( n∑
k=1

1

k

(1− |an|2
a− anz

))
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ÀÍÀËÉÆÖÒÉ ×ÖÍØÝÉÀÀ ÄÒÈÄÖËÏÅÀÍ ßÒÄÛÉ, ÍÖËÄÁÉÈ

0, 0, . . . , 0︸ ︷︷ ︸
λ

, a1, a2, . . . , an, . . . .

ÈÄÏÒÄÌÀ. ÈÖ B(z, λ, (an)) ÁËÉÀÛÊÄÓ ÔÉÐÉÓ ÍÀÌÒÀÅËÉÀ ÄÒÈÄÖËÏÅÀÍ ßÒÄÛÉ ÃÀ (ank
)

ØÅÄÌÉÌÃÄÅÒÏÁÀ ÀÊÌÀÚÏ×ÉËÄÁÓ ÐÉÒÏÁÄÁÓ

lim
k→∞

ank
= eiθ, lim

k→∞

1− |ank
|

|eiθ − ank
|
≥ 1

2
, lim

k→∞

|ank
− ank+1

|
|eiθ − ank

|
= 0,

ÌÀÛÉÍ
lim
r→1

B(reiθ, λ, (an)) = 0.

On the Solvability of General Boundary Value
Problems for Nonlinear Difference Systems

Anika Toloraia
Sukhumi State University, Faculty of Mathematics and Computer Sciences, Doctoral

student, Tbilisi, Georgia
email: Anikatoloraia@gmail.com

We consider the problem on the solvability of the system of nonlinear discrete equations

∆y(l − 1)=g(l, y(l), y(l − 1)) for l ∈ Nm0 (1)

under the boundary value condition

ζ(y) = 0, (2)

where m0 ≥ 2 is a fixed natural number, Nm0 = {1, . . . ,m0}, the vector-function g

belongs to discrete Carathéodory class Car(Nm0 × Rn, Rn), and ζ : E(Ñm0 , R
n) → Rn,

Ñm0 = {0, 1, . . . ,m0}, is a continuous, nonlinear in general, vector-functional.
There are given the sufficient, among them effective, conditions for solvability and

unique solvability of the general nonlinear discrete boundary value problem (1), (2) in the
case when the right part is quasi-linear with respect to the phase variables.

Analogous problems are investigated in [1]–[4] (see also the references therein) for
the general nonlinear boundary value problems for ordinary differential and functional-
differential systems.
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About Solving of Large Scale Electromagnetic
Problem

P. Tsereteli1,2, G. Gabriadze1,3, R. Jobava1

1 EMCoS Ltd, Tbilisi, Georgia
2 St. Andrew the First-Call Georgian University of Patriarchate of Georgia,

Tbilisi, Georgia
3 I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

email: paata.tsereteli@gmail.com

The given report describes some ways for acceleration of solution of large scale and
complex electromagnetic (EM) problems by Method of Moments (MoM), which is gen-
erally used technique and finally lead to the solution of linear system of equations with
complex coefficients [1]. Solution of such system when number of unknowns is very large
(100,000 and more) requires big computational time and large amount of computer mem-
ory. For reducing required memory and speed up calculation time we use ACA (Adaptive
Cross Approximation) algorithm [2]. This method divides a matrix into blocks and the
most part of them are decomposed via ACA, requiring significantly less memory. Com-
pressible matrices and their low rank approximations fundamentally mean that most of
the blocked MoM system matrix equation elements, before compression, contain very lit-
tle physical information. After such decomposition system may be solved iteratively or
directly. As an iterative solver BICGSTAB (BiConjugate Gradient Stabilized) method is
used. In order to improve convergence of iterative process SPAI (Sparse Approximation
Inverse) preconditioner is applied [3]. In some cases many right-hand sides of system
are obtained and efficiency of iterative solver can fall. In such cases direct methods may
be more effective. After ACA decomposition LU-factorization and LU-solve may be ap-
plied [4].
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ÀÒÀÓÀÊÖÈÒÉÅÉ ÉÍÔÄÂÒÀËÉÓ ÂÀÍÛËÀÃÏÁÉÓ
ÆÏÂÉÄÒÈÉ ÊÒÉÔÄÒÉÖÌÉÓ ÛÄÓÀáÄÁ

ËÀÌÀÒÀ ÝÉÁÀÞÄ

ÀÊÀÊÉ ßÄÒÄÈËÉÓ ÓÀáÄËÌßÉ×Ï ÖÍÉÅÄÒÓÉÔÄÔÉ
ØÖÈÀÉÓÉ, ÓÀØÀÒÈÅÄËÏ

ÄË.×ÏÓÔÉÓ ÌÉÓÀÌÀÒÈÉ: lamaratsibadze@mail.ru

ÍÀÛÒÏÌÛÉ ÌÏÚÅÀÍÉËÉÀ ÀÒÀÓÀÊÖÈÒÉÅÉ ÉÍÔÄÂÒÀËÉÓ ÂÀÍÛËÀÃÏÁÉÓ ÆÏÂÉÄÒÈÉ ÊÒÉÔÄ-
ÒÉÖÌÉ. ÄÓ ÊÒÉÔÄÒÉÖÌÄÁÉ, ÓÀÛÖÀËÄÁÀÓ ÉÞËÄÅÀ ÅÀÜÅÄÍÏÈ ÓÀÊÌÀÏÃ ÒÈÖËÉ ÉÍÔÄÂÒÀËÄÁÉÓ
ÂÀÍÛËÀÃÏÁÀ. ÀÙÍÉÛÍÖËÉ ÊÒÉÔÄÒÉÖÌÄÁÉ ÓÀÅÀÒãÉÛÏÄÁÉÓ ÓÀáÉÈ ÀÒÉÓ ßÀÒÌÏÃÂÄÍÉËÉ
ÃÀÅÉÃÏÅÉÓ, ÊÏÒÏÅÊÉÍÉÓÀ ÃÀ ÍÉÊÏËÓÊÉÓ ÌÀÈÄÌÀÔÉÊÖÒÉ ÀÍÀËÉÆÉÓ ÀÌÏÝÀÍÀÈÀ ÊÒÄÁÖËÛÉ.



ÁÀÈÖÌÉ, 12–16 ÉÅËÉÓÉ, 2015 ÌÏÍÀßÉËÄÈÀ ÌÏáÓÄÍÄÁÄÁÉÓ ÈÄÆÉÓÄÁÉ 175

About Chippot Method of Solution of Different
Dimensional Kirchhoff Static Equations

Zviad Tsiklauri
Georgian Technical University, Department of mathematics

Tbilisi, Georgia
email: zviad_tsiklauri@yahoo.com

Kirchhoff equations of one and two dimensions have been considered. Chippot algo-
rithm has been used. Computer calculations have been made.

On the Absolute Convergence of the Fourier Series
of an Indefinite Double Integral

Irma Tsivtsivadze
Akaki Tsereteli Kutaisi State University

Kutaisi, Georgia
email: irmatsiv@gmail.com

It is well known that the Fourier series S[λ] of every absolutely continuous and 2π
periodic function λ(x) is uniformly converging on [0, 2π] (see [1, Ch. I, Section 39]). At
the same time, we can choose a absolutely continuous function λ such that the series S[λ]
has no point of absolute convergence (see [1, Ch. IX, Section 3]).

If, however, the derivative λ′(x) belongs to the class L2[0, 2π], then S[λ] is a uniformly
and absolutely converging series on [0, 2π] (see [1, Ch. I, Section 26]).

Let a 2π periodic function f with respect to each variable is summable an [0, 2π]2 and

f ∼ 1

4
a00 +

1

2

∞∑
m=1

(am0 cosmx+ dm0 sinmx) + 1

2

∞∑
n=1

(a0n cosny + c0n sinny)

+
∞∑

m=1, n=1

(
amn cosmx cosny+bmn sinmx sinny+cmn cosmx sinny+dmn sinmx cosny

)
.

For a double Fourier series we have
Theorem 1. If the function f belonging to the class L2[0, 2π]2 and the indefinite double
integral

Ff (x, y) =

x∫
0

y∫
0

f(t, τ) dt dτ
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is 2π periodic in each variable, then the equality
x∫

0

y∫
0

f(t, τ) dt dτ

=
∞∑

m,n=1

1

mn

[
bmn cosmx cosny + amn sinmx sin y − dmn cosmx sin y − cmn sinmx cosny

]
is fulfilled uniformly on [0, 2π]2 and

∞∑
m,n=1

1

mn

(
|amn|+ |bmn|+ |cmn|+ |dmn|

)
< +∞.

Theorem 2. If a 2π periodic function f with respect to each variable belongs to the class
L2[0, 2π]2, then

∞∑
m=1

1

m

(
|am0|+ |dm0|

)
< +∞,

∞∑
n=1

1

n

(
|a0n|+ |c0n|

)
< +∞.

Lemma 3 (L2 variant of Fubini‘s theorem). If a function f(x, y) belongs to the class
L2[0, 2π]2, then the functions

φ(t) =
1

2π

2π∫
0

f(t, y) dt, ψ(τ) =
1

2π

2π∫
0

f(x, τ) dx

belong to the class L2[0, 2π].
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On the Unsteady Motion of a Viscous
Hydromagnetic Fluid Contained between Rotating

Coaxial Cylinders of Finite Length
V. Tsutskiridze, L. Jikidze

Department of Mathematics, Georgian Technical University
Tbilisi, Georgia

email: b.tsutskiridze@mail.ru; btsutskiridze@yahoo.com

The problem of unsteady rotational motion of electrically conducting viscous incom-
pressible fluid, contained within two axially concentric cylinders of finite length in the
presence of an axial symmetric magnetic field of constant strength, has been solved ex-
actly using finite Hankel transform in combination with a technique presented in this
paper. This paper presents a complete of the problem under consideration, which has
been of interest for many years; moreover the Pneuman-Lykoudis solution in Magneto-
hydrodynamics and Childyal solution in hydrodynamics appears as a special case of this
study. The analysis shows that the disturbance in the fluid disappears by increasing the
magnetic field.

The Riesz Potential Operator in Generalized
Grand Lebesgue Spaces

Salaudin Umarkhadzhiev
Academy of Sciences of the Chechen Republic, Chechen State University

Grozny, Russia
email: umsalaudin@gmail.com

We denote Lp), θ
a (Ω) the generalized grand Lebesgue space (see [1, 2]) on set Ω ⊆ Rn :

Lp), θ
a (Ω) :=

{
f : sup

0<ε<p−1

(
εθ

∫
Ω

|f(x)|p−ε[a(x)]ε dx

) 1
p−ε

<∞

}
,

where p > 1, θ > 0 and a – some weighting function.
Theorem. Let 0 < α < n, 1 < p < n

α
, 1

q
= 1

p
− α

n
, θ > 0 and a – weight from Lp(Rn).

The Riesz potential operator

Iαf =

∫
Rn

φ(t)

|x− t|n−α
dt, 0 < α < n,
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is bounded from L
p), θ
a (Rn) to Lq), q

p
θ

a
p
q

(Rn) if and only if exist number δ ∈ (0, p
q′
) such that

aδ ∈ A p−δ
p

(
1+ q

p′

).
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Corteges of Objects
Alexander Vashalomidze

Scientific-Educational Center for Georgian Language Technology,
Georgian Technical University,

Tbilisi, Georgia
email: sandrovash@gmail.com

In [1] introduces the concept of full, simple and non-simple ordered sequences of objects
of an arbitrary nature. They are called the corteges of objects. The purpose of the
introduction of these and other concept it was their application in the synthesis and
recognition of speech. We describe the overall diagram of their application.

Assume that O, L, R are a tree finite sets of objects. It is built new set of objects
TO = L × O × R the set of contextual objects, and PTO

is its space of the properties.
Let P ′

, P
′′ ⊆ PTO

are two non-degenerate sets of properties and ⟨P ′⟩ and ⟨P ′′⟩ their full
corteges, correspondingly. They determine two full corteges of the objects ⟨TO⟩⟨P ′ ⟩ and
⟨TO⟩⟨P ′′ ⟩. They are the elements of the symmetric group of permutations - S(TO) [1].

To each symbol u ∈ O of alphabet of internal formal grammar G(O) of synthesizer,
corresponds the contextual unit cu ∈ TO, depending on the position of the symbol in the
chain of internal language L(G), and uniquely identifies it (symbol-unit). By the internal
grammar of synthesizer the contextual unit cu ∈ TO is defined as the object of structure
CUNIT with three fields:

(1) cu = α(cu)× β(cu)× γ(cu), α(cu) ∈ L, β(cu) ∈ O, γ(cu) ∈ R, cu ∈ TO;
(2) indcu = φk(indlw, indu), indu, indlw ∈ N ;
(3) indclw = max(indlw, 2 · k + 1).
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This prompts, that during the construction the cortege of text properties ⟨P ′⟩ ∈ S(P ′
)

of the unit-symbol, we must consider five functions.
1. p′

1 =
pos[β(cu),AR

HX ]
|AR

HX−1| ≤ 1;
2. p′

2 =
pos[α(cu),AR

HX ]
|AR

HX−1| ≤ 1;
3. p′

3 =
pos[γ(cu),AR

HX ]
|AR

HX−1| ≤ 1;
4. p′

4 =
ϑk(w,φ)−φk(indlw,indu)+1

ϑk(w,φ)
≤ 1;

5. p′
5 =

ϑk(w,φ)
2·k+1

≤ 1;
The cortege of voice properties ⟨P ′′⟩ ∈ S(P ′′

), for the same symbol is:
1. p′′

1 = h⟨P ′′ ⟩[β(cu)];
2. p′′

2 = h⟨P ′′ ⟩[α(cu)];
3. p′′

3 = h⟨P ′′ ⟩[γ(cu)];
Two corteges of the objects are built
⟨TO⟩⟨P ′ ⟩ ←→ O ←→ ⟨TO⟩⟨P ′′⟩
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Commutative Algebras of Toeplitz Operators
on the Unit Ball

Nikolai Vasilevski
Department of Mathematics, CINVESTAV, Mexico City, Mexico

email: nvasilev@math.cinvestav.mx

Let Bn be the unit ball in Cn. Denote by A 2
λ (Bn), λ ∈ (−1,∞), the standard weighted

Bergman space, which is the closed subspace of L2
λ(Bn) consisting of analytic functions.

The Toeplitz operator Ta with symbol a ∈ L∞(Bn) and acting on A 2
λ (Bn) is defined as

the compression of a multiplication operator on L2
λ(Bn) onto the Bergman space, i.e.,

Taf = Bλ(af), where Bλ is the Bergman (orthogonal) projection of L2
λ(Bn) onto A 2

λ (Bn).
Note that for a generic subclass S ⊂ L∞(Bn) of symbols the algebra T (S) generated

by Toeplitz operators Ta with a ∈ S is non-commutative and practically nothing can
be said on its structure. However, if S ⊂ L∞(Bn) has a more specific structure (e.g.
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induced by the geometry of Bn, invariance under a certain group action, or with a specific
smoothness properties) the study of operator algebras T (S) is quite important and has
attracted lots of interest during the last decades.

It was observed recently that there exist many non-trivial algebras T (S) (both C∗ and
Banach) that are commutative on each standard weighted Bergman space. We present
the description, classification, and the structural analysis of these commutative algebras.
In particular, we characterize the majority of the essential properties of the correspond-
ing Toeplitz operators, such as compactness, boundedness, spectral properties, invariant
subspaces, etc.

On the Number of Representations of Positive
Integers by the Gaussian Binary Quadratic Forms

Teimuraz Vepkhvadze
I. Javakhishvili Tbilisi State University, Department of Mathematics

Tbilisi, Georgia
email: t-vepkhvadze@hotmail.com

The modular properties of generalized theta-functions with characteristics and spheri-
cal polynomials are used to build cusp forms corresponding to the binary quadratic forms.
It gives the opportunity of obtaining formulas for the number of representations of positive
integers by all binary quadratic forms with the discriminants −80, −128, and −140.

Mathematical Modeling of Hydraulic Fractures:
Particle Velocity Based Simulation

Michal Wrobel, Gennady Mishuris
Department of Mathematics, Aberystwyth University

Aberystwyth, UK
email: miw15@aber.ac.uk, ggm@aber.ac.uk

The notion of hydraulic fracture refers to a hydraulically induced crack propagating
in a brittle material. It can be observed in many natural phenomena, but recently it has
been associated mostly with the method of hydrocarbon reservoirs stimulation. Without
any doubt, hydrofracturing has revolutionized the exploitation of shale oil and gas and
has become a key technology allowing to exploit the non-conventional reservoirs.
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Mathematical modelling of this multiphysics process is a challenging task. It goes far
beyond the classical theory of fracture mechanics and should account for various mech-
anisms of interaction between the fracturing fluid and the surrounding rock. The main
computational problems stem from: (a) strong non-linearities being a result of interaction
between the solid and fluid phases, (b) singularities of the physical fields and correspond-
ing degeneration of the governing equations, (c) moving boundaries, (d) multiscaling and
others. The first mathematical models were proposed in 1940s and 1950s and although
immense progress has been made since then, there is still a demand for further improve-
ments in efficiency and credibility of computations.

Recent advances in the area underline the importance of the multiscale character of
the problem. In particular, it has been proved that the global behaviour of a fluid driven
fracture depends critically on the features of local solution in the near-tip region. Thus,
complying with correct asymptotic regime of the solution, and consequently its numerical
implementation, becomes vital for accurate end efficient computations. Especially, the
problem of fracture front tracing has been recognized prominent.

In the repot we discuss we discuss the concept of numerical simulation of hydraulic
fractures employing the particle velocity. Special attention is paid to the computation of
the crack propagation speed from the local relation based on the Stefan condition (speed
equation). The advantages of such approach are itemized with relation to the main
computational difficulties. A universal numerical scheme containing the latest discoveries
in the area is presented. The analysis of algorithm performance is shown on the examples
of classical 1D PKN and KGD models under various propagation regimes.

Convergence of Bi-shift Localized Szász-Mirakjan
Operators

Linsen Xie
Lishui University, Department of Mathematics, Lishui, China

email: linsenxie@163.com

Let {δn}∞n=1 and {δ′n}∞n=1 be two sequences of positive numbers, and

Cn,x = {k : k ∈ N ∪ {0} and n(x− δ′n) ≤ k ≤ n(x+ δn)}.

For any continuous function f : [0,∞) → R, we define a new localized Szász-Mirakjan
operator as follows:

Sn,δn,δ′n(f, x) = e−nx
∑

k∈Cn,x

(nx)k

k!
f

(
k

n

)
, x ≥ 0.
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We call this bi-shift localized Szász-Mirakjan operators. Certain new convergence theo-
rems are obtained for such operators when the limits both limn→∞ δn

√
n and limn→∞ δ′n

√
n

exist. This is a joint work with Tingfan Xie.

Optimal Control of a Beam with Time-Delayed
in Control Function

Kenan Yildirim
Mus Alparslan University, Mus, Turkey

email: kenanyildirim52@gmail.com

In this paper, optimal time-delayed control of a damped smart beam is studied. Opti-
mal control problem is defined with the performance index including a weighted quadratic
functional of the displacement and velocity which is to be minimized at a given terminal
time and a penalty term defined as the control voltage used in the control duration. Nu-
merical results are presented to show the effectiveness and applicability of the piezoelectric
control.

Numerical Solution of Some Boundary Problems
Using Computer Modeling of Diffusion Processes

Mamuli Zakradze, Zaza Sanikidze, Murman Kublashvili
Georgian Technical University

N. Muskhelishvili Institute of Computational Mathematics
Tbilisi, Georgia

email: mamuliz@yahoo.com

Some questions connected with numerical solution of some boundary problems are
studied.

Namely, connection of the mentioned problems with certain diffusion processes are
established. On the basis of computer modeling of these processes, method of approximate
solution of boundary problems is established.

Effectiveness of the used method is shown both for interior and exterior plane and
spatial problems.

Concrete examples are given for domains with various configuration.
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Application of Fourier Boundary Element Method
to Solution of Some Problems Elasticity

Natela Zirakashvili
I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

Tbilisi, Georgia
email: natzira@yahoo.com

The research in recent several decades has established the boundary element methods
(BEM) as a powerful tool in computational mechanics. One of the remaining drawbacks
is that the BEM as previously used is based on an explicit knowledge of fundamental
solutions. In many engineering problems we do not know these fundamental solutions.
The overcome this drawback, an alternative BEM is presented here the method developed
by means of the spatial Fourier transform generalizes the boundary element method to
the so-called Fourier BEM [1]. Recent approach is available for all cases as long as the
differential operator is linear and has constant coefficients and possible for all variants of
the BEM. The basis of Fourier BEM are two well known theorems of the Fourier transfor-
mation: the theorem of Parseval and the convolution theorem. Parseval’s theorem states
the equivalence of energy or work terms in the original space and in the Fourier space,
and the convolution theorem links a convolution in the original space to a simple multi-
plication in the transformed space. The idea is to avoid the inverse Fourier transform of
the fundamental solution and to work directly with the Fourier transformed fundamental
solution. The elements and shape functions also can be transformed to the Fourier do-
main. In this work, the method is presented and then applied to elasticity problem for
demonstrate the equivalence between traditional BEM and Fourier BEM.

References
[1] F. M. E. Duddeck, Fourier BEM. Generalization of Boundary Element Methods by

Fourier Transform. Lecture Notes in Applied Mechanics, 5. Springer-Verlag, Berlin,
2002.
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