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Herman Rabe, André Ran, Asymptotics of the Smallest Singular Value of a Class
of Toeplitz Matrices and Related Rank One Perturbations . . . . . . . . . . . . 26

3



4 Tbilisi, July 6 – 10, 2015

Vladimir Rabinovich, Limit Operators and their Applications to Mathematical Physics 28

Eugene Shargorodsky, On the Definition of Pseudospectra . . . . . . . . . . . . . . 29

Frank-Olme Speck, Operator Relations in Boundary Value Problems . . . . . . . . 29

Nikolai Vasilevski, Toeplitz Operators Defined by Sesquilinear Forms . . . . . . . . 30

Victor Vinnikov, Characteristic Functions, Systems, Discriminant Curves and Ves-
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Multivariable Nevanlinna–Pick Interpolation:
the Free Noncommutative Setting

JOSEPH A. BALL

Virginia Tech, Department of Mathematics, Blacksburg, Virginia, USA

email: joball@math.vt.edu

We are now approaching the centennial of the discovery of Nevanlinna (1919) and Pick
(1916) of what is now called Nevanlinna–Pick interpolation: given a finite collection of
points z1, . . . , zN in the unit disk D and a corresponding finite collection of prescribed val-
ues w1, . . . , wN in C, then there is a holomorphic function f mapping the unit disk D into the
closed disk D satisfying the prescribed interpolation conditions fpziq � wi if and only if the
associated Pick matrix

P �
�1� λiλj

1� zizj

�
is positive semidefinite. Over the years there has now been a lot of developments extending
the theory of Nevanlinna–Pick interpolation to more general target spaces (matrix- or operator-
valued instead of scalar-valued—significantly inspired by connections with the emerging H8-
control theory) as well as to more general domains (more general planar as well as multivariable
domains in place of the unit disk). Traditionally these multivariable domains involve only com-
muting variables.

It is only recently that a new “free analysis”, or the study of “noncommutative functions”
has emerged, where the domain consists of freely noncommuting variables into which one plugs
matrix- or even operator-valued arguments. A noncommutative function is defined to be a
function of freely noncommuting square-matrix arguments (of arbitrary size) which is required
to have certain natural invariance properties with respect to direct sums and similarity trans-
forms; these axioms combined with weak boundedness assumptions lead to strong analyticity
properties. A number of groups of researchers have come upon this class of functions for
completely independent reasons (development of a meaningful functional calculus for noncom-
muting operator tuples, the theory of formal languages and free automata, free probability,
dimension-less optimization problems in systems engineering, input/state/output linear systems
with evolution along a free monoid). We refer to the recent monograph [1] for more complete
details on both the historical context and the basic theory.

In this talk we discuss a free version of the Nevanlinna–Pick interpolation problem: given
prescribed interpolation nodes Zp1q, . . . , ZpNq in a noncommutative domain DQ and associ-
ated matrix values Λ1, . . . ,ΛN , find a contractive noncommutative function S on DQ so that
SpZpiqq � Λi for i � 1, . . . , N . We emphasize both the similarities with and the points of de-
parture from the earlier (commutative-variable) versions of Nevanlinna–Pick interpolation. This
is joint work with Gregory Marx (Virginia Tech) and Victor Vinnikov (Ben Gurion University).
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Toeplitz Determinants and Lattice Theory
ALBRECHT BÖTTCHER

Fakultät für Mathematik, TU Chemnitz, Chemnitz, Germany

email: aboettch@mathematik.tu-chemnitz.de

A lattice is a discrete subgroup in a finite-dimensional Euclidean space. Lattice theory
has numerous applications, for instance, in discrete optimization or coding theory. One of
these applications consists in associating lattices with elliptic or related curves over finite fields,
which are of prominent use in coding theory, and then to connect arithmetic properties of the
curve with geometric properties of the lattice. A basic quantity of every lattice is the volume
of its fundamental domains. This volume is the determinant of some matrix, and in several
interesting cases this matrix is just a perturbed Toeplitz matrix. The generating function of this
Toeplitz matrix is in general not well-behaved, so that the classical Szegő limit theorem for
Toeplitz determinants cannot be used. It rather turns out that the generating function is often
a so-called Fisher–Hartwig symbol. As such symbols are also emerging in statistical physics,
their determinants have been thoroughly studied for decades. The results of these studies now
prove to be of use in lattice theory. The talk is an introduction to some aspects of lattice theory
and Toeplitz determinants and also exhibits some recent results obtained in joint work with
Lenny Fukshansky, Stephan Ramon Garcia, and Hiren Maharaj in [1, 2].
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Spectral Estimates on Manifolds
MARIA ESTEBAN

Université Paris Dauphine, Paris, France

email: esteban@ceremade.dauphine.fr

In this talk I will present recent work with Jean Dolbeault, Ari Laptev and Michael Loss about
optimal estimates for the principal eigenvalue of Schrdinger operators on compact and non
compact manifolds based on the best constants for some functional inequalities. These estimates
show that for non-flat manifolds both Keller and Lieb-Thirring-like estimates do not hold true
with the usual constants and exponents as in the Eucledian space.

Limit Spectrum Graph for Some Non-Self-Adjoint
Differential Operators with Small Physical Parameter

ANDREY A. SHKALIKOV

Lomonosov Moscow State University, Moscow, Russia

email: shkalikov@mi.ras.ru; ashkaliko@yandex.ru

The celebrated Orr–Sommerfeld equation!
pD2 � α2q2 � iαR

�
qpxqpD2 � α2q � q2pxq�)y � �iαRλpD2 � α2qy,

comes from the linearization of the Navie–Stokes equation in the infinite 3-dim spacial layer
|x| ¤ 1, ξ, η P R2. Here R is the Reynolds number (which characterizes the viscosity of the
liquid), α is the wave number, qpxq is the velocity profile, λ is the spectral parameter, and
D � d{dx. It is the old problem in hydrodynamics to understand the spectrum behavior of the
Orr–Sommerfeld equation as RÑ 8 (when the liquid becomes close to the ideal one). It turns
out that the simpler model problem

�iεy2 � qpxqy � λy, yp�1q � 0, ε � 1{RÑ 0,

is closely related to the above one.
There is a great amount of works devoted to both problems. However, there are not too

many rigorous results on this topic. The spectrum behavior of the above problems depends
dramatically on the analytical properties of the profile q. Our aim is to describe the spectral
portraits of the model problem as ε Ñ 0 for the case when q is a polynomial. It turns out that
in this case the spectrum concentrates along some critical curves in the complex plane which
form “the limit spectral graph”. The problem is to understand the geometry of this graph, to
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find analytic formulae for the curves describing its parts and to write the asymptotic eigenvalue
distribution (uniformly, as ε Ñ 0) along the limit spectral curves. All these problems will be
discussed in the talk and the obtained results will be formulated.

The talk is based on the joint works of the author with S. N. Tumanov.
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Spectral Regularity of Banach Algebras and
Sums of Idempotents

HARM BART

Econometric Institute, Erasmus University Rotterdam, The Netherlands

e-mail: bart@ese.eur.nl

A basic result from complex function theory states that the contour integral of the loga-
rithmic derivative of a scalar analytic function can only vanish when the function has no zeros
inside the contour. Question: does this result generalize to the vector-valued case?

We suppose the function takes values in a Banach algebra. The answer depends on which
Banach algebra. Positive results have been obtained for large classes of algebras, among
them that of the polynomial identity Banach algebras. To deal with the latter, one needs non-
commutative Gelfand theory which involves the use of families of matrix representations.

Logarithmic residues have much to do with sums of idempotents. Pursuing this connection,
negative answers to the above question have come up via the construction of non-trivial zero
sums of a finite number of idempotents. It is intriguing that we need only five idempotents in all
known examples. The idempotent constructions relate to deep problems concerning the geom-
etry of Banach spaces and general topology. In particular a novel approach to the construction
of Cantor type sets plays a role.

The talk is a report on joint work with Torsten Ehrhardt (Santa Cruz, California) and Bernd
Silbermann (Chemnitz, Germany).

Non-Extremal Sextic Moment Problems
RAÚL E. CURTO

University of Iowa, Iowa City, Iowa, USA

email: raul-curto@uiowa.edu

For a degree 2n complex sequence γ � γp2nq � tγijui,jPZ�, i�j¤2n to have a representing
measure µ, it is necessary for the associated moment matrix Mpnq to be positive semidefinite,
and for the algebraic variety associated to γ, Vγ � V pMpnqq, to satisfy rankMpnq ¤ card Vγ
as well as the following consistency condition: if a polynomial ppz, zq � °

ij

aijz
izj of degree at

most 2n vanishes on Vγ , then the Riesz functional Λppq � ppγq :� °
ij

aijγij � 0.

Positive semidefiniteness, recursiveness, and the variety condition of a moment matrix are
necessary and sufficient conditions to solve the quadratic (n � 1) and quartic (n � 2) moment
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problems. Also, positive semidefiniteness, combined with consistency, is sufficient in the case
of extremal moment problems, i.e., when the rank of the moment matrix (denoted by r) and
the cardinality of the associated algebraic variety (denoted by v) are equal. However, these
conditions are not sufficient for non-extremal (i.e., r   v) sextic (n � 3) or higher-order
truncated moment problems.

Let n � 3, assume that Mp3q ¥ 0, and that it satisfies the variety condition rankMp3q ¤
card Vγ as well as consistency. Also assume that Mp3q admits at least one cubic column rela-
tion. We prove the existence of a related matrix �Mp3q with rank �Mp3q   rankMp3q and such
that each representing measure for �Mp3q gives rise to a representing measure for Mp3q. As a
concrete application, we discuss the case when rankMp3q � 8 and card V pMp3qq ¤ 9.

Along the way, we settle three key instances of the non-extremal sextic moment problem, as
follows: when r � 7, positive semidefiniteness, consistency and the variety condition guarantee
the existence of a 7-atomic representing measure; when r � 8 we construct two determining
algorithms, corresponding to the cases v � 9 and v � �8. To accomplish this, we generalize
the above mentioned rank-reduction technique, which was used in previous work to find an
explicit solution of the nonsingular quartic moment problem.

The talk is based on joint work with Seonguk Yoo.

Skew-Selfadjoint Dirac Systems with a
Rational Weyl Function: Direct and Inverse Problems, and

Related Nonlinear Equations
MARINUS A. KAASHOEK

VU University, Amsterdam, The Netherlands

email: m.a.kaashoekr@vu.nl

In this talk we deal with skew-selfadjoint differential systems of Dirac type, continuous or
discrete time, and in both cases the Weyl function is assumed to be a rational matrix function.
This allows one to use state space techniques from mathematical system and control theory to
solve explicitly various direct and inverse problems, and to obtain explicit solutions for a num-
ber of classical non-linear PDEs. The latter appear when the corresponding pseudo-canonical
potential depends on an additional second variable. We shall review some of the earlier results
for the continuous time case derived in joint work with the late Israel Gohberg and Alexander
Sakhnovich [1]. In the second part of the talk the emphasis will be on the discrete time setting.
In this case, using state space techniques, explicit solutions are obtained for the so-called gen-
eralized discrete Heisenberg magnet model. This part of the talk is based on recent joint work
[2, 3] with Bernd Fritzsche, Bernd Kirstein, and Alexander Sakhnovich.
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Wave Diffraction by
Wedges Having Arbitrary Aperture Angle

DAVID KAPANADZE

Andrea Razmadze Mathematical Institute, Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: daka@rmi.ge

The problem of plane wave diffraction by a wedge sector having arbitrary aperture angle
has a very long and interesting research background. In fact, we may recognize significant re-
search on this topic for more than one century. Despite this fact, up to now no clear unified
approach was implemented to treat such a problem from a rigourous mathematical way and in
a consequent appropriate Sobolev space setting. In the present paper, we are considering the
corresponding boundary value problems for the Helmholtz equation, with complex wave num-
ber, admitting combinations of Dirichlet and Neumann boundary conditions. The main ideas
are based on a convenient combination of potential representation formulas associated with
(weighted) Mellin pseudo-differential operators in appropriate Sobolev spaces, and a detailed
Fredholm analysis. Thus, we prove that the problems have unique solutions (with continuous
dependence on the data), which are represented by the single and double layer potentials, where
the densities are solutions of derived pseudo-differential equations on the half-line.

The talk is based on joint work with co-author Luı́s P. Castro from the University of Aveiro.
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Commuting Dilations and Linear Matrix Inequalities
IGOR KLEP

The University of Auckland, Department of Mathematics, Auckland, New Zealand

email: igor.klep@auckland.ac.nz

Given a tuple A � pA1, . . . , Agq of real symmetric matrices of the same size, the affine
linear matrix polynomial Lpxq :� I � °

Ajxj is a monic linear pencil. The solution set SL
of the corresponding linear matrix inequality, consisting of those x in Rg for which Lpxq is
positive semidefinite (PsD), is a spectrahedron. It is a convex semialgebraic subset of Rg.
The set DL of tuples X � pX1, . . . , Xgq of symmetric matrices (of the same size) for which
LpXq :� I �°

Aj bXj is PsD, is called a free spectrahedron. We explain that any tuple X of
symmetric matrices in a bounded free spectrahedronDL dilates, up to a scale factor, to a tuple T
of commuting self-adjoint operators with joint spectrum in the corresponding spectrahedron SL.
The scale factor measures the extent that a positive map can fail to be completely positive. In
the case when SL is the hypercube r�1, 1sg, we derive an analytical formula for this scale factor,
which as a by-product gives new probabilistic results for the binomial and beta distributions.

This is based on joint work with Bill Helton, Scott McCullough and Markus Schweighofer.

Global Spatial Regularity Results for Elasticity Models with
Cracks, Damage, Contact and Other Nonsmooth Constraints

DOROTHEE KNEES

Institute of Mathematics, University of Kassel, Germany

email: dknees@mathematik.uni-kassel.de

For the analysis of strongly coupled material models it is useful to have deeper insight into
the spatial regularity properties of the involved quantities like displacement fields or internal
variables. In this lecture we will discuss some recent results for non-smooth situations with a
special focus contact problems with nonsmooth obstacles, friction models and for certain time-
dependent damage models in the small strain regime.

The talk relies on joint results with R. Rossi (University of Brescia), C. Zanini (Politecnico
di Torino) and A. Schröder (University of Salzburg).

References
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The String Density Problem and Nonlinear Wave Equations
ALEKSEY KOSTENKO

University of Vienna, Vienna, Austria

email: Oleksiy.Kostenko@univie.ac.at

Classical objects in spectral theory are the differential equation

�y2 � z ω y, x P r0, Lq, (1)

(here L P p0,8s, ω is a positive Borel measure on r0, Lq and z is a spectral parameter) and the
Weyl–Titchmarsh m-function, which encodes all the spectral information about (1). In a series
of papers in the 1950s, M. G. Krein investigated the direct and inverse spectral problems for this
equation. Viewing these problems as a natural generalization of investigations of T. Stieltjes on
continued fractions to the moment problem, M. G. Krein identified the totality of all possible
m-functions with the class of the so-called Stieltjes functions in a bijective way. Recently, the
string density problem has come up in connection with some completely integrable nonlinear
wave equations (e.g., the Camassa–Holm equation) for which the string spectral problem serves
as an underlying isospectral problem. In contrast to the KdV equation, the Camassa–Holm
equation possesses peaked solitons, called peakons, and models breaking waves. The latter
happens when ω is a signed measure, i.e., the string is indefinite.

In this talk, we review the direct and inverse spectral theory for indefinite strings and relate it
to the conservative Camassa–Holm flow. As one of our main results we are going to present the
indefinite analog of M. G. Krein’s celebrated solution to the string density problem. A special
attention will be given to multi-peakon solutions.

The talk is based on joint work with Jonathan Eckhardt.
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On Inverse Continuity of the
Numerical Range Generating Function

BRIAN LINS1, ILYA M. SPITKOVSKY2,3

1Hampden-Sydney College, Richmond, VA, USA
2New York University Abu Dhabi, UAE

3The College of William and Mary, Williamsburg, VA, USA

emails: blins@hsc.edu; imspitkovsky@gmail.com

The numerical range, a.k.a. the field of values, or the Hausdorff set of a linear bounded
operator A on a Hilbert space H , is the range of the map fApxq � scalAx, x acting on the
unit sphere in H . We consider the continuity properties of the (multivalued) inverse function
f�1
A , distinguishing between weak continuity, strong continuity, and existence of single-valued

continuous selections. It is established in particular that strong continuity holds on the interior
of F pAq, and that in finite dimensional setting it may fail only at finitely many points, which
have to be round multiply generated boundary points.

The talk is based in part on publications [1–5]. Some applications of the results obtained
there to quantum mechanics are in [6].
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Fractional Integral Operators Between
Banach Function Lattices

ALEXANDER MESKHI

Andrea Razmadze Mathematical Institute, Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: meskhi@rmi.ge

We study the generalized fractional integral transforms associated to a measure on a quasi-
metric space. We give a characterization of those measures for which these operators are
bounded between Lp-spaces defined on nonhomogeneous spaces. We provide necessary and
sufficient conditions for some classes of integral operators to be bounded from Lorentz to
Marcinkiewicz spaces. The boundedness of multisublinear operators generated by quasi-concave
functions between weighted Banach function lattices is established. These operators, in partic-
ular, generalize the Hardy–Littlewood and fractional maximal functions playing an important
role in Harmonic Analysis. Under some general geometrical assumptions on Banach function
lattices two-weight estimates for these operators are derived.

The talk is based on the recent papers [1, 2].
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Functions of Noncommuting Self-Adjoint Operators
Under Perturbation and Triple Operator Integrals

VLADIMIR V. PELLER

Michigan State University, East lancing, Michigan, USA

email: peller@math.msu.edu

We define functions fpA,Bq for noncommuting self-adjoint operators in terms of double
operator integrals. We study the problem for which functions f Lipschitz type estimates��fpA1, B1q � fpA2, B2q

�� ¤ constmax
 }A1 � A2}, }B1 �B2}

(
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hold in various norms (the operator norm, the Schatten von Neumann norms).
We prove that for functions f in the Besov space B1

8,1 of two variables the above Lipschitz
type estimate holds in the Schatten–von Neumann norm Sp for p P r1, 2s. However, it does not
hold in the operator norm and it does not hold in the Schatten–von Neumann norm Sp for p ¡ 2.

To obtain Lipschitz type estimate, we find a representation of fpA1, B1q�fpA2, B2q in terms
of triple operator integrals and we study Schatten–von Neumann properties of triple operator
integrals.

In particular, we establish the following formula. Suppose that P B1
8,1, A1, B1, A2, B2 are

self-adjoint operators such that bothA1�A2 andB1�B2 belong to the Schatten–von Neumann
class Sp with p P r1, 2s. Then the following formula holds:

fpA1, B1q � fpA2, B2q �
�
½

fpx1, yq � fpx2, yq
x1 � x2

dEA1px1qpA1 � A2q dEA2px2q dEB1pyq,

�
½

fpx, y1q � fpx, y2q
y1 � y2

dEA2pxq dEB1py1qpB1 �B2q dEB2py2q,

where EA1 , EA2 , EB1 , EB2 are the spectral measures of A1, A2, B1 and B2.
To deduce from this formula the above Lipschitz type inequality, we obtain new results on

Schatten–von Neumann properties of triple operator integrals.
The results are based on my joint work with A. B. Aleksandrov and F. L. Nazarov.

Asymptotics of the Smallest Singular Value of a Class of
Toeplitz Matrices and Related Rank One Perturbations

HERMAN RABE, ANDRÉ RAN

VU University Amsterdam, Netherlands

Unit for Business Mathematics and Informatics, North West University
Potchefstroom, South Africa

email: a.c.m.ran@vu.nl

Square matrices of the form Xn � Tn � fnpT�1
n q�, where Tn is an n � n invertible banded

Toeplitz matrix and fn some positive sequence are considered. The norms of their inverses are
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described asymptotically as their size n increases. As an example, for

Xn �

�
�������������

1� 1

n
�1 0 � � � � � � 0

1

n
1� 1

n
�1 0

...
... . . . . . . ...
... . . . . . . �1 0
... . . . . . . . . . �1
1

n
� � � � � � � � � 1

n
1� 1

n

�
�������������
,

it will be shown that

lim
nÑ8

2}X�1
n }?
n

� 1.

Certain finite rank perturbations of these matrices are shown to have no effect on this be-
haviour. In the concrete example above, for the matrix Kn obtained from Xn by adding one to
each entry in the first column, one also has the same asymptotics for the norm of the inverse.

Finally, the singular vectors of a related Toeplitz matrix exhibit a pepeculiar permutation
phenomenon. To explain this phenomenon, explicit formulas for the singular values and the
singular vectors are given. Although these formulas are known (see [4]), the permutation phe-
nomenon seems to have gone unnoticed thus far.
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Limit Operators and their Applications to
Mathematical Physics

VLADIMIR RABINOVICH

National Polytechnic Institute of Mexico, Mexico

email: vladimir.rabinovich@gmail.com

The talk is devoted to applications of the limit operators method (see [1])to some problems
of Mathematical Physics. We will consider:

• The essential spectra some discrete models of Mathematical Physics (see [2, 3]);

• The essential spectra and exponential estimates at infinity of eigenfunctions of general
differential and pseudodifferential operators on Rn, in particular, Schrödinger and Dirac
operators with general potentials (see [4, 5]);

• Fredholm properties of pseudodifferential operators on some non compact surfaces in Rn

with applications to the scattering problems on unbounded obstacles (see [6]).
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[5] V. S. Rabinovich and S. Roch, Essential spectrum and exponential decay estimates of
solutions of elliptic systems of partial differential equations. Applications to Schrdinger
and Dirac operators. Georgian Math. J. 15 (2008), No. 2, 333–351.
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On the Definition of Pseudospectra
EUGENE SHARGORODSKY

King’s College, London, United Kingdom

email: eugene.shargorodsky@kcl.ac.uk

Some authors define the epsilon-pseudospectrum of a linear operator with the help of a strict
inequality, some others – with the help of a non-strict one. The difference between the resulting
sets is a level set of the resolvent norm of the operator in question. In 1976, J. Globevnik posed
a question on whether or not such a level set for a bounded linear operator can have a non-empty
interior, i.e. whether or not the resolvent norm of a bounded linear operator on a Banach space
can be constant on an open set. The question remained open until 2008.

The talk is a survey of results related to Globevnik’s question, in particular of a recent joint
work with E. B. Davies.

Operator Relations in Boundary Value Problems
FRANK-OLME SPECK

Técnico, Universidade de Lisboa, Departamento de Matemática, Portugal

email: fspeck@tecnico.pt

We study relations between operators which appear in the context of linear boundary value
problems. Typically the operator associated to a BVP is “equivalently reduced” to a another
“simpler” operator that, e.g., appears in boundary integral equations or in a corresponding semi-
homogeneous problem etc. Some questions are: I. Which kind of relations appear? What are
their properties? II. How can this knowledge be used to make the reasoning more transparent
and efficient? III. What are the consequences concerning explicit solution, regularity, asymp-
totic results, normalization of ill-posed problems etc.?

Particular attention is devoted to problems which are not well-posed and even not Fred-
holm. Examples are given from diffraction theory, leading to Wiener-Hopf plus Hankel and
Fourier integral operator matrices. In short: Strong relations (like the equivalence after exten-
sion relation) transfer nice properties such as an explicit computation of generalized inverses
or allow conclusions such as the discovery of compatibility conditions for finding convenient
space settings.

The talk is based upon joint work with L. P. Castro, A. Moura Santos and F. S. Teixeira.
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[5] A. Moura Santos, F.-O. Speck, and F. S. Teixeira, Minimal normalization of Wiener–
Hopf operators in spaces of Bessel potentials. J. Math. Anal. Appl. 225 (1998), No. 2,
501–531.

[6] F.-O. Speck, On the reduction of linear systems related to boundary value problems. Op-
erator theory, pseudo-differential equations, and mathematical physics, 391–406, Oper.
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Toeplitz Operators Defined by Sesquilinear Forms
NIKOLAI VASILEVSKI

CINVESTAV, Mexico City, Mexico

email: nvasilev@math.cinvestav.mx

The classical theory of Toeplitz operators in spaces of analytic functions (Hardy, Bergman,
Fock, etc spaces) deals usually with symbols that are bounded measurable functions on the
domain in question. A further extension of the theory was made for symbols being unbounded
functions, measures, and compactly supported distributions.

For a reproducing kernel Hilbert space we describe a certain common pattern, based on the
language of sesquilinear forms, that permits us to introduce a further substantial extension of a
class of admissible symbols that generate bounded Toeplitz operators.

Although the approach is unified for all reproducing kernel Hilbert spaces, for concrete op-
erator consideration in this talk we restrict ourselves to Toeplitz operators acting on the standard
Fock and Bergman spaces.
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The talk is based on joint work with Grigori Rozenblum, Chalmers University of Technol-
ogy, Gothenburg, Sweden.

Characteristic Functions, Systems, Discriminant Curves
and Vessels: the Ideas of Moshe S. Livšic and

Some of their Further Developments
VICTOR VINNIKOV

Ben Gurion University of the Negev, Department of Mathematics, Beer Sheva, Israel

email: vinnikov@math.bgu.ac.il

Moshe S. Livšic (1917–2007) was one of the founding fathers of the modern theory of
nonselfadjoint and nonunitary operators, discovering both the fundamental notion of the char-
acteristic function and its deep relation to scattering theory and system theory. In the early
1970s M. S. Livšic started considering the problem of linking system theory and the theory
of nonselfadjoint operators with Riemannian geometry [5]. This led naturally to developing a
spectral theory for tuples of commuting nonselfadjoint operators. The first major breakthrough
here was achieved during the three years (1975–1978) that M. S. Livšic spent in Tbilisi and
was published in a note in 1978 in the Proceedings of the Georgian Academy of Sciences [2]:
M. S. Livšic proved that a pair of commuting nonselfadjoint operators with finite nonhermi-
tian ranks satisfy an algebraic equation with constant coefficients. This developed later into
the notion of a commutative operator vessel (an algebraic structure encoding the commutation
relations between several nonselfadjoint operators) and its discriminant curve, and an extensive
theory of commuting nonselfadjoint operators and related overdetermined multidimensional
systems based on connections with algebraic geometry [3]. In algebraic geometry itself it led
to a new detailed study of determinantal representations and related topics yielding a proof of
the 1958 conjecture of Lax on homogeneous hyperbolic polynomials in three variables [1].

IWOTA 2015 in Tbilisi is an appropriate occasion to survey the genesis of these remarkable
ideas and to describe some of their further developments, including the recent generalization of
the notion of the vessel to the setting of nonselfadjoint representations of a real Lie algebra [4].

References
[1] J. W. Helton and V. Vinnikov, Linear matrix inequality representation of sets. Comm.

Pure Appl. Math. 60 (2007), No. 5, 654–674.
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Generalized 3-Circular Projections on Function Spaces
A. B. ABUBAKER

Aligarh Muslim University, Aligarh, India

email: abdullahmath@gmail.com

Let X be a complex Banach space and T denotes the unit circle in the complex plane. A
Projection P0 on X is called a generalized 3-circular projection if there exist distinct λ1, λ2 P
Tzt1u of finite order and projections P1, P2 on X such that

1. P0 ` P1 ` P2 � I ,

2. P0 � λ1P1 � λ2P2 is a surjective isometry on X .

In this talk, we will give complete description of generalized 3-circular projections on CpΩq,
where Ω is a compact connected Hausdorff space.

Isomorphisms of Operator Systems
MARTIN ARGERAMI

University of Regina, Canada

email: argerami@uregina.ca

Very recently, Davidson and Kennedy confirmed Arveson’s intuition about the fact that
boundary representations were the right tool to obtain the C�-envelope of an operator system.
Motivated in part by their result, together with joint previous work with D. Farenick, I con-
sider the problem of establishing complete order isomorphism classes of operator systems. The
problem is surprisingly hard, even in the case of 3-dimensional operator systems inside a finite-
dimensional C�-algebra.
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Investigation of Resolvent of
Operator-Differential Equations on Semi-Axis

CAMIDULLA I. ASLANOV, NOVRASTA ABDULLAYEVA

Institute Mathematics and Mechanics of NASA, Baku, Azerbaijan
Sumqait State Universite, Sumgayit, Azerbaijan email: Aslanov.50@mail.ru

Let H be a seperable Hilbert space. In the space H1 � L2rH : r0,�8ss consider a differ-
ential operator L generalized by the expression

lpyq � p�1qnpP pxqypnqqpnq �
2ņ

j�2

Qjpxqyp2n�jq, (1)

With the boundary conditions

ypl1qp0q � ypl2qp0q � � � � � yplnqp0q � 0, p0 ¤ l1   l2   � � �   ln ¤ 2n� 1q. (2)

The main result of this paper is the following.

Theorem. Under some conditions on the operator coefficients Qjpxq, j � 2, . . . , 2n � 2, for
sufficiently large µ ¡ 0 exists an inverse operator Rµ � pL � µEq�1,which is a integral oper-
ator with the operator kernel Gpx, η;µq,that will be called the Green function of the operator
L. Gpx, η;µq is an operator function in H that depends on two variables, x, η p0 ¤ x, η   8q,
the parameter µ, and satisfies the conditions:

(a)
BkGpx, η;µq

Bηk , k � 0, 2n� 2 is a strongly continuous operator valued function with re-

spect to variables x, η;

(b)
B2n�1Gpx, x� 0;µq

Bη2n�1
� B2n�1Gpx, x� 0;µq

Bη2n�1
� p�1qnP�1pxq;

(c) p�1qnpGpnq
η P pηqqnη �

2ņ

j�2

Gp2n�jq
η Qjpηq � µG � 0,

Bl1G
Bηl1

����
η�0

� Bl2G
Bηl2

����
η�0

� � � � �

BlnG
Bηln

����
η�o

� 0;

(c) G�px, η;µq � Gpη;x;µq;

(d)

8»
0

��Gpx, η;µq��2

H
dη   8.
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Some Operators Inequalities Via Kontorovich Constant
MOJTABA BAKHERAD

University of Sistan and Baluchestan, Zahedan, Iran

email: bakherad@member.ams.org

The Callebaut inequality says that
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,

where xj , yj p1 ¤ j ¤ nq are positive real numbers and s P r0, 1s that this is a refinement of the
Cauchy–Schwarz inequality. In this talk, we employ some operator techniques to establish some
refinements and reverses of the noncommutative Callebaut inequality involving the geometric
mean and Hadamard product under some mild conditions.
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Function-Theoretic Operator Theory: a Quantized Setting
JOSEPH A. BALL

Virginia Tech, Blacksburg, VA, USA

email: joball@math.vt.edu

A popular framework for the study of nonselfadjoint/nonunitary/nonnormal Hilbert-space
operators (where there is no spectral theorem) over the years has been via looking at concrete
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operators acting on Hilbert spaces of analytic functions. Perhaps the first instance of this ap-
proach was the study of the shift operator fpzq ÞÑ zfpzq on the Hardy spec over the unit disk
in the complex plane: Beurling’s Theorem characterizes quite explicitly the lattice of invariant
subspaces for the shift and compression of the shift to its coin variant subspaces is the start-
ing point for the model theory for general classes of contraction operators associated with the
names of Livsiš, de Branges–Rovnyak, and Sz.-Nagy–Foias. A parallel if less complete theory
has emerged where one replaces the Hardy space with a weighted Bergman space on the unit
disk and the class of contract operators with the more structured class of n-hypercontraction
operators. There have been multivariable extensions of this theme as well, whereby the disk is
replaced by a domain in Cd (e.g., the ball or the polydisk), and one studies commutative oper-
ator tuples (modeled as multiplication by the coordinate functions on a multivariable weighted
hardy or Bergman space over such a domain). This talk will discuss recent developments lead-
ing to a quantized version of this framework, whereby the ambient functional-model Hilbert
space consists of functions of matrix or operator rather than scalar variables, and the associated
operator theory concerns models for various classes of possibly noncommutative operator tu-
ples acting on a Hilbert space. Such a program can already be seen in the model theory for row
contractions as well as in some of the more recent work of Gelu Popescu. Various aspects of the
talk are drawn from joint work of the speaker with Vladimir Bolotnikov (College of William &
Mary), Gregory Marx (Virginia Tech), and Victor Vinnikov (Ben Gurion University).

Lower Bounds for Regularised Determinants and an
Application to Estimating Spectral Variation

OSCAR F. BANDTLOW

School of Mathematical Sciences, Queen Mary, University of London, London, United
Kingdom

email: o.bandtlow@qmul.ac.uk

Let p be a positive integer. Given an operator A belonging to the Schatten class Sp, consider
the corresponding regularized determinant of order p, that is,

detpp1� Aq �
8¹
n�1

p1� λnq exp
� p�1̧

k�1

λkn
k

	
,

where pλnqnPN denotes the sequence of eigenvalues of A. The regularized determinant plays an
important role in perturbation theory, as z ÞÝÑ detpp1� zAq is an entire function of finite order
with its zeros coinciding with the reciprocals of the eigenvalues of A.
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In this talk I will report on new lower bounds of the form

��detpp1� z�1Aq�� ¥ exp
�
� cp

}A}pp
distpz, σpAqqp

	
p@ z P CzσpAqq

where }A}p denotes the Schatten norm of A and distpz, σpAqq denotes the distance of z to the
spectrum σpAq of A. The constant cp does not depend on A and can be chosen to be

cp �
$&
%

1 if p � 1,
p� 1

p
if p ¡ 1.

I will also explain how this lower bound can be used to obtain explicit upper bounds for the
operator norm }pzI � Aq�1} of the resolvent of a Schatten class operator A expressible in
terms of the Schatten norm and the distance of z to σpAq only. These bounds in turn yield
explicit upper bounds for the spectral variation of two Schatten class operators, that is, the
Hausdorff distance of their spectra, in terms of their Schatten norms and the operator norm of
their difference.

The resulting resolvent and spectral variation bounds improve existing bounds of this form
obtained by different means (see [1–3]). Moreover, unlike the methods used in [1–3], the ap-
proach described above easily generalizes to the Banach space case.
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Generic Rank-k Perturbations of J-Hamiltonian Matrices
LEONHARD BATZKE, CHRISTIAN MEHL, ANDRÉ RAN, LEIBA RODMAN

VU University Amsterdam, Netherlands

Unit for Business Mathematics and Informatics, North West University
Potchefstroom, South Africa

email: a.c.m.ran@vu.nl

This talk deals with the effect of generic but structured low rank perturbations on the Jordan
structure and sign characteristic of matrices that have structure in an indefinite inner product
space. In particular we shall be concerned with J-Hamiltonian matrices. This is a follow-up of
earlier results in which the effect of rank one perturbations was considered.
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A Functional Model of a Symmetric Semi-Bounded Operator
in Inverse Problems on Manifolds

M. I. BELISHEV

Saint-Petersburg Department of the Steklov Mathematical Institute
Saint-Petersburg State University, Saint-Petersburg, Russia

email: belishev@pdmi.ras.ru.

We deal with the problem of reconstruction of a Riemannian manifold Ω from its bound-
ary (dynamical and/or spectral) inverse data. It is shown that the problem can be solved by
constructing a functional model of a symmetric semi-bounded operator L0 determined by the
inverse data. A basic element of the construction is the so-called wave spectrum ΩL0 of L0,
which is introduced via the trajectories of a dynamical system governed by the wave equation
utt � L�0u � 0. The spectrum ΩL0 is endowed with relevant topology and metric, which turn
it to a Riemannian manifold Ω̃ such that Ω̃

isom� Ω holds. Thus, Ω̃ provides the solution to the
reconstruction problem.
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Generalized Donoghue Classes and Conservative L-Systems
SERGEY BELYI

Troy University, Troy, AL, USA

email: sbelyi@troy.edu

The focus of our study are the connections among: (i) the Livšic class of functions spzq
that are the characteristic functions of a densely defined symmetric operators 9A with deficiency
indices p1, 1q; (ii) the characteristic functions Spzq (the Möbius transform of spzq) of a maximal
dissipative extension T of 9A determined by the von Neumann parameter κ; (iii) the transfer
functions WΘpzq of conservative L-systems Θ with the main operator T of the system. It is
shown that under some natural hypothesis Spzq and WΘpzq are reciprocal to each other. We
establish that the impedance function of a conservative L-system coincides with the function
from the Donoghue class if and only if the von Neumann parameter vanishes (κ � 0). Moreover,
we introduce the generalized Donoghue class and provide the criteria for an impedance function
to belong to this class. We also obtain the representation of a function from this class via the
Weyl–Titchmarsh function.

The talk is based on joint work with K. A. Makarov and E. Tsekanovskiĭ (see also references
below).
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Operator Positivity and Analytic Models of
Commuting Tuples of Operators
MONOJIT BHATTACHARJEE1, JAYDEB SARKAR2

1Indian Institute of Science, Bangalore, India
2Indian Statistical Institute, Statistics and Mathematics Unit, Bangalore, India

emails: monojit.hcu@gmail.com; jay@isibang.ac.in; jaydeb@gmail.com

We study analytic models of operators of class C� 0 with natural positivity assumptions. In
particular, we prove that for an m-hypercontraction T P C� 0 on a Hilbert space H , there exists
a Hilbert space E and a partially isometric multiplier θ P M pH2pE q, A2

mpH qq such that

H � Qθ � A2
mpH q a θH2pE q and T � PQθ

Mz

��
Qθ
,

where A2
m is the weighted Bergman space and H2 is the Hardy space over the unit disc D. We

then proceed to study and develop analytic models for doubly commuting n-tuples of operators
and investigate their applications to joint shift co-invariant subspaces of reproducing kernel
Hilbert spaces over polydisc. In particular, we completely analyze doubly commuting quotient
modules of a large class of reproducing kernel Hilbert modules, in the sense of Arazy and
English, over the unit polydisc Dn.
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Efficient Cyclic Reduction for QBDs with
Rank Structured Blocks

DARIO A. BINI1, STEFANO MASSEI2, LEONARDO ROBOL2

1University of Pisa, Pisa, Italy
2Scuola Normale Superiore, Pisa, Italy

email: leonardo.robol@sns.it

The cyclic reduction is classical algorithm originally developed by G. H. Golub and
R. W. Hockney for the solution of some structured linear systems. More recently this method
has been generalized in order to find the solution of a particular class of matrix equations defined
by power series [1].

One of the main applications of this iteration is the solution of QBD Markov Chains, where
a matrix equation of the form A � BX � CX2 � 0 arises. We consider the case where A,
B and C are rank structured, and in particular the case where every off-diagonal submatrix
has the rank bounded by a small integer (the so called quasiseparability rank). This is often
encountered in applications where these matrices may be tridiagonal, banded or, more generally,
quasiseparable [2].

The cyclic reduction defines an iteration on three matrices Ak, Bk, Ck where A0 � A,
B0 � B and C0 � C. The matrices are obtained at each step from the previous ones through
the computation of matrix products and the solution of linear systems. We show that even if the
quasiseparability property is not preserved during the iteration, the matrices Ak, Bk and Ck are
such that every off-diagonal submatrix has singular values with exponential decay dependent
only on the spectral property of a certain matrix function.

We exploit this fact to find accurate approximations of Ak, Bk and Ck in the set of quasisep-
arable matrices in order to speed up the computation. We discuss the implementation of this
strategy and we show that we are able to reach very accurate results inOpn log n2q flops per step
instead of the classical Opn3q flops. Moreover, our approach allows for the analysis of QBDs
with a large number of states per blocks where the memory usage is a concern if the storage of
full n� n matrices is needed. We show that our approach only needs Opn log nq memory.
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Laplace–Beltrami Equation on
Hypersurfaces and Γ-Convergence

TENGIZ BUCHUKURI1, ROLAND DUDUCHAVA1, GEORGE TEPHNADZE2,3

1Andrea Razmadze Mathematical Institute of Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

2Ivane Javakhishvili Tbilisi State University, Tbilisi, Georgia
3Luleå University of Technology, Luleå, Sweden

email: t�buchukuri@yahoo.com; roldud@gmail.com; giorgitephnadze@gmail.com

Let us consider heat conduction by an “isotropic” media, governed by the Laplace equation
with the classical Dirichlet–Neumann mixed boundary conditions on the boundary in the layer
domain Ωε :� C � p�ε, εq of a thickness 2ε. More precisely we impose zero Dirichlet and
non-zero Neumann data on the corresponding parts of the boundary

∆ΩεT px, tq � fpx, tq, px, tq P C � p�ε, εq,
T�px, tq � 0, px, tq P BC � p�ε, εq,

�pBtT q�px,�εq � qpx,�εq, x P C ,

where �Bt � Bv represents the normal derivative on the surfaces C � t�εu. Here C � S is a
smooth subsurface of a closed hypersurface S with smooth nonempty boundary BC .

The suggested approach is based on the fact that the Laplace operator ∆Ωε � B2
1 � B2

2 � B2
3

is represented as the sum of the Laplace–Beltrami operator on the mid-surface and the square
of the transversal derivative:

∆ΩεT �
4̧

j�1

D2
j T � ∆CT � B2

t T.

In the report we will review what happens with the above mentioned mixed boundary value
problem when the thickness of the layer converges to zero in the sense of Γ-convergence. It is
proved that the limit coincides with the Dirichlet BVP for the Laplace–Beltrami equation, which
is described explicitly. It is shown how the Neumann boundary conditions from the initial BVP
transform during the Γ-limit and wanders to the right hand side of the limit BVP. For this we
apply the variational formulation and the calculus of Günter’s tangential differential operators
on a hypersurface and layers, which allow global representation of basic differential operators
and of corresponding boundary value problems in terms of the standard Euclidean coordinates
of the ambient space Rn.

A similar results on Γ-limits of BVP for the Laplace equation, but with different approach
and for different boundary conditions, was obtained in the papers [1], [2].
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Subnormality of Composition Operators: Exotic Examples. I
PIOTR BUDZYŃSKI

University of Agriculture in Krakow, Krakow, Poland

email: piotr.budzynski@ur.krakow.pl

In my talk I will address the problem of subnormality of unbounded composition operators
(in L2-spaces) over one-circuit directed graphs. I will show how recently developed techniques
of studying the subnormality of unbounded composition operators (cf. [1]) can be applied in
this particular context. The topic is motivated by the question of existence of a non-hyponormal
composition operator over locally finite directed graph which generates Stieltjes moment se-
quences (in case of non-locally finite graphs, a solution was given in [2]) and is related to highly
non-trivial problems concerning N-extremal measures, indeterminate moment problems, etc.

This is the first part of a two-part talk. The other part will be presented by Z. J. Jabłoński in
the same Thematic Session.

The talk is based on joint work with Z. J. Jabłoński, I. B. Jung, and J. Stochel (cf. [3]).
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Composition Operators in L2-Spaces Via Inductive Limits
PIOTR BUDZYŃSKI, PIOTR DYMEK, ARTUR PŁANETA

University of Agriculture of Krakow, Cracow, Poland

email: piotr.budzynski@ur.krakow.pl; piotr.dymek@poczta.ur.krakow.pl;
martur.planeta@ur.krakow.pl

One way of study unbounded operators are inductive limits of operators (cf. [4, 5]). In
particular, they can be useful when dealing with unbounded composition operators inL2-spaces.
One of the aims of this talk is to discuss the questions of dense definiteness and boundedness
of this class of operators. These two properties have characterization (cf. [1, 3, 7]) which in a
more concrete situations seem difficult to apply. For example, this is the case of a composition
operator induced by an infinite matrix in L2pµGq, where µG is the gaussian measure on R8.
One possible approach to deal with these problems is a technique based on inductive limits.
Tractable criteria for the above mentioned properties will be presented. This is possible if the
L2-space (in which a given composition operator acts) is an inductive limit of L2-spaces with
underlying measure spaces forming a projective system. In this case both the dense definiteness
and boundedness can be described in terms of asymptotic behaviour of appropriate Radon–
Nikodym derivatives.

The inductive limit technique can also be applied when discussing the question of subnor-
mality and cosubnormality of composition operators induced by linear transformations of Rk

(cf. [2, 6, 8]).
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Conformal Spectral Stability Estimates for the
Dirichlet Laplacian

VICTOR BURENKOV

Cardiff University, Senghennydd Rd, Cardiff United Kingdom
Steklov Institute of Mathematics, Moscow, Russia

email: burenkov@cf.ac.uk

This talk is devoted to stability estimates for the eigenvalues of the Dirichlet Laplacian

�∆f � �
�B2f

Bx2
� B2f

By2

	
, px, yq P Ω, f |BΩ � 0.

It is known that in a bounded plane domain Ω � C the spectrum of the Dirichlet Laplacian
is discrete and can be written in the form of a non-decreasing sequence

0   λ1rΩs ¤ λ2rΩs ¤ � � � ¤ λnrΩs ¤ � � � ,
where each eigenvalue is repeated as many times as its multiplicity.

Let, for τ ¡ 0, Fτ be the set of all mappings ϕ of the unit disc D of the Sobolev class
L1,8pDq such that }∇ϕ}L8pDq ¤ τ , ess inf

D
| det∇ϕ| ¥ 1

τ
.

Theorem ([2]). For any τ ¡ 0 there exists Aτ ¡ 0 such that for any ϕ1, ϕ2 P Fτ and for any
n P N

|λnrΩ1s � λnrΩ2s| ¤ cnAτ}ϕ1 � ϕ2 | L1,8pDq} ,
where Ω1 � ϕ1pDq, Ω2 � ϕ2pDq and cn � maxtλ2

nrΩ1s, λ2
nrΩ2su.

We consider bounded simply connected plane domains Ω � C for which there exist confor-
mal mappings ϕ : D Ñ Ω of the Sobolev class L1,ppDq for some p ¡ 2. For such domains we
improve the above estimate.

Recall that for any 2 ¤ q   8 the Sobolev inequality

}f | LqpDq} ¤ Cpqq}∇f | L2pDq}
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holds for any function f P W 1,2
0 pDq.

Theorem. Let ϕ1 : D Ñ Ω1, ϕ2 : D Ñ Ω2 be conformal mappings. Suppose that |ϕ11|, |ϕ12| P
LppDq for some 2   p ¤ 8.

Then for any n P N

|λnrΩ1s � λnrΩ2s| ¤ cn

�
C
� 4p

p� 2

	�2�
}ϕ11 | LppDq} � }ϕ12 | LppDq}

	
}ϕ1 � ϕ2 | L1,2pDq} ,

where Ω1 � ϕ1pDq, Ω2 � ϕ2pDq.
Joint work with V. Goldshtein and A. Ukhlov.
Detailed exposition of the results is contained in [1].
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On General Domain Truncated Correlation and
Convolution Operators with Finite Rank

MARCUS CARLSSON

Lund University, Lund, Sweden

email: marcus.carlsson@math.lu.se

Truncated correlation and convolution operators is a general operator-class containing pop-
ular operators such as Toeplitz (Wiener–Hopf), Hankel and finite interval convolution operators
as well as small and big Hankel operators in several variables. We completely characterize the
symbols for which such operators have finite rank, and develop methods for determining the
rank in concrete cases. Such results are well known for the one-dimensional objects, the first
discovered by L. Kronecker during the 19th century. We show that the results for the multidi-
mensional case differ in various key aspects.
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Operator-Lipschitz Estimates
for the Singular Value Functional Calculus

MARCUS CARLSSON

Lund University, Lund, Sweden

email: marcus.carlsson@math.lu.se

We consider a functional calculus for compact operators, acting on the singular values rather
than the spectrum, which appears frequently in applied mathematics. Necessary and sufficient
conditions for this singular value functional calculus to be Lipschitz-continuous with respect to
the Hilbert-Schmidt norm are given. We also provide sharp constants.

Diffraction by a Half-Plane with Different Face Impedances
on an Obstacle Perpendicular to the Boundary

LUIS P. CASTRO

CIDMA – Center for Research and Development in Mathematics and Applications,
University of Aveiro, Aveiro, Portugal

email: castro@ua.pt

We study two wave diffraction problems, modeled by the Helmholtz equation, in a half-
plane with a crack characterized by impedance boundary conditions. Conditions on the wave
number and impedance parameters are found to ensure the well-posedness of the problems
in Sobolev spaces. This is done by an appropriate combination of general operator theory,
Fredholm theory, potential theory and boundary integral equation methods. This combination
of methods leads also to integral representations of solutions. Moreover, in Sobolev spaces, a
range of smoothness parameters is obtained in which the solutions of the problems are valid.

The talk is based on joint work with the co-author David Kapanadze (from Andrea Raz-
madze Mathematical Institute, Ivane Javakhishvili Tbilisi State University, Tbilisi, Georgia).
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Uniqueness of Solutions
of the Hypoelliptic Differential Equations

GEORGE CHKADUA

King’s College London, London, United Kingdom

email: george.chkadua@kcl.ac.uk

Radiation conditions were first derived by A. Sommerfeld for Helmholtz operator [1] and
subsequently were generalized in the following papers [2, 3]. Here are obtained Sommerfeld
type conditions at infinity for polymetaharmonic equations, which ensure uniqueness of solu-
tions in Rn. In the paper [2] is studied uniqueness of solution of the polymetaharmonic equation,
where characteristic polynomial has multiple zeros.

In the monograph [4] were obtained radiation conditions for hypoelliptic differential equa-
tions, where characteristic polynomials have real simple zeros.

We generalize the results obtained in [4] and consider the case when the corresponding
characteristic polynomials of the hypoelliptic differential equations have real multiple zeros.
We investigate asymptotic properties at infinity of fundamental solutions of the hypoelliptic
differential equations. On the basis of asymptotic analysis of fundamental solution we find
conditions at infinity, which ensure that these equations are uniquely solvable.
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Localized Boundary-Domain Integral Equations Approach
for Problems of the Theory of Electro-Magneto-Elasticity

for Inhomogeneous Solids
OTAR CHKADUA1,2, DAVID NATROSHVILI3

1Andrea Razmadze Mathematical Institute of Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

2Sokhumi State University, Tbilisi, Georgia
3Georgian Technical University, Tbilisi, Georgia

email: chkadua@rmi.ge; natrosh@hotmail.com

We consider the three-dimensional Dirichlet and Robin boundary-value problems (BVPs)
of electro-magneto-elasticity for anisotropic inhomogeneous solids and using the localized
parametrix approach develop the generalized potential method. Using Green’s integral rep-
resentation formula and properties of the localized layer and volume potentials we reduce the
Dirichlet and Robin BVPs to the corresponding localized boundary-domain integral equations
(LBDIE) systems.

First we establish the equivalence between the original boundary value problems and the
corresponding LBDIE systems. Afterwards, we establish that the localized boundary-domain
integral operators obtained belong to the Boutet de Monvel algebra and with the help of the
Vishik–Eskin theory, based on the factorization method (Wiener–Hopf method), we investigate
corresponding Fredholm properties and prove invertibility of the localized operators in appro-
priate function spaces.
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Generalization of Toeplitz Operators on
Bergman and Hardy Spaces on Bounded Domains

YOUNG-BOK CHUNG

Chonnam National University, Gwangju, South Korea

email: ybchung@jnu.ac.kr

The talk is about algebraic properties of Laurent and Toeplitz operators on Bergman and
Hardy spaces associated to general bounded domains in the complex plane. Many results of
classification of two operators have been proved mainly so far only for the case of the unit disc.
Simply connected bounded domains are conformally equivalent to the unit disc via the Riemann
mapping function and similarly finitely connected bounded domains are proper holomorphically
mapped onto the unit disc via the Ahlfors map. So by studying the boundary behavior of bi-
holomorphic and proper holomorphic mappings, we generalize these results to general bounded
domains. First we construct an orthonormal basis for L2pbΩq space of a bounded domain Ω in
terms of the classical kernel functions in potential theory and do the almost same procedure as in
[1]. In particular, we classify Laurent operators and Toeplitz operators on Hardy spaces in terms
of the kernel functions and the Ahlfors maps and then in terms of Laurent matrices and Toepliz
matrices. Secondly, by using the transformation formulas for the Toeplitz operators under the
Riemann map and the Ahlfors map, we find algebraic properties of Toeplitz operators on both
Bergman and Hardy spaces associated to general bounded domains. This is a new development
to study on Laurent and Toeplitz operators on bounded domains.
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Multivariable Aluthge Transforms
RAÚL E. CURTO

University of Iowa, Iowa City, Iowa, USA

email: raul-curto@uiowa.edu

We introduce two natural notions of multivariable Aluthge transforms (Cartesian and polar)
for 2-variable weighted shifts and study their basic properties. We first prove that neither the
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Cartesian nor the polar Aluthge transform preserves (joint) hyponormality, in sharp contrast
with the 1-variable case. Second, we investigate the existence of necessary and sufficient condi-
tions for the invariance of (joint) hyponormality for commuting 2-variable weighted shifts under
these transforms. Third, we study how the the Taylor and Taylor essential spectra of 2-variable
weighted shifts behave under the Cartesian and polar Aluthge transforms. Finally, we discuss
the class of spherically quasinormal 2-variable weighted shifts, which are the fixed points for
the polar Aluthge transform.

The talk is based on joint work with Jasang Yoon.

The Division Algorithm in Truncated Moment Problems
RAÚL E. CURTO

University of Iowa, Iowa City, Iowa, USA

email: raul-curto@uiowa.edu

For a degree 2n complex sequence γ � γp2nq � tγijui,jPZ�, i�j¤2n to have a representing
measure µ, it is necessary for the associated moment matrix Mpnq to be positive semidefinite,
and for the algebraic variety associated to γ, Vγ � V pMpnqq, to satisfy rankMpnq ¤ card Vγ
as well as the following consistency condition: if a polynomial ppz, zq � °

ij

aijz
izj of degree at

most 2n vanishes on Vγ , then the Riesz functional Λppq � ppγq :� °
ij

aijγij � 0.

Positive semidefiniteness, recursiveness, and the variety condition of a moment matrix are
necessary and sufficient conditions to solve the quadratic (n � 1) and quartic (n � 2) moment
problems. Also, positive semidefiniteness, combined with consistency, is a sufficient condition
in the case of extremal moment problems, i.e., when the rank of the moment matrix (denoted
by r) and the cardinality of the associated algebraic variety (denoted by v) are equal.

For extremal sextic moment problems, verifying consistency amounts to having good rep-
resentation theorems for sextic polynomials in two variables vanishing on the algebraic variety
of the moment sequence. We obtain such representation theorems using the Division Algorithm
from algebraic geometry. As a consequence, we are able to complete the analysis of extremal
sextic moment problems.

The talk is based on joint work with Seonguk Yoo.
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On One Quasi-Stationary Nonlinear Mathematical Model for
Leak Localization in the Branched Gas Pipeline

TEIMURAZ DAVITASHVILI, GIVI GUBELIDZE, MERI SHARIKADZE

Ivane Javakhishvili Tbilisi State University, faculty of Exact and Natural Sciences
Tbilisi, Georgia

I. Vekua Institute of Applied Mathematics of Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: tedavitashvili@gmail.com; meri.sharikadze@tsu.ge

Nowadays pipelines become the main practical means for natural gas transportation world-
wide but it should be noted that at the same time the gas delivery infrastructure is rapidly aging.
The main fault of the outdated pipelines is leak and as a consequence deterioration of environ-
ment. In pipeline networks that transport gas or oil leaks may occur at any time and location,
therefore, timely leak detection and localization is important for the safe operation of pipelines
their impacts on environment. So elaboration the leak detection and location system is an ur-
gent and sensitive issue of nowadays. There are many different approaches and techniques for
leak detection and location but from existing methods the mathematical modelling with hydro-
dynamic method is more acceptable as it is very cheap and reliable method with high sensitive
and operative features. Recently, many gas flow mathematical models have been developed and
a number are using by the gas-liquid industry but as accounting practices have shown none of
them are universal. For this reason investigation of the mathematical models adequate describ-
ing the real non-stationary not isothermal processes processing in the branched pipeline systems
by analytical methods are actual. In the present paper pressure and gas flow rate distribution
in the branched pipeline on the bases of one quasi-stationary nonlinear mathematical model is
investigated. For realization of this purpose the system of partial differential equations describ-
ing gas quasi-stationary flow in the branched pipeline was studied. We have found effective
solutions of this quasi-stationary nonlinear partial differential equations (pressure and gas flow
rate distribution in the branched pipeline) for leak detection in horizontal branched pipeline. for
learning the affectivity of the method quite general test was created. Preliminary data of nu-
merical calculations have shown efficiency of the suggested method. Some results of numerical
calculations defining localization of gas escape for the inclined pipeline are presented. The re-
sults of calculations on the basis of observation data have shown that the performed simulations
were much closer to the results of observation.
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Polynomial Zigzag Matrices,
Dual Minimal Bases, and Applications

FERNANDO DE TERÁN, FROILÁN DOPICO, D. STEVEN MACKEY, PAUL VAN DOOREN

Universidad Carlos III de Madrid, Leganés, Spain

email: dopico@math.uc3m.es

Polynomial zigzag matrices are a class of highly structured matrix polynomials that have
been introduced very recently in [1]. Zigzag matrices can be thought as a nontrivial extension
of the singular blocks of the classical Kronecker canonical form of matrix pencils and are a
particular type of polynomial minimal bases of rational vector subspaces. It is well known
that polynomial minimal bases play a fundamental role in multivariable linear system theory
[2]–[4], although their origin is much older since Plemelj in 1908 and the Georgian mathemati-
cians Muskhelishvili and Vekua in 1943 already realized the importance of this concept and
performed substantial developments on minimal bases. The main goal of this talk is to describe
in detail the new class of polynomial zigzag matrices and to show how they are used to solve the
inverse degree problem of dual minimal bases. In the last part of the talk, we describe briefly
some other applications of zigzag matrices in the solution of modern problems in the theory of
matrix polynomials.
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On the Kernels of
Generalized Toeplitz Plus Hankel Operators

VICTOR DIDENKO, BERND SILBERMANN

Universiti Brunei Darussalam, Bandar Seri Begawan, Brunei
Chemnitz University of Technology, Chemnitz, Germany
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The aim of the present work is to study generalized T paq � Hαpbq generated by a shift α
and functions a, b are considered on the Hardy spaces HppTq, 1   p   8. These operators are
similar to the classical Toeplitz plus Hankel operators but the flip operator Jfptq � p1{tqfp1{tq
in the definition of Hankel operator is replaced by another operator Jα generated by a linear
fractional shift α,

αptq :� t� β

βt� 1
, t P T,

where β is a complex number such that |β| ¡ 1, so that the shift α changes the orientation of
the circle T. Areas of particular interest to us are the kernels and cokernels of such operators
and we derive an explicit description of these spaces in the case where the generating functions
a and b belong to the space L8 and satisfy the additional algebraic relation

aptq apαptqq � bptq bpαptqq, t P T. (3)

Generalized Toeplitz plus Hankel operators have been previously considered in [1], [2]. The
approach of [1], [2] is based on a special factorization of the operators in question, which in
turn involves factorizations of matrix functions. In particular, the authors express the kernel
and cokernel dimensions of T paq � Hαpbq in terms of the partial indices of some matrix val-
ued functions. On the other hand, it is well known that for an arbitrary matrix function, the
computation of its partial indices is a very demanding task. Moreover, in the most cases this is
not possible at all. However, if the generating functions a and b satisfy condition (3), one can
describe the kernels of the operators T paq�Hαpbq without factorization of any matrix function.
This approach modeled after [3] where classical Toeplitz plus Hankel operators are considered.
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Statistical Approximation Properties of
Stancu Type q-Baskakov–Kantorovich Operators

JAIN DILIP

Sardar Vallabhbhai National Institute of Technology, Ichchhanath Mahadev, Dumas Road,
Surat Gujarat, India

email: dilip18pri@gmail.com

In the present paper, we consider Stancu type generalization of Baskakov–Kantorovich op-
erators based on the q-integers and obtain statistical and weighted statistical approximation
properties of these operators. Rates of statistical convergence by means of the modulus of
continuity and the Lipschitz type function are also established for said operators. Finally, we
construct a bivariate generalization of the operator and also obtain the statistical approximation
properties.

Spectral Sets and Generalized Inverses
SLAVIŠA DJORDJEVIĆ, GABRIEL KANTÚN-MONTIEL

Benemérita Universidad Autónoma de Puebla, Mexico

email: gkantun@fcfm.buap.mx

If an operator is not invertible, sometimes it is convenient looking for a closed subspace such
that the reduction of the operator to that subspace is invertible. We are interested in algebraic
conditions characterizing such situation. These characterizations will give us a sort of general-
ization of the notion of invertibility. In this talk we follow a spectral approach to generalized
inverses considering the subspace determined by the range of the spectral projection associated
with an operator and a spectral set containing the point 0. We compare the cases when 0 is a
simple pole of the resolvent function, 0 is a pole of finite order of the resolvent function, 0 is an
isolated point of the spectrum, and 0 is contained in a circularly isolated spectral set.
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On the Inverse Problem for Strong Hyperbolic Pencils
ANASTASIYA DOMNICH1, LUDMILA SUHOCHEVA2

1Voronezh State University, Voronezh, Russia
2Institute of Management, Marketing and Finance, Voronezh, Russia

email: l.suhocheva@yandex.ru

We consider the following problem. Let Lpλq be a quadratic operator pencil

Lpλq � λ2I � λB � C, p1q

where B is a uniformly positive operator and C is positive operator in a Hilbert space H . Let A
be a linearizator of Lpλq. If Lpλq is a strong hyperbolic operator pencil that is

pBf, fq2 � 4pCf, fqpf, fq ¥ δpf, fq pδ ¡ 0q,

then there exists a real number α ¡ 0 such that Lpλq is reduce to a pencil of type

Mpµq � µ2I � µF �D, F � F �, D ¡ 0, µ � λ� α. p2q

We shown that a linearizator of Mpµq is a selfadjoint operator in H� ` H�. It is admit an
extension of the class of quadratic operator pencils for which so called “inverse linearization
problem” is solved.

The following theorem is our main result in this direction.

Theorem. LetA be a uniformly positive operator in a Krein space pH � H�`H�. ThenA�βI
is a linearizator of a pencil of type p2q if and only if dimH� � dimH� and β ¡ maxtµ : µ P
σpAqu.
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Computing Matrix Symmetrizers,
Leading to Open Matrix Optimization Problems

FROILÁN DOPICO1, FRANK UHLIG2
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2Auburn University, Auburn, USA

emails: dopico@math.uc3m.es; uhligfd@auburn.edu

I discuss ways to compute symmetric matrix factorizations of a given matrix A P Fn,n.
In 1910, Frobenius showed that every matrix An,n over any field F is the product of two

symmetric ones, i.e., A � S1 � S2 , where one of the Si can be chosen nonsingular.
To compute a ‘symmetrizer’ S � ST with SA � pSAqT � ATS has been a daunting

task. A symmetric matrix factorization was first achieved computationally in [3]. Trying to
compute well conditioned or even nonsingular matrix symmetrizers leads to an open nonlinear
optimization problems over linear spaces.

I elaborate on three different classes of algorithms:

(1) The first successful approach from 2013 is iterative and adapts the iterative method of
Huang and Nong’s [2] for solving linear systems to our problem with F � R or C: Find
a nonsingular symmetric S so that S � A� AT � S � On [3].

(2) The second set of successful algorithms of [1] (joint with F. Dopico) uses eigenanalyses
of A and various ways to use elements of the Jordan structure of A stably and integrate
other eigen-algorithms such as Arnoldi’s method together with special matrix symmetriz-
ing method such as Datta’s method for non-decomposing Hessenbergs. In the generic,
the diagonalizable random entry matrix case, eigen based methods are much faster than
the linear systems method and seemingly always find nonsingular symmetrizers, but for
defective matrices with nontrivial eigen- and Jordan structure they generally fail to find
full rank symmetrizers, i.e., they do not factor A [1].

(3) Our third algorithm, joint with Luke Oeding, Auburn, computes the entries of S � ST

directly from the sparse linear system S � A� AT � S � On.

These failures lead to the following types of matrix optimization problems:
Open Matrix Optimization Problem:

Given a basis for a subspace of n by n matrices, how can one determine a nonsingular
matrix in the subspace, and how can one find one with a small condition number?

References
[1] F. Dopico and F. Uhlig, Computing matrix symmetrizers, Part 2: new methods using
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[2] J. Huang and L. Nong, An iterative algorithm for solving a finite-dimensional linear op-
erator equation T pxq � f with applications. Linear Algebra Appl. 432 (2010), No. 5,
1176–1188.

[3] F. Uhlig, Computing matrix symmetrizers, finally possible via the Huang and Nong algo-
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Boundary Representations and the
Agler Algebra Over the Tri-Disk

MICHAEL DRITSCHEL

Newcastle University, School of Mathematics and Statistics, Newcastle upon Tyne, United
Kingdom

email: michael.dritschel@ncl.ac.uk

Arveson introduced the notion of a boundary representation so as to, in the setting of oper-
ator algebras, come up with a non-commutative analogue of the Choquet boundary for uniform
algebras. This is a minimal set of irreducible completely contractive representations with which
one can norm the algebra (for uniform algebras these are all one dimensional and correspond to
point evaluations on the Choquet boundary). Dritschel and McCullough proved that if one drops
irreducibility, such representations always exist (we term them extremal), and that every com-
pletely contractive representation dilates to an extremal representation. Davidson and Kennedy
later refined the proof to show that sufficiently many irreducible extremal (that is, boundary)
representations exist so as to norm the algebra. The proof is existential, and while it is interest-
ing to be able to describe the boundary representations in concrete examples, this is often very
difficult to do. We discuss this problem in the context of Agler’s analogue of H8pD3q. As we
show, despite being a commutative algebra, it has nontrivial boundary representations which
are not point evaluations.
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The Angle of an
Operator and Range-Kernel Complementarity

DIMOSTHENIS DRIVALIARIS, NIKOS YANNAKAKIS

National Technical University of Athens, Athens, Greece

email: nyian@math.ntua.gr

We show that if the angle of a bounded linear operator on a Banach space with closed range
and closed sum of its range and kernel is less than π, then its range and kernel are complemen-
tary. In finite dimensions and up to scalar multiples this simple geometric property characterizes
operators with complementary range and kernel. Applying our main result we get simple proofs
of two known results concerning eigenvalues lying in the boundary of the numerical range. For
an operator on a Hilbert space we present a sufficient condition, for range-kernel complementar-
ity, involving the distance of the boundary of the numerical range from the origin. Concluding,
we also exploit some properties of operators whose spectrum does not intersect all rays ema-
nating from the origin.

Normal Oscillations of a Pendulum with
Two Capillary Viscous Fluids

OLHA DUDIK

Crimean Engineering and Pedagogical University, Simferopol, Crimea

email: dudik�tnu@mail.ru

Small motions of a three-dimensional pendulum with a cavity filled with two capillary vis-
cous fluids is considered by author in [1]. The corresponding problem about normal motions,
i.e. about solutions depending on time as expp�λtq, λ P C, leads to non-self-adjoint spectral
problem that has been sufficiently investigated up to now.

The study of normal oscillations is reduced to the study of the matrix operator equation in
orthogonal sum of Hilbert spaces. We study properties of entries of these operator matrices
under the conditions of static stability with respect to the linear approximation. For it we use
some definitions and assertions of the spectral theory of non-self-adjoint operators and operator
pencils (see [2]–[5]). We prove the theorem on the structure of the spectrum and prove that the
property of the basis for the system of eigenvalues and associated functions. Also we find the
asymptotic behavior of eigenvalues for the investigated problem.

Further, we consider the case where the condition of static stability with respect to the linear
approximation is not satisfied and the operator of the potential energy has at least one negative
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eigenvalue. We found that eigenvalues λ are located in the left-hand half-plane on the real axis
and eigenvalues can transit from the right-hand half-plane to the left-hand one only through the
origin of the complex plane. The inversion of Lagrange’s theorem on stability is proved.
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Mixed Boundary Value Problems for the
Laplace–Beltrami Equation

R. DUDUCHAVA, M. TSAAVA

A. Razmadze Mathematical Institute of Iv. Javaxishvili Tbilisi State University
Tbilisi, Georgia

email: Roland.Duduchava@tsu.ge, m.caava@yahoo.com

We investigate the mixed Dirichlet–Neumann boundary value problems for the Laplace–
Beltrami equation on a smooth hypersurface C with the smooth boundary in non-classical
setting in the Bessel potential spaces H1

ppC q for 1   p   8. To the initial BVP we apply
quasilocalization and obtain model BVPs for the Laplacian. The model mixed BVP on the half
plane is investigated by potential method and is reduced to an equivalent system of Mellin con-
volution equations in Bessel potential and Besov spaces. The symbol of the obtained system is
written explicitly, which provides Fredholm properties and the index of the system. The unique
solvability criteria for the initial mixed BVP in the non-classical setting is derived.
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Selected Properties of Weighted Shift Operators
on Directed Trees

PIOTR DYMEK

University of Agriculture in Krakow, Poland

email: piotr.dymek@poczta.ur.krakow.pl

The class of weighted shifts on directed trees, introduced quite recently in [3], is a source of
interesting and often surprising examples of operators with properties not satisfied by operators
from other known classes. These operators are natural research objects and are intensively
studied.

There is no simple and efficient criterion that could be used to verify whether a given
weighted shift on a directed tree is subnormal. We provide such a criterion in the case of
bounded weighted shifts on locally finite directed trees with a help of the Andô’s construction.
We also supply an algorithm for checking of when a given weighted shift is not subnormal.

Moreover, we present an example of a class of subnormal operators with a dense domain
and with a property such that the domain of its n-th power is not dense. In the talk we also
concentrate on a q-quasinormality property of a weighted shift on a directed tree.

The talk is based on joint work with J. Stochel and Z. J. Jabłoński.
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Fast Quasiseparable Algorithms for Matrix Pencils
Y. EIDELMAN

Tel-Aviv University, Tel Aviv, Israel

email: eideyu@post.tau.ac.il

We study the eigenvalue algorithms for matrix pencils which related to polynomial root-
finding problems. Our methods are based on the fact that the matrices in such pencils have
quasiseparable structure and this structure is invariant under QR iterations. Algorithms for
different classes of pencils are discussed. The results of numerical tests are presented.

Joint work with P. Boito and L. Gemignani.

Numerical Range of Adjointable Operators on a
Hilebert C�-Module and Application

RACHID EL HARTI

UNIVERSITY HASSAN I, Morocco

email: rachid.elharti@uhp.ac.ma

We define and investigate a new numerical range of adjointable operator on some Hilbert
C�-module overC�-algebra. It is used to characterize positive linear maps between the algebras
of adjointable operators.

Rank-Deficient Spectral Factorization and
Wavelets Completion Problem

LASHA EPHREMIDZE, ILYA SPITKOVSKY

Division of Science and Mathematics, New York University Abu Dhabi

email: le23@nyu.edu

Spectral factorization is a mathematical tool which has widespread practical applications
in Systems Theory, Control Engineering, Telecommunications, etc. It is the process by which
a positive matrix-valued function S (defined on the unit circle T in the complex plane C) is
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expressed in the form Sptq � S�ptqS��ptq. Here S� is a certain analytic inside T matrix-
valued function and S�� is its Hermitian conjugate. The polynomial matrix spectral factorization
theorem asserts that if

P pzq �
Ņ

n��N
Cnz

n, Cn P Cm�m,

is an m �m matrix function which is positive definite for almost every z P T, then it admits a
factorization

P pzq � P�pzqP�pzq �
Ņ

n�0

Anz
n �

Ņ

n�0

A�
nz

�n, z P Czt0u,

where P� is anm�m polynomial matrix function which is nonsingular inside T, det P�pzq � 0

when |z|   1, and P� � �P� is its adjoint, A�
n � An

T
.

Many different proofs of this important theorem appeared in the literature since the original
proof in 1958. We provide a simple constructive proof of this theorem which relies only on ele-
mentary complex analysis and linear algebra and which also covers the so called rank-deficient
case:

Theorem 1. Let P be an m � m Laurent polynomial matrix function of order N which is
positive semi-definite on T and has rank k ¤ n at almost every point. Then there exists a
unique pup to a k � k right unitary factorq m � k matrix polynomial P� of the same order N
such that P pzq � P�pzqP�pzq holds and rankP�pzq � k for each z inside T.

Theorem 1 provides a direct solution to the so called wavelet completion problem of finding
matched high pass filters for a given low pass filter. Recall that a polynomial matrix function

W pzq �
Ņ

n�0

ρnz
n � �

wijpzq
�
i,j�1m

, ρn P Cm�m,

is a wavelet matrix if W pzq�W pzq � Im.

Theorem 2. For any polynomial vector function

W1pzq �
�
w11pzq, w12pzq, . . . , w1mpzq

�
, (1)

w1jpzq �
N°
n�0

αjnz
n, j � 1, 2, . . . ,m, which is of the unit norm on T, there exists a unique pup

to a constant left multiplier of the block matrix form
�

1 0
0 U



, where U is an pm�1q�pm�1q

unitary matrixq m �m wavelet matrix of order and degree N pdetW pzq � c � zNq whose first
row coincides with p1q.
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Separation of Singularities,
Generation of Algebras and Complete K-Spectral Sets

DANIEL ESTÉVEZ

Universidad Autónoma de Madrid, Madrid, Spain

email: daniel.estevez@uam.es

In this talk, we will show a certain relation between the generation of uniform analytic
algebras and complete K-spectral sets of Hilbert space operators.

Havin and Nersessian showed that, under certain geometric conditions on domains Ω1, Ω2

in C, every function f P H8pΩ1 X Ω2q can be written as f � f1 � f2, with fj P H8pΩjq.
This result can be seen as a separation of singularities. Their result and techniques were used
in our previous work to study the question of whether the collection of functions of the form
g � ϕj , where tϕ1, . . . , ϕnu are fixed functions from Ω into D, generates the algebra H8pΩq (or
the algebra ApΩqq.

After explaining these results, we apply them to studying complete K-spectral sets. Let
T be an operator on a Hilbert space H . A compact subset X of C is said to be a complete
K-spectral set for T if }fpT q}BpHbCsq ¤ K sup

zPX
}fpzq}BpCsq, for every s � s rational matrix

function f with poles outside of X of any size s ¥ 1. Complete K-spectrality of an operator
T in the closed unit disc D is equivalent to the similarity of T to a contraction. An analogous
result holds for any good simply connected domain, which involves the Riemann map D Ñ Ω.
We will use our results on algebra generation to give tests for complete K-spectrality. These
will have the form: “if }ϕkpT q} ¤ 1 for every k, then Ω is a complete K-spectral set for T ,
for some K.” We generalize previous theorems of Badea, Beckermann, Crouzeix, B. Delyon,
F. Delyon, Kazas, Kelley, Mascioni, Putinar, Sandberg, and others.

We generalize a result of Delyon and Delyon that says that every convex set containing the
numerical range of an operator is a complete K-spectral set for this operator. We show how to
apply this last result to obtain new criteria for similarity to a normal operator.

Acknowledgement
This is joint work with Dmitry Yakubovich (Univ. Autónoma de Madrid) and partially joint
work with Michael Dritschel (Newcastle Univ.).
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Wavelets on Higher-Rank Graphs
CARLA FARSI

University of Colorado Boulder, Boulder, CO, United States

email: carla.farsi@colorado.edu

One of the main motivations of this paper was to determine to what extent we could find
faithful representations of higher-rank graph algebras on Hilbert spaces associated to a certain
probability measure, and if this were possible, could we then analyze both the fractal nature
of these probability spaces in terms of generalized semi-branching systems, as well as possibly
give different methods of constructing generalized wavelets and KMS states on the graph alge-
bras involved. In particular, because the generalized systems of Robertson and Steger used a
finite number of irreducible commuting matrices with a common Perron–Frobenius eigenvec-
tor, our initial thought was that the Robertson–Steger algebras would be the ideal algebras for
which we would be able construct representations on probability spaces associated to general-
ized semibranching systems of partially defined transformations.

However, upon further reflection and after undertaking an analysis of the relevant literature,
we discovered that the Perron–Frobenius measure, although a useful and canonical example
of a probability measure, was not strictly speaking necessary. Whenever one can construct a
probability measure on a measure space equipped with what we call a “Λ-branching system”,
of partially defined measurable maps (which in typical examples are shift operators) for which
the associated Radon–Nikodkym derivatives are almost everywhere non-zero on their domains
we can construct a faithful representation of our higher-rank graph algebra. This allows us
to construct representations of the higher-rank graph algebras on Hilbert spaces coming from
measure spaces with a variety of geometric interpretations, that may be of independent interest.

This is joint work with E. Gillaspy, S. Kang, and J. Packer.

The Behaviour of Solutions of
Degenerate Elliptic-Parabolic Equations

T. S. GADJIEV, M. N. KERIMOVA, KH. H. ALIEV

Institute of Mathematics and Mechanics, Baku, Azerbaijan

email: tgadjiev@mail.az

Let Rn�1 be an pn� 1q� dimensional Euclidian space of the points px, tq � px1, . . . , xn, tq,
QT � Ω�p0, T q be a cylindrical domain inRn�1, where Ω is a bounded n-dimensional domain
with the boundary BΩ and T P p0,8q. Let Q0 � tpx, tq : x P Ω, t � 0u and ΓpQT q �
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Q0 Y pBΩ � r0, T sq be a parabolic boundary of QT . Consider the following second order
degenerated elliptic-parabolic equation in QT

Lu �
ņ

i,j�1

aijpx, tquxixj �
ņ

i�1

bipx, tquxi � ψpx, tqutt � Cpx, tqut � fpx, tq, (1)

u
��
ΠpQT q � 0 (2)

in assumption that paijpx, tqq is a real symmetric matrix where for all px, tq P QT and any
n-dimensional vector ξ the following conditions are fulfilled

γωpxq|ξ|2 ¤
ņ

i,j�1

aijpx, tqξiξj ¤ γ�1ωpxq|ξ|2, (3)

where γ P p0, 1s-const

cpx, tq ¤ 0, cpx, tq P Ln�1pQT q,
� ņ

i�1

b2
i px, tq

1
2 P L2pn�1q

	
. (4)

We determine the function ψpx, tq � ωpxqwptqϕ pT � tq, where ωpxq nonnegative function
satisfy Makenxoupt condition, w, ϕ are continuous, non-negative and non-decreasing functions
of their arguments. In the above mentioned conditions the coercive estimate is proved for strong
solutions of (1), (2). Further, the weighted space W 2,2

2,ψpQT q is introduced and strong solvability
is proved in the following form.

Theorem. Let the conditions p3q, p4q be fulfilled. Then at T ¤ T0 the problem p1q, p2q has a

unique strong solution in the space
0

W 2,2
2,ψpQT q for any fpx, tq P L2pQT q.

CMV Matrices in Polynomial Rootfinding
LUCA GEMIGNANI

Università di Pisa, Pisa, Italy

email: l.gemignani@di.unipi.it

In this talk we present some polynomial rootfinding algorithms based on matrix eigenvalue
methods applied to generalized companion matrices represented as rank–one modifications of
unitary matrices in CMV form. We discuss the theoretical and computational features of the
proposed algorithms compared with the classical approach employing the Hessenberg form.
We also describe an application to computing the zeros of an analytic function inside the unit
circle in the complex plane.

The talk is partly based on joint work with R. Bevilacqua and G. Del Corso.
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Some Applications of Sum of Squares Representations of
Even Symmetric Forms

CHARU GOEL

University of Konstanz, Konstanz, Germany

email: charu.goel@uni-konstanz.de)

In 1888, Hilbert gave a complete characterisation of the pairs pn, 2dq for which a n-ary
2d-ic form non-negative on Rn can be written as sums of squares of other forms, namely
Pn,2d � Σn,2d if and only if n � 2, d � 1, or pn, 2dq � p3, 4q, where Pn,2d and Σn,2d are
respectively the cones of positive semidefinite (psd) and sum of squares (sos) forms (real ho-
mogenous polynomials) of degree 2d in n variables. This talk presents our analogue of Hilbert’s
characterisation under the additional assumptions of even symmetry on the given form, and few
applications of sos representations of even symmetric forms.

We show that for the pairs pn, 2dq � p3, 2dqd¥6, pn, 8qn¥5 and pn, 2dqn¥4, d¥7 there are even
symmetric psd not sos n-ary 2d-ic forms. Moreover, assuming the existence of even symmetric
psd not sos n-ary decics and dodecics for n ¥ 4, we establish that an even symmetric n-ary
2d-ic psd form is sos if and only if n � 2 or d � 1 or pn, 2dq � pn, 4qn¥3 or pn, 2dq � p3, 8q.

We then give necessary and sufficient conditions for an even symmetric sos form to be a
sum of binomial squares (sobs) for the pairs pn, 2q, p2, 2dqd�2,3, pn, 4qn¥3 (using Ghasemi–
Marshall’s coefficient tests) and show that for the pairs p2, 2dqd¥4, p3, 8q there exists even sym-
metric sos forms that are not sobs. Finally we interpret our results on even symmetric psd forms
not being sos in terms of preorderings.

This talk is partially based on joint work with S. Kuhlmann and B. Reznick.

When are the Lengths of
Elementary Operators Uniformly Bounded?

ILJA GOGIĆ

Trinity College Dublin, Dublin, Ireland

email: ilja@maths.tcd.ie

An attractive and fairly large class of linear mappings on unital C�-algebras A are the ele-
mentary operators, i.e. mappings φ : AÑ A which can be written as

φpxq �
ņ

i�1

aixbi.
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for some non-negative integer n and ai, bi P A. The smallest such possible n is called the
length of the elementary operator φ. In this talk I will consider the problem of characterizing
those unital C�-algebras A for which the lengths of elementary operators on A are uniformly
bounded.

Poletsky Stessin Hardy Spaces in the Plane
GOKHAN GOGUS

Sabanci University, Istanbul, Turkey

email: nggogus@sabanciuniv.edu

Recently weighted Hardy spaces were introduced by E. A. Poletsky and M. Stessin to gen-
eralize the notion of the classical Hardy spaces to more general hyperconvex domains and then
to study the composition operators generated by the holomorphic mappings between such do-
mains. In this talk we extend the classical result of Beurling which describes the invariant
subspaces of the shift operator on these spaces in the plane. Joint work with Muhammed Ali
Alan.
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Measurability and Weights on von Neumann Algebras
STANISŁAW GOLDSTEIN

University of Łódź, Łódź, Poland

email: goldstei@math.uni.lodz.pl

We show that measurability of a positive operator h affiliated with a semifinite von Neumann
algebra with faithful normal semifinite trace τ may be expressed by properties of the weight
ϕ � τph�q on the algebra. This is continuation of the joint work with A. Paszkiewicz [1].
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On the Extension of the Toeplitz Algebra
TAMARA GRIGORYAN, EKATERINA LIPACHEVA, VARDAN H. TEPOYAN

Institute of Mathematics, National Academy of Sciences of Armenia, Yerevan, Armenia

email: vtepoyan@instmath.sci.am

In his well-known work [1], L. A. Coburn showed that all isometric representations of the
semigroup Z� generate C�-algebras which are canonically isomorphic to the Toeplitz algebra.
Many authors have generalized this result to a wider class of semigroups. R. G. Douglas [2]
showed that all non-unitary isometric representations of an arbitrary positive cone of real num-
bers R generate canonically isomorphic algebras. G. J. Murphy [3] prowed a similar result for
positive cones of totally ordered Abelian groups. On the other hand, G. J. Murphy [3] and
S. Y. Jang [4] have shown that this theorem is not true for the semigroup Z�zt1u. Isometric
representations of the semigroup Z�zt1u were investigated in the works [5], [6].

In this talk we introduce the notion of π-extension of the semigroup Z�. We study proper-
ties of C�-algebras generated by the π-extension of the semigroup Z�. Also the concept of the
inverse π-extension of semigroup Z� is introduced. We show that if π is an irreducible repre-
sentation of the semigroup Z�, then Z� has no non-trivial inverse π-extension. In the case when
π is a reducible representation, there exists a non-inverse π-extension. On the other hand, we
show that for any isometric representation of Z� there always exists a non-inverse π-extension.
Next, we study the extensions of the Toeplitz algebra generated by the inverse π-extensions of
the semigroup Z�. It is proved that among such extensions there are extensions which are the
tower of the nested Toeplitz algebras inductive limit of which is the C�-algebra considered in
the work of Douglas [2].

The talk is based on joint work with the co-authors T. A. Grigoryan and E. V. Lipacheva:
“On the extension of the Toeplitz algebra by isometries”. The Varied Landscape of Operator
Theory, 137–146, Theta, 2014.

References
[1] L. A. Coburn, The C�-algebra generated by an isometry. Bull. Amer. Math. Soc. 73

(1967), 722–726.

[2] R. G. Douglas, On the C�-algebra of a one-parameter semigroup of isometries. Acta
Math. 128 (1972), No. 3-4, 143–151.



72 Abstracts of Participants’ Talks Tbilisi, July 6 – 10, 2015

[3] G. J. Murphy, Ordered groups and Toeplitz algebras. J. Operator Theory 18 (1987), No.
2, 303–326.

[4] S. Y. Jang, Generalized Toeplitz algebra of a certain non-amenable semigroup. Bull.
Korean Math. Soc. 43 (2006), No. 2, 333–341.

[5] I. Raeburn and S. T. Vittadello, The isometric representation theory of a perforated semi-
group. J. Operator Theory 62 (2009), No. 2, 357–370.

[6] V. A. Tepoyan, On isometric representations of the semigroup Z�zt1u. (Russian) Izv.
Nats. Akad. Nauk Armenii Mat. 48 (2013), No. 2, 51–62; translation in J. Contemp.
Math. Anal. 48 (2013), No. 2, 78–84.

Solition Theory of the KdV Equation and
Hankel Operators with Oscillating Symbols

SERGEI GRUDSKY

CINVESTAV del I.P.N. Mexico, Mexico

email: grudsky@math.cinvestav.mx

Solition theory and the theory of Hankel (and Toeplitz) operators have stayed essentially
hermetic to each other. This talk is concerned with linking together these two very active and
extremely large theories. On the prototypical example of the Cauchy problem for the Korteweg-
de Vries (KdV) equation we demonstrate the power of the language of Hankel operators in
which symbols are conveniently represented in terms of the scattering data for the Schrodinger
operator associated with the initial data for the KdV equation. This approach yields short-cuts
to already known results as well as to a variety of new ones (e.g. wellposedness beyond standard
assumptions on the initial data) which are achieved by employing some subtle results for Hankel
operators.
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Reduced Differential Transform Method for
Partial Differential Equations

MURAT GUBES1, MEDIHA ACAR2, YILDIRAY KESKIN2, GALIP OTURANC2

1Karamanoglu Mehmetbey University, Karaman, Turkey
2Selcuk University, Science Faculty, Konya, Turkey

emails: mgubes@kmu.edu.tr; medihaacar42@gmail.com; ykeskin@selcuk.edu.tr;
goturanc@selcuk.edu.tr

In this paper, we present a numerical method called “Reduced Differential Transform Me-
thod” to solve linear and nonlinear partial differential equations which was introduced by Ke-
skin and Oturanc [1] and also Keskin’s Ph.D. Thesis (2010) [2]. Some of linear and nonlinear
problems are considered to solve by Reduced Differential Transform Method.

Reduced Differential Transform Method which has an alternative approach of problems is
presented to overcome the demerit of complex calculation, discretization, linearization or small
perturbations of well-known numerical and analytical methods such as Adomian Decomposi-
tion, Differential Transform, Homotopy Perturbation, Variational Iteration etc. And also the
main advantage of this method is providing to its user with an analytical approximation, in
many cases an exact solution, in a rapidly convergent sequence with elegantly computed terms
[1, 3, 4]. Recently, some of research articles related to Reduced Differential Transform Method
have been published in literature as [5–9].
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Blow-Up Solutions Some Classes of the
Nonlinear Parabolic Equations

H. GULIEV, T. S. GADJIEV, S. A. ALIEV

Institute of Mathematics and Mechanics, Baku, Azerbaijan

email: tgadjiev@mail.az; soltanaliyev@yahoo.com

In this paper the unbounded increasing solutions of the nonlinear parabolic equations for
the finite time is investigated. Before we considered Dirichlet boundary condition. In this paper
Neuman boundary problem is investigated.

The sufficient condition for nonlinearity is established. Under this condition every solution
of the investigated problem is blown-up. I.e., there is number T ¡ 0 such that

}upx; tq}L2pRnq Ñ 8, tÑ T   8.

The existence of the solution is proved by smallness of the initial function.
These type of nonlinear equations describe the processes of electron and ionic heat conduc-

tivity in plasma, fusion of neutrons and etc. One of the essential ideas in theory of evolutional
equations is known as method of eigenfunctions. In this paper we apply such method. We
different boundary problem is considered.

In [1] the existence of unbounded solution for finite time with a simple nonlinearity have
been proved. In [2] has been shown that, under the critical exponent any nonnegative solution is
unbounded increasing for the finite time. Similar results were obtained in [3] and corresponding
theorems are called Fujita–Hayakawa’s theorems. More detailed reviews can be found in [4-6].
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Bilinear Multipliers of Some Functional Spaces
A. TURAN GÜRKANLI

Istanbul Arel University, Istanbul, Turkey

email: turangurkanli@arel.edu.tr

The bounded function mpξ, ηq defined on Rn�Rn is said to be bilinear multiplier on Rn of
type pp1, p2, p3q if

Bmpf, gqpxq �
»
Rn

»
Rn

pfpξqpgpηqmpξ, ηqe2πixξ�η,xy dξ dη,

defines a bounded bilinear operator from Lp1pRnq �Lp2pRnq to Lp3pRnq. The study of bilinear
multipliers goes back to the work Coifman and Meyer in [2]. A non-trivial example is given by
mpxq � �i sgnpxq which leads to the bilinear Hilbert transform. Kulak and Gürkanlı extended
these results to weighted Lebesgue and variable exponent Lebesgue spaces [4].

Let 1 ¤ p, q   8 and w, ω be weight functions on Rn. In [3] a functional space Ap,qw,ωpRnq
defined and investigated by Fischer, Gürkanlıand Liu. It is generalized to the variable exponents
case Appxqω pRnq in Aydın, and Gürkanlı, in [1].

Let 1 ¤ p1, p2, q1, q2   8 and w1, w2, ω1, ω2 be weight functions on Rn. In the present
paper in first section we define the bilinear multiplier Bm from Ap1,q1w1,ω1

pRnq � Ap2,q2w2,ω2
pRnq to
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Ap3,q3w3,ω3
pRnq, and discuss that under what conditions Bm is bounded. Later we investigate the

properties of the space of bilinear multipliers and give some examples. In the second section
similarly we define the bilinear multiplier Bm from A

p1pxq
ω1 pRnq � A

p2pxq
ω2 pRnq to Ap3pxqω3 pRnq. At

the end of this section we investigate the properties of the space of bilinear multipliers.
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On the Spectrum of Certain Random Operators:
A Link to Julia Sets

RAFFAEL HAGGER

Hamburg University of Technology, Hamburg, Germany

email: raffael.hagger@tuhh.de

After the introduction of random matrices to nuclear physics by Eugene Wigner in 1955,
random quantum systems have grown in popularity. Wigner’s idea was to consider families
of Hamiltonians that underlie a certain probability distribution to describe overly complicated
systems. Of particular interest are, of course, the spectra of these Hamiltonians. In this talk
we consider random, in general non-self-adjoint, tridiagonal operators on the Hilbert space
of square-summable sequences. To model randomness, we use an approach by Davies that
eliminates all probabilistic arguments.

Despite the rising interest, not much is known about the spectra of non-self-adjoint random
operators. The Feinberg–Zee random hopping matrix reveals this in a beautiful manner. The
boundary of its spectrum appears to be fractal, but a proof has not been found yet. While we
can not give a proof either, we present a reason why this is very plausible. Certain tridiagonal
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operators share remarkable symmetries that allow us to enlarge known subsets of the spectrum
by sizeable amounts. In some cases like the Feinberg–Zee random hopping matrix, this implies
that the spectrum contains an infinite sequence of Julia sets.
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Definite Quadratic Forms and Hyperbolic Polynomials
CHRISTOPH HANSELKA

FB Mathematik & Statistik, Universität Konstanz, Konstanz, Germany

email: christoph.hanselka@uni.kn

Well known properties of real symmetric matrices, such as realness of its eigenvalues, or the
stronger spectral theorem, are essentially and quite explicitly based on the fact that the standard
inner product on Rn is definite and therefore anisotropic.

These properties make it obvious that a polynomial F P Rrx, y, zsn that admits a definite
determinantal representation is hyperbolic. That means if there are real symmetric matrices
A,B,C P Rn�n and v P R3 such that

F � detpAx�By � Czq (�)

and Av1 � Bv2 � Cv3 definite, then F is hyperbolic with respect to v, i.e. for all x P R3 the
roots of the univariate polynomial

F ptv � xq P Rrts

are all real.
It was conjectured by Peter Lax in 1958 [1], that the converse to this observation also holds.

The affirmative answer was given by Helton and Vinnikov about ten years ago in [2].
In the talk we want to give an idea on how the above mentioned anisotropy also greatly

simplifies the study of definite representations of the form p�q as opposed to indefinite ones. An
algebraic and more elementary proof of the Helton-Vinnikov Theorem can be found in [3].
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The Eigenvalues Function and the Inverse
Sturm–Liouville Problems

TIGRAN HARUTYUNYAN

Yerevan State University, Yerevan, Armenia

email: hartigr@yahoo.co.uk

Let µn � µnpq, α, βq, n � 0, 1, 2, . . . , are the eigenvalues (enumerated in the increasing
order) of the self-adjoint operator Lpq, α, βq, corresponding to the Sturm–Liouville problem

�y2 � qpxqy � µy, x P p0, πq, q P L1
Rr0, πs, µ P C,

yp0q cosα � y1p0q sinα � 0, α P p0, πs,
ypπq cos β � y1pπq sin β � 0, β P r0, πq.

Definition. The function µ of two variables, defined on p0,8q � p�8, πq by formula

µpα � πk, β � πmq def� µk�mpq, α, βq, k,m � 0, 1, 2, . . . , (1)

called the eigenvalues function (EVF) of the family of operators tLpq, α, βq, α P p0, πs, β P
r0, πqu. Thus, every function q from L1

Rr0, πs we map into a function µ, given by formula (1).
We investigate the property of this function and we prove that map q Ñ µ is one-to-one. In
particular we give the algorithm of construction q by function µ, which have the property of
EVF.
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Phenomena of Projectivity and Freeness
in Classical and Quantum Functional Analysis

A. YA. HELEMSKII

Lomonosov Moscow State University, Moscow, Russia

The concept of the projectivity, together with its dual version (injectivity) and and a weaker
version (flatness) is extremely important in algebra. The variants of this concept, now estab-
lished in operator theory, in particular, in representation theory of “classical” and “quantum”
Banach algebras, are also of considerable importance. In analysis, however, there exist several
different approaches to this concept, corresponding to different problems of lifting of operators.

We shall discuss several (comparatively rigid and comparatively tolerant) variants of projec-
tivity in operator theory and show that all of them can be included in a certain general scheme.
This scheme allows to study projectivity by means of the so-called freeness. The relevant free
objects are defined by the same way as free groups, free modules, free Banach spaces etc.
Projective objects are direct summands (in a proper sense) of free objects.

We shall describe free objects, corresponding to each of the discussed versions of the pro-
jectivity. In particular, we shall characterize free operator spaces in terms of spaces of nuclear
operators. In the “classical” context we shall characterize metrically free normed spaces: they
turn out to be subspaces in l1pΛq, consisting of functions with finite supports. As a corollary, all
metrically projective normed spaces are free.

On Wiener–Hopf and Mellin Operators Arising in the
Theory of Lévy Processes

TONY HILL, EUGENE SHARGORODSKY

King’s College, London, United Kingdom

email: tonyhill26@waitrose.com; eugene.shargorodsky@kcl.ac.uk

Markov processes are well understood in the case when they take place in the whole Eu-
clidean space. However, the situation becomes much more complicated if a Markov process is
restricted to a domain with a boundary, and then a satisfactory theory only exists for processes
with continuous trajectories. The aim of this talk is to present interim results of an ongoing
research project concerned with a symmetric stable Lévy process defined on a half-line. Af-
ter some analysis, the problem is reformulated in the context of an algebra of multiplication,
Wiener-Hopf and Mellin operators, and the nature and significance of the resulting symbol, see
[1], is examined.
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Inverse Scattering for
Singular Energy-Dependent Schrödinger Equations

ROSTYSLAV HRYNIV

University of Rzeszów, Rzeszów, Poland
Institute for Applied Problems of Mechanics and Mathematics, Lviv, Ukraine

emails: rhryniv@ur.edu.pl; rhryniv@iapmm.lviv.ua

We discuss the direct and inverse scattering theory for one-dimensional energy-dependent
Schrödinger equations

�y2 � qpxqy � 2kppxqy � k2y (5)

on the half-line under minimal assumptions on the real-valued potentials p and q. Namely, the
potential q is a distribution from the space H�1

2,locpR�q enjoying certain integrability conditions,
while p belongs to L1pR�q XL2pR�q. The above equation (5), being subject to some boundary
conditions, leads to a non-standard spectral problem involving both the spectral parameter k
and its square k2. Due to this the spectrum of the problem is no longer real and may contain
pairs of complex conjugate eigenvalues.

In the talk, we introduce the scattering data for (5) and give a complete description of such
data for the considered class of problems. Also, a procedure reconstructing the potentials p and
q from the scattering data is described and continuity of the mapping between the potentials p
and q and the corresponding scattering data is established.

The talk is based on a joint project with S. Manko (Lviv, Ukraine).
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Subnormality of Composition Operators: Exotic Examples. II
ZENON J. JABŁOŃSKI

Uniwersytet Jagielloński w Krakowie, Instytut Matematyki, Kraków, Poland

email: Zenon.Jablonski@im.uj.edu.pl

In my talk I will give an affirmative answer to the question whether there exists a non-
hyponormal composition operator in an L2-space generating Stieltjes moment sequences over
a locally finite directed graph. The constructive method of solving the problem partly based
on transforming the Krein and the Friedrichs measures coming either from Al-Salam–Carlitz
q-polynomials or from a quartic birth and death process.

This is the second part of a two-part talk. The first part will be presented by P. Budzyński in
the same Thematic Session.

The talk is based on joint work with P. Budzyński, I. B. Jung, and J. Stochel (cf. [1]).
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Some Divergence Integrals and Dirac Delta Function
VAGNER JIKIA

Georgian Technical University, Tbilisi, Georgia

email: v�jikia@yahoo.com

We have proven in [1] the following

Theorem. For any real τ one can write:

1»
0

tiτ�1dt � 2πδpτq. (1)

Using the equation (1) one can show that

1»
0

tiτ�1 lnptq dt � �2πiδ1pτq. (2)
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where the derivative of the δ function is determined as follows (see, e.g., [2, Chapter 1]):

a»
�a

dxδ1pxqφpxq � �
a»

�a

dx δpxqφ1pxq, φpxq P C1, x P p�a, aq.

From the formula (2) one obtains:

x»
0

τ dτ

1»
0

du uiτ�1 lnpuq � 2πiθpxq,

where θpxq is the Heaviside unit function derivative of that may be expressed by the δ function
(see, e.g., [2, Chapter 1]):

θ1pxq � δpxq.
For any function φpxq pφpxq P C1, x P p�a, aqq, from the formula (2) we get

a»
�a

dτ φpτq
1»

0

dt tiτ�1 lnptq � 2πi

a»
�a

dτ δpτqφ1pτq � 2πiφ1p0q.

For example:
a»

�a

dτ sinpτq
1»

0

dt tiτ�1 lnptq � 2πi.

The results obtained can be successfully used in some physical calculations, namely, in the
quantum mechanical problem of two charged particles of continuous spectrum, in some topics
of special functions theory, etc.
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A Construction of Pro-C�-Algebras from
Pro-C�-Correspondences

MARIA JOITA1,2

1University Politehnica of Bucharest, Bucharest, Romania
2University of Bucharest, Research Center “Continuum Mechanics”, Bucharest, Romania

email: mjoita@fmi.unibuc.ro

A C�-correspondence is a natural generalization of a Hilbert C�-bimodule. Namely it is a
pair pX,Aq, where X is a right Hilbert A-module together with a left action of A on X . In
[5], M. V. Pimsner first showed how to associate a C�-algebra to certain C�-correspondences,
introducing a class of C�-algebras that are now known as Cuntz–Pimsner algebras. It was later
that T. Katsura in his series of papers [2], [3], extended the former construction and associated a
certain C�-algebra to every C�-correspondence. Katsura’s more general construction includes
a wide range of algebras, amongst them the crossed product of a C�-algebra by a Hilbert C�-
bimodule.

The extension of so rich in results concepts to the case of pro-C�-algebras could not be
disregarded. A pro-C�-algebra ArτΓs is a complete topological �-algebra for which there ex-
ists a directed family of C�-seminorms Γ � tpλ : λ P Λu defining the topology τΓ. In [4],
N. C. Phillips considered Hilbert modules over pro-C�-algebras and studied their structure.
Subsequently, in [1] we defined and studied the crossed product of a pro-C�-algebra by a Hilbert
pro-C�-bimodule which is a generalization of crossed products of pro-C�-algebras by inverse
limit automorphisms. All the above, gave us the impetus to generalize the important topic of
C�-correspondences in the setting of pro-C�-algebras and to examine under which conditions
we can associate a pro-C�-algebra to a pro-C�-correspondence.

The talk is based on joint work with co-author Ioannis Zarakas, Department of Mathematics,
University of Athens, Greece.
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On the Distance to
Normal Elements in C�-Algebras of Real Rank Zero

ILYA KACHKOVSKIY

University of California, Irvine, USA

email: ikachkov@uci.edu

In 1993, Huaxin Lin showed that the distance in the operator norm from an n � n-matrix
A, }A} ¤ 1, to the closest normal n� n-matrix can be estimated from above by some function
F p}rA,A�s}q such that F ptq Ñ 0 as t Ñ 0, where the function F does not depend on the
dimension. The original proof didn’t give any other information on the behavior of F around
zero. We obtain an order sharp estimate for the distance from a given bounded operator A on
a Hilbert space to the set of normal operators in terms of }rA,A�s} and the distance to the set
of invertible operators. For finite matrices, this implies that one can choose F ptq � Ct1{2. A
slightly modified estimate holds in a general C�-algebra of real rank zero.

The talk is based on joint results with Professor Yuri Safarov (King’s College, London).

Contractive Determinantal Representations of
Stable Polynomials on a Matrix Polyball

DMITRY KALIUZHNYI-VERBOVETSKYI

Drexel University, Philadelphia, United States

email: dmitryk@math.drexel.edu

We show that a polynomial p with no zeros on the closure of a matrix unit polyball, a.k.a.
a cartesian product of Cartan domains of type I, and such that pp0q � 1, admits a strictly con-
tractive determinantal representation, i.e., p � detpI � KZnq, where n � pn1, . . . , nkq is a

k-tuple of nonnegative integers, Zn �
kÀ
r�1

pZprq b Inrq, Zprq � rzprqij s are complex matrices, p

is a polynomial in the matrix entries zprqij , and K is a strictly contractive matrix. This result is



International Workshop on Operator Theory and Applications, IWOTA 2015 85

obtained via a noncommutative lifting and a theorem on the singularities of minimal noncom-
mutative structured system realizations. The talk is based on a joint work with A. Grinshpan,
V. Vinnikov, and H. J. Woerdeman.

The Structure of Crossed Product C�-Algebras with
Finite Groups

FIRUZ KAMALOV

Canadian University of Dubai, School of Engineering, Dubai, UAE

email: firuz@cud.ac.ae

Let A be a C�-algebra and G be a group acting on A. The dual space of a crossed product
A �σ G has a rich and deep structure. Recently, Echterhoff and Williams gave a concrete de-
scription of the dual space in the case of a strictly proper action on a continuous traceC�-algebra
[1]. We obtain analogous results in the case of a finite group acting on an arbitrary C�-algebra.
In particular, we construct a space rΓ which consists of pairs of irreducible representations of A
and irreducible projective representations of subgroups of G. We endow rΓ with a topology so
that the dual of A�σ G is homeomorphic to the orbit space GzrΓ.
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The Set of Tuples of Partial Indices of
Triangular Matrix Functions
A. G. KAMALYAN1,2, I. M. SPITKOVSKY3,4

1Yerevan State University, Yerevan Armenia
2IInstitute of Mathematics National Academy of Sciences of RA, Yerevan, Armenia

3The College of William and Mary, Wiliamsburg, Virginia, USA
4New York University Abu Dhabi (NYUAD), UAE

email: kamalyan�armen@yahoo.com; imspitkovsky@gmail.com

We will discuss the problem of constructive description of the possible tuples of partial
indices for triangular matrix functions whose diagonal elements are factorable with the fixed
vector χ P Zn of their indices. This set Apχq contains the set Epχq of all vectors obtained from
χ by permuting its components and is in turn contained in the set Mpχq of all vectors majorized
by χ. The conditions on χ under which Apχq � Epχq or Apχq �Mpχq are also discussed.

Wave Diffraction by Wedges
DAVID KAPANADZE

Andrea Razmadze Mathematical Institute, Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: daka@rmi.ge

The problem of plane wave diffraction by a wedge sector having arbitrary aperture angle has
a very long and interesting research background. In fact, we may recognize significant research
on this topic for more than one century. Despite this fact, until the paper [1] no clear unified
approach was implemented to treat such a problem from a rigourous mathematical way and
in a consequent appropriate Sobolev space setting. In the present talk, we are considering the
corresponding boundary value problems for the Helmholtz equation, with complex wave num-
ber, admitting combinations of Dirichlet and Neumann boundary conditions. The main ideas
are based on a convenient combination of potential representation formulas associated with
(weighted) Mellin pseudo-differential operators in appropriate Sobolev spaces, and a detailed
Fredholm analysis. Thus, we prove that the problems have unique solutions (with continuous
dependence on the data), which are represented by the single and double layer potentials, where
the densities are solutions of derived pseudo-differential equations on the half-line.

The talk is based on joint work [1] with co-author Luı́s P. Castro.
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Index Formula for Convolution Type Operators with
Data Functions in algpSO, PCq

YURI KARLOVICH

Universidad Autónoma del Estado de Morelos, Instituto de Investigación en Ciencias Básicas
y Aplicadas, Centro de Investigación en Ciencias, Cuernavaca, México

email: karlovich@uaem.mx

We establish an index formula for the Fredholm convolution type operators

A �
m̧

k�1

akW
0pbkq

acting on the space L2pRq, where ak, bk belong to the C�-algebra algpSO, PCq of piecewise
continuous functions on R that slowly oscillate at �8, that is, satisfy the condition

lim
xÑ�8

max
t,τPrx,2�1xs

|cptq � cpτq| � 0 for c P algpSO, PCq.

We assume that all functions ak, bk admit finite sets of discontinuities. The study is based on
applying the so-called truncated operators

Ar �
m̧

k�1

ak,rW
0pbk,rq

for all sufficiently large r ¡ 0, where the functions ak,r, bk,r P PC are obtained from ak, bk P
algpSO, PCq by extending their values at �r to all �t ¥ r, respectively. Making use of
two special decompositions and then a separation of discontinuities, we prove that indA �
lim
rÑ8

indAr although A � s-lim
rÑ8

Ar only, where Ar are Fredholm operators for sufficiently large
r ¡ 0. Applying then Duduchava’s results on indices of operatorsAr with piecewise continuous
data functions, we calculate the index of the operator A.

The talk is based on joint work with M. Amélia Bastos and Catarina C. Carvalho.
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The Haseman Boundary Value Problem with
Oscillating Matrix Coefficient

YURI KARLOVICH

Universidad Autónoma del Estado de Morelos, Instituto de Investigación en Ciencias Básicas
y Aplicadas, Centro de Investigación en Ciencias, Cuernavaca, México

email: karlovich@uaem.mx

Given 1   p   8, let LpnpRq denote the Banach space of vector functions ϕ � tϕkunk�1

with entries ϕk P LppRq and the norm }ϕ} � � n°
k�1

}ϕk}pLppRq
�1{p. Let CbpRq be the C�-algebra

of all bounded continuous complex-valued functions on R � p�8,�8q, and let SO denote the
C�-algebra consisting of all functions a P CbpRq that slowly oscillate at �8, that is, satisfy the
condition

lim
xÑ�8

max
t,τPrx,2xs

|aptq � apτq| � 0.

Let SAP be the C�-algebra of semi-almost periodic functions on R, which consists of all
functions in CbpRq that have different, in general, almost periodic asymptotics at �8, and
let alg pSO, SAP q stand for the minimal C�-algebra containing SO and SAP .

The talk is devoted to studying the following Haseman boundary value problem: Find a
function Φ analytic in the half-planes C� � tz P C : �Im z ¡ 0u, represented by the Cauchy
type integral over R with a density ϕ P LpnpRq and satisfying the boundary condition

Φ�rαpxqs � GpxqΦ�pxq � gpxq for x P R,

where Φ�pxq are angular boundary values of Φ on R from C�, G is an n � n matrix function
with entries in alg pSO, SAP q, g P LpnpRq, and α is an orientation-preserving diffeomorphism
of R onto itself such that αp8q � 8, logα1 P CbpRq and α1 P SO.

The Haseman boundary value problem under different conditions on its data was studied by
C. Haseman, D. A. Kveselava, L. I. Chibrikova, G. F. Mandzhavidze and B. V. Khvedelidze,
I. B. Simonenko, and by the author in teams with V. G. Kravchenko, A. V. Aizenshtat and
G. S. Litvinchuk. Reducing the Haseman boundary value problem by the Sokhotski–Plemelj
formulas to an equivalent singular integral operator T with shift α whose derivative slowly
oscillates at �8 and with matrix coefficient G admitting at 8 piecewise slowly oscillating and
semi-almost periodic discontinuities, and applying the limit operators techniques and results on
almost periodic factorability for a family of almost periodic asymptotics related to the points in
the fiber M8pSOq of the maximal ideal space MpSOq of SO over 8, we obtain a Fredholm
criterion and an index formula for the operator T acting on the space LpnpRq.



International Workshop on Operator Theory and Applications, IWOTA 2015 89

The Index of Weighted Singular Integral Operators with
Shifts and Slowly Oscillating Data

OLEKSIY KARLOVYCH

Universidade Nova de Lisboa, Caparica, Portugal

email: oyk@fct.unl.pt

Let α and β be orientation-preserving diffeomorphism (shifts) of R� � p0,8q onto itself
with the only fixed points 0 and 8. We establish a Fredholm criterion and calculate the index
of the weighted singular integral operator with shifts

paI � bUαqP�
γ � pcI � dUβqP�

γ ,

acting on the spaceLppR�q, where P�
γ � pI�Sγq{2 are the operators associated to the weighted

Cauchy singular integral operator Sγ given by

pSγfqptq � 1

πi

»
R�

� t
τ

	γ fpτq
τ � t

dτ

with γ P C satisfying 0   1{p� <γ   1, and Uα, Uβ are the isometric shift operators given by

Uαf � pα1q1{ppf � αq, Uβf � pβ1q1{ppf � βq,

under the assumptions that the coefficients a, b, c, d and the derivatives α1, β1 of the shifts are
bounded and continuous on R� and admit discontinuities of slowly oscillating type at 0 and 8.
The obtained index formula in a sense combines the index formulas for Mellin pseudodifferen-
tial operators with slowly oscillating symbols and for singular integral operators with shifts and
piecewise continuous data.

The talk is based on joint work with Yuri Karlovich and Amarino Lebre.
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Indefinite Metric Spaces and Operator
Linear Fractional Relations

VICTOR KHATSKEVICH

ORT Braude College, Karmiel,Israel

email: vkhats@braude.ac.il; victor�kh@hotmail.com

This is a natural continuation of our previous work in the considered area.
We consider strict and bistrict plus-operators between spaces with indefinite metrics, in

particular, Krein spaces (or J-spaces). We call a plus-operator T in a Krein space strict if
T � dA, where d ¡ 0 is constant and A is a J-expansion, and we call T bistrict if both T and
its conjugate operator T � are strict plus-operators.

We consider operator and geometric sufficient and necessary conditions for a given strict
plus-operator T in a Krein space H to be bistrict as an operator between H and ImT with the
induced indefinite metric.

It is well known that a plus-operator T defines an operator linear fractional relation. In par-
ticular, we consider the special case of linear-fractional transformations. In the case of Hilbert
spaces H1 and H2, each linear-fractional transformation of the closed unit ball K of the space
LpH1,H2q is of the form

FT pKq � pT21 � T22KqpT11 � T12Kq�1

and is generated by the bistrict plus-operator T .
The theory of bistrict plus-operaters and generated linear fractional transformations forms a

significant part of the theory of spaces with indefinite metrics, in particular, Krein spaces. But
the much more wider class of strict plus-operaters is an open area for investigations. We hope
that our new results on “similarity” of some subclass of strict plus-operators, namely the set
of all strict plus-operators A, for which the so-called “lus-characteristic” DpAq is non-negative
operator, to the subclass of bistrict plus-operators, will allow to develop the theory of strict
plus-operators and to obtain new results on generated linear fractional relations.

We consider applications of our results to the well-known Krein–Phillips problem of invari-
ant subspaces of special type for sets of plus-operators acting in Krein spaces, to the so-called
Koenigs embedding problem and some other fields of the Operator Theory.
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Dilating Tuples of Symmetric Matrices to
Commuting Tuples of Selfadjoint Operators

IGOR KLEP

The University of Auckland, Auckland, New Zealand

email: igor.klep@auckland.ac.nz

The problem of dilating, up to a constant, a tuple of symmetric matrices to a tuple of com-
muting selfadjoint contractive operators on Hilbert space is considered. For the purposes here,
an operator T on a Hilbert space H dilates to an operator J on a Hilbert space K if H is a
subspace of K and T � PJP . Here P is the orthogonal projection of K onto H . Fix a pos-
itive integer d and let Cprq denote the collection of symmetric d � d matrices of norm at most
r. The optimal ϑpdq for which there exists a Hilbert space K and a family F of commuting
selfadjoint contractions on K such that the collection Cpϑpdqq simultaneously dilates to F is
identified via an explicit construction.

The talk is based on joint work with Bill Helton, Scott McCullough and Markus Schwei-
ghofer.

References
[1] J. W. Helton, I. Klep, S. McCullough, and M. Schweighofer, Dilations, linear matrix

inequalities, the matrix cube problem and beta distributions. Preprint,
http://arxiv.org/abs/1412.1481.

Matrix Convex Sets, Spectrahedrops and a Positivstellensatz
IGOR KLEP

The University of Auckland, Auckland, New Zealand

email: igor.klep@auckland.ac.nz

We discuss a free noncommutative analog of real algebraic geometry – the study of poly-
nomial inequalities and equations over the reals – focusing on matrix convex sets C and their
projections qC. Given a polynomial p, a free basic semialgebraic set Dp � tX : ppXq © 0u
which is convex can be represented as the solution set of a Linear Matrix Inequality (LMI),
suggesting that convex free semialgebraic sets are rare. Further, Tarski’s transfer principle fails
in the free setting: The projection of a free convex semialgebraic set need not be free semialge-
braic.
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In this talk I will present the construction of a sequence Cpdq of LMI domains in larger and
larger spaces whose projections qCpdq close down on the convex hull of Dp. It is based on free
analogs of moments and Hankel matrices. Such an approximation scheme is likely the best that
can be done in general. As evidence, we study the nonconvex free TV screen p � 1� x2 � y4.

The talk is based on joint work with Bill Helton and Scott McCullough.

References
[1] J. W. Helton, I. Klep, and S. McCullough, Matrix convex hulls of free semialgebraic sets.

Trans. Amer. Math. Soc. (to appear); http://arxiv.org/abs/1311.5286.

[2] J.W. Helton, I. Klep, and S. McCullough, The tracial Hahn-Banach Theorem, polar duals,
matrix convex sets, and projections of free spectrahedra. Preprint,
http://arxiv.org/abs/1407.8198.

Proper Maps between Free Convex Domains
IGOR KLEP

The University of Auckland, Auckland, New Zealand

email: igor.klep@auckland.ac.nz

The talk will cover aspects of inequalities for free noncommutative functions in free alge-
bras. The focus in on convexity. At this point we have classifications of free convex rational
functions and free convex semialgebraic sets. There are shockingly few; all are identified with
Linear Matrix Inequalities (LMIs). Now we undertake to develop a theory of change of vari-
ables to achieve free convexity. Our approach uses free algebra versions of the classical real
algebraic geometry Positivstellensätze and Nullstellensätze which have been developing over
the last few years.

The talk is based on joint work with Bill Helton and Scott McCullough.
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About Asymptotic Behavior of Solutions for a Class of
Linear Differential Equations

NATALIA KONECHNAYA

Institute of Mathematics, Information and Space Technologies, Northern (Arctic) Federal
University, Arkhangelsk, Russia

email: n.konechnaya@narfu.ru

The talk is devoted to presentation of method of receiving of the main term of asymptotic
formulae of fundamental system of solutions at infinity for a class of scalar linear differential
equations of arbitrary order with non-smooth coefficients. It is interesting that conditions on
coefficients of equations such that received asymptotic formulae are true even for some classes
of differential equations with coefficients–distributions. The effectiveness of these asymptotic
formulae is such that they can be used for determination of deficiency indices and character
of spectrum of minimal closed symmetric operators generated by corresponding differential
expressions. In particular, analogue of S. A. Orlov’s theorem (see [1]) about deficiency indices
of linear differential operators is received for mentioned classes of differential operators proved
by Orlov for a case of real-valued analytic coefficients.

The talk is based on joint work with professor K. A. Mirzoev.

Acknowledgement
Work was supported by the Russian Foundation for Basic Research (project 14-01-31136) and
Russian Science Support Foundation.
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Three-Point Nevanlinna–Pick Problem in the Polydisc
ŁUKASZ KOSIŃSKI

Institute of Mathematics, Jagiellonian University, Krakow, Poland

email: lukasz.kosinski@im.uj.edu.pl

It is elementary to see that functions interpolating an extremal two-point Pick interpolation
problem on the polydisc are just left inverses to complex geodesics.

We shall show that the same property holds for the three-point Pick problem on polydiscs,
i.e. it may be expressed in terms of three-complex geodesics. Using this idea we shall be able
to solve that problem. In particular we shall obtain uniqueness varieties and we shall show that
extremal interpolating functions are unique only for 2-dimensional problems. As a bu product
of our consideratins we shall determine a class of rational inner functions interpolating that
problem and depeneding on at most three variables (for any polydic).

Possible extensions and further investigations are also discussed.
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Math. 506 (1999), 191–204.

[2] J. Agler and J. E. McCarthy, The three point Pick problem on the bidisk. New York J.
Math. 6 (2000), 227–236 (electronic).

[3] J. Agler and J. E. McCarthy, Distinguished varieties. Acta Math. 194 (2005), No. 2,
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[5] Ł. Kosiński, Three-point Nevanlinna Pick problem in the polydisc.
http://arxiv.org/abs/1503.03091; J. Geom. Anal. (submitted).
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Darboux Transform of Generalized Jacobi Matrices
IVAN KOVALYOV

National Pedagogical Dragomanov University, Kiev, Ukraine

email: i.m.kovalyov@gmail.com

Let J be a monic generalized Jacobi matrix, i.e. a three-diagonal block matrix of special
form, introduced by M. Derevyagin and V. Derkach in 2004. We find conditions for a monic
generalized Jacobi matrix J to admit a factorization J � LU with L and U being lower and upper
triangular two-diagonal block matrices of special form. In this case the Darboux transformation
of J defined by Jppq � UL is shown to be also a monic generalized Jacobi matrix. Analogues
of Christoffel formulas for polynomials of the first and the second kind, corresponding to the
Darboux transformation Jppq are found.

Some results was published (see I. Kovalyov, Darboux transformation of generalized Jacobi
matrices. Methods of Funct. Anal. and Topology 20 (2014), No. 4, 301–320.)

Topology Optimization for Helmholtz Problems in 2d
VICTOR A. KOVTUNENKO

Institute for Mathematics and Scientific Computing,
Karl-Franzens University of Graz, NAWI Graz, 8010 Graz, Austria

Lavrent’ev Institute of Hydrodynamics, Sibirian Branch of the Russian Academy of Sciences
Novosibirsk, Russia

email: victor.kovtunenko@uni-graz.at

We consider both the forward and inverse Helmholtz problems in respect to a variable ge-
ometric object put in a bounded test domain. It has numerous applications for testing method-
ologies by scattering with acoustic, elastic, and electromagnetic waves.

The inverse Helmholtz problem of identification of an unknown geometric object belongs
to the field of shape and topology optimization, as well as parameter estimation. The classic
methods of analysis, available for the Helmholtz problem, are based mostly on the potential
operator theory which is well established in case of unbounded domains.

Recently, the concept of topological derivatives was adapted to this field. The reason is that
a trial object of finite size in comparison to infinitesimal one implies variation of topology of
the test domain.

Based on the singular perturbation of the forward Helmholtz problem, a topology optimiza-
tion approach, which is a direct one, is described for the inverse problem of object identification
from boundary measurements.
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Relying on the 2d setting in a bounded domain, the high-order asymptotic result is proved
rigorously for the Neumann, Dirichlet, and Robin type conditions stated at the object boundary.
In particular, this implies the first-order asymptotic term called a topological derivative.

For identifying arbitrary test objects, a variable parameter of the surface impedance is suc-
cessful. The necessary optimality condition of minimum of the objective function with respect
to trial geometric variables is discussed and realized for finding the center of the test object.

Acknowledgments
The results were obtained with the support of the Austrian Science Fund (FWF) in the frame-
work of the project P26147-N26: “Object identification problems: numerical analysis” (PION)
and the NAWI Graz.

The author thanks R. Duduchava for his support of the visit of the Humboldt Kolleg in
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The Moment Problem in Infinitely Many Variables
SALMA KUHLMANN

FB Mathematik und Statistik, Schwerpunkt Reelle Geometrie & Algebra, Universität
Konstanz, Konstanz, Germany

email: salma.kuhlmann@uni-konstanz.de

The multivariate moment problem is investigated in the general context of the polynomial
algebra Rrxi | i P Ωs in an arbitrary number of variables xi, i P Ω. The results obtained are
sharpest when the index set Ω is countable. Extensions of Haviland’s theorem [1] and Nuss-
baum’s theorem [3] are proved. Lasserre’s description of the support of the measure in terms of
the non-negativity of the linear functional on a quadratic module in [2] is shown to remain valid
in this more general situation. Joint work with Mehdi Ghasemi and Murray Marshall. The talk
is dedicated to the memory of my friend, collaborator and colleague Murray Marshall.
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On Matrix D-Stability and Related Properties
OLGA KUSHEL

Shanghai Jiao Tong University, Shanghai, China

email: kushel@mail.ru

In this talk, we consider the positive stability and D-stability of P -matrices. We also study
the property of Dθ-stability, i.e. when a matrix remains positive stable when multiplied by
a positive diagonal matrix from a special class defined by a given permutation θ. We apply
the obtained results to some problems connected with structured matrices. Namely, we study
M -matrices and their rank one perturbations.

Positivity of Multi-Linear Maps to Detect
Multi-Partite Entanglement

SEUNG-HYEOK KYE

Seoul National University, Seoul, Korea

email: kye@snu.ac.kr

Positive linear maps between matrix algebras play roles of entanglement witnesses for bi-
partite cases, through the duality between tensor products and mapping spaces. We define
various notions of positivity for multi-linear maps in matrix algebras including just positivity
and complete positivity. They will be witnesses for various kinds of multi-partite entanglement.
This talk will be based on the following two preprints:
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A Functional Analytic Approach to
Homogenization Problems

MASSIMO LANZA DE CRISTOFORIS, PAOLO MUSOLINO

Università degli Studi di Padova, Padova, Italy

email: mldc@math.unipd.it

This talk is devoted to the homogenization of boundary value problems in a periodically
perforated domain by an approach which is alternative to those of asymptotic analysis and of
classical homogenization theory.

The domain has a periodic structure, and the size of each cell is determined by a positive
parameter d. The size of each periodic perforation is instead determined by a positive parameter
r.

We analyze the behavior of a family of solutions of a boundary value problem defined in the
periodically perforated domain as d and r degenerate to zero.

On the Jordan Structure of Holomorphic Matrices
JÜRGEN LEITERER

Institut für Mathematik, Humboldt-Universität zu Berlin, Berlin, Germany

email: leiterer@mathematik.hu-berlin.de

LetD � C be a domain, Lpn,Cq the space of complex n�nmatrices, andA : D Ñ Lpn,Cq
a holomorphic map.

A point z0 P D will be called exceptional of first type if, for each neighborhood U of
z0, there exists a point z P U such that Apzq has more eigenvalues than Apz0q (not counting
multiplicities).
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A point z0 P D will be called exceptional of second type if, for each neighborhood U of
z0, there exists a point z P U such that the numbers of Jordan blocks of Apzq and Apz0q are
different.

It is classical that the exceptional points of first type form a discrete and closed subset of
D, i.e., they are the zeros of a certain analytic function defined on D. A remarkable result of
H. Baumgärtel from the 1960s is that the same is true for the exceptional points of second type.

In the talk, we outline for both results a new more elementary proof. This proof shows
that the results can be complemented. For example: If A is bounded, then also the exceptional
points of first (second) type are the zeros of a certain bounded holomorphic function defined on
D. If A admits a continuous extension to a part of the boundary of D, then also the exceptional
points of first (second) type are the zeros of a holomorphic function defined on D which admits
a continuous extension to the same part of the boundary.

The method of proof also applies to matrices depending holomorphically on several com-
plex variables. In particular, the results obtained by H. Baumgärtel in 1973 for holomorphic
functions of several complex variables are obtained again.

Classification of Hermitian Operators
Characteristic Polynomials with their Polynomial Invariants

ILIA LOMIDZE, NATELA CHACHAVA

Georgian Technical University, Tbilisi, Georgia

emails: lomiltsu@gmail.com; chachava.natela@yahoo.com

A method for classification Hermitian operators in n-dimensional unitary space (n-th order
Hermitian matrices) in terms of the polynomial invariants of the operators respect to the unitary
group Upnq is proposed. The method enables to establish whether two Hermitian operators (two
n�n Hermitian matrices) are unitary similar. The proposed set of the operators invariants con-
tains complete information on their eigenvalues as well as on the corresponding multiplicities,
and separates the classes of equivalence – orbits of operators respect to the unitary group Upnq.
The explicit formula for the multiplicity of given eigenvalue is derived, inverse power sums of
the multiplicities and the minimal polynomial of the Hermitian operator (of the n � n Hermi-
tian matrix) are expressed in the terms of the proposed invariants too. The method proposed is
algorithmic and enables realization using symbolic computations.

We have considered some examples which are important for quantum computing, namely,
a separation of n-th order Hermitian matrices orbits under Upnq group action, n ¤ 6.
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On the Inverse Problem for
Discontinuous Sturm–Liouville Operator

KHANLAR R. MAMEDOV

Mersin University, Mathematics Department, Mersin, Turkey

email: hanlar@mersin.edu.tr

Consider the inverse problem of scattering theory in r0,8q

�y2 � qpxqy � λ2ρpxqy, (1)
y1p0q � aλyp0q � 0, (2)

where λ is a complex parameter, a is a real number, ρpxq is a positive piecewise-constant func-
tion with a finite number of points of discontinuity, the potential qpxq is a real valued function
and 8»

0

p1� xq|qpxq| dx   8. (3)

In the case ρpxq � 1, inverse scattering problem (1)–(3) on the half line was completely
solved in [1–3] and etc. On the half line inverse problems for classical Sturm–Liouville equa-
tions with the nonlinear spectral parameter in the boundary condition were investigated in [4–6].
As different from previous works, the boundary value problem (1)–(3) have complex eigenval-
ues and the main equation of inverse problem is different from the classical Marchenko equa-
tion.
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On a Metric for Pseudo-Optimal Location of Cities
in Pseudo-Geometrical Traveling Salesman Problem

BORIS MELNIKOV1, SERGEY MAKARKIN1, ELENA MELNIKOVA2, MARINA TRENINA2

1Samara State University, Samara, Russia
2Togliatti State University, Togliatti, Russia

email: bormel@rambler.ru

We use the terminology and notation of [1]. It is evident, then restoring coordinates of
cities on the basis of the distance matrix, the calculated coordinates of each city depend on the
selected sequence of previous cities.

Let be the set of all the possible solutions for the given problem instance of the pseudo-
geometrical version of the traveling salesman problem. With the rotation by angle ϕ and parallel
transport by the vector ~a, we can approximate considered pseudo-alignment to another one not
changing the distance matrix. For each pair pϕ,~aq, let us calculate the distance for the pseudo-
alignments xi � tpxi1, yi1q, . . . , pxin, yinqu and xj � tpxj1, yj1q, . . . , pxjn, yjnqu using formula

rij �
ņ

k�1

b
pxik � xjkq2 � pyik � yjkq2 .

Let us consider all possible pairs pϕ,~aq and for calculated values rij select the minimal one.
Thus, for each two pseudo-alignments xi and xj we can consider function

dpxi, xjq � min
pϕ,~aq

rij � min
pϕ,~aq

" ņ

k�1

b
pxik � xjkq2 � pyik � yjkq2

*
.

This function satisfies the axioms for metrics.
For proving the triangle inequality, consider inequalitiesb
pxik � xjkq2 � pyik � yjkq2 ¤

b
pxik � xlkq2 � pyik � ylkq2 �

b
pxlk � xjkq2 � pylk � yjkq2 ,

where k � 1, . . . , n.
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Denoting xik � xlk � a1, yik � ylk � a2, xlk � xjk � b1, ylk � yjk � b2, we obtain

a
pa1 � b1q2 � pa2 � b2q2 ¤

b
a2

1 � a2
2 �

b
b2

1 � b2
2 ,

which follows from Cauchy–Schwarz inequalitygffe ņ

k�1

pak � bkq2 ¤
gffe ņ

k�1

a2
k �

gffe ņ

k�1

b2
k .
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About Deficiency Index
of the Vector Sturm–Liouville Operator
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LetR� :� r0,�8q and let square matrix-functions P , Q andR of order n pn P N q defined
on R� be such that P pxq is non degenerate matrix, P pxq and Qpxq – hermitian matrices for
x P R�, elements of matrix-function P�1, Q and R are measurable on R� and summable on
each its closed finite subinterval. These conditions let us define quasi-derivatives f r0s, f r1s and
f r2s of given locally absolutely continuous vector-function fpxq � pf1pxq, f2pxq, . . . , fnpxqqt (t
– symbol of transposition), assuming

f r0s :� f, f r1s :� P pf 1 �Rfq, f r2s :� pf r1sq1 �R�f r1s �Qf,

where � – symbol of adjoint matrix, f r1s P AClocpR�q and vector symmetric (formally self-
adjoint) quasi-differential expression, assuming

lrf s :� �f r2s � �pP pf 1 �Rfqq1 �R�P pf 1 �Rfq �Qf. (1)
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In the certain way the expression l defines minimal closed symmetric operator L0 in the Hilbert
space L 2

n pR�q. By symbol pn�, n�q denote deficiency index of this operator (n ¤ n�, n� ¤
2n). By analogy with scalar case the operator L0 is named by operator of Sturm–Liouville.
The main goal of this paper is studying of deficiency index of operator L0. In particular, the
following theorem holds.

Theorem 1. For the operator L0 the limit-circle case does not realize if and only if for some
sequence of nonintersecting intervals pak, bkq � R�, k � 1, 2, . . ., the following condition holds

�8̧

k�1

� bk»
ak

dx

x»
ak

}Kpx, tq}2 dt


1{2
� 8,

where Kpx, tq – Cauchy function of equation lrf s � 0, || � || - self-adjoint matrix norm.

The received results, in particular, are used for studying of differential operators, generated
by expression (all derivatives are understanding in the sense of the theory of distributions):

lrf s � �f2 �
�8̧

k�1

Akδpx� xkqf,

and generalized Jacobi matrices connected with these operators.
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Spectral and Pseudospectral Functions of
Hamiltonian Systems: Development of the Results by

Arov-Dym and Sakhnovich
VADIM MOGILEVSKII

Institute of Applied Mathematics and Mechanics of NAS of Ukraine, Slav’ansk, Ukraine

email: vadim.mogilevskii@gmail.com

The main object of the talk is a Hamiltonian system Jy1 � Bptqy � λHptqy defined on an
interval ra, bq with the regular endpoint a. We define a pseudospectral function of a singular
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system as a matrix-valued distribution function such that the generalized Fourier transform is
a partial isometry with the minimally possible kernel. Moreover, we parameterize all spectral
and pseudospectral functions of a given system by means of a Nevanlinna boundary parameter.
The obtained results develop the results by Arov-Dym [1] and Sakhnovich [2] in this direction.

The talk is based on the paper [3].
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Lie Derivations on a Certain Class of Algebras
AMIRHOSSEIN MOKHTARI, HAMID REZA EBRAHIMI VISHKI

Birjand University, Birjand, Iran
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Let A be a unital algebra. Each Lie derivation L : A ÝÑ A is called proper whenever L is
of the form d� τ where d is a derivation on A and τ : A ÝÑ ZpAq is a linear map. In this talk,
we investigate this property for these algebras, triangular algebras, generalized matrix algebras,
full matrix algebras and BpXq.
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Motion Equations of Deformable Bodies of Hencky’s Isotropic
Hyperelastic Material

ANDRIY OLEINIKOV

Amur State University of Humanities and Pedagogy, Komsomolsk-on-Amur, Russia

email: andriy.oleinikov@mail.ru

It is shown, that Hencky’s isotropic hyperelastic material model, based on the logarithmic
strain tensor Ep0q, and Noll stress tensor τ̄ , pair of conjugate Lagrangian tensors, prolongate
Hooke’s law from area of infinitesimal deformations to area of moderate deformations. New
representation of the fourth-order elasticity tensor C for Hencky’s hyperelastic isotropic mate-
rial is obtained. This fourth-order elasticity tensor realize linear connection between material
rates of symmetric Lagrangian second Piola–Kirchhoff stress tensor Sp2q and Green–Lagrange
strain tensor Ep2q through eigenvalues and eigenprojections of right Cauchy–Green strain ten-
sor C.

It is shown, that obtained elasticity tensor possesses both minor symmetries, and the ma-
jor symmetry. This properties have major theoretical meaning in incremental formulations of
hyperelasticity, when formulate variational principles for equations, stated with velocities, and
criteria of uniqueness and stability of the solutions for this equations.

It is well known, that performing a finite element analysis (FEA) on a hyperelastic material
is difficult due to nonlinearity, large deformation, and material instability. FEA software pack-
age MSC.Marc is utilized for the simulations, based on different hyperplastic material models.
In this paper Lagrangian formulation of Hencky’s isotropic hyperelastic material constitutive
relations is implemented into MSC.Marc code. Reliability of implementation proves to be true
due to the comparison of numerical solutions obtained with the use of MSC.Marc code with
exact solutions of three-dimensional problems on simple shear and on uniaxial extension of a
rod with Henckys isotropic hyperelastic material model. New solutions of a problem on origin
of a neck and postcritical deformation of the rod are obtained at its extension by the prescribed
displacement of the edge face.
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Variational Formulation of Wing Panel Forming
ALEXANDER OLEINIKOV

Central Aerohydrodynamic Institute, Zhukovskiy, Russia

email: alexander.oleinikov@tsagi.ru

It is shown that inverse problems of creep forming of wing panel can be represented in a
quasistatic variational principles. It is required to determine the deflections or loads that must
be applied to the plate blank to obtain the specified residual deflections at the time of removal
of the external loads and fastening. The problem of optimal forming is formulated as follows:
it is required to find a strain path element of the blank, so that at the time the specified creep
strains are obtained and the damage parameter is minimal.

Steady-state values of the obtained functionals corresponding to the solutions of the prob-
lems of inelastic strain and springback are determined by applying a finite element procedure
to the functionals. The modeling results can be used to calculate the die tooling, determine the
panel processibility, and control panel rejection in the course of forming.

The paper gives basics of the developed computer-aided system of design, modeling, and
digital manufacture of wing integral panels. System application data resulting from computation
of 3D-involute of a CAD-based panel model, determination of working surfaces of die tooling,
three-dimensional analysis of stresses, and simulation of panel shaping under diverse thermo-
mechanical and speed conditions are demonstrated.
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On Spectrum of Banach Couples
VLADIMIR I. OVCHINNIKOV

Voronezh State University, Voronezh, Russia

email: ovchinnikov@math.vsu.ru; viothebat.net@gmail.com

We introduce the notion of spectrum for a Banach couple which relates to joint critical
values of the two norms involved. However the definition of spectrum has to be equivalent
norms robust.

We use the standard definitions and notation from [1], [2] in what follows.
Let tX0, X1u � X be a Banach couple, x P X0 �X1, s, t ¡ 0. The J.Peetre K-functional

is defined as
Kps, t, x,Xq � inf

x0PX0,x1PX1

s}x0}X0 � t}x1}1,

where g.l.b. is taken over all x0 P X0 and x1 P X1 such that x � x0 � x1.

Definition 1. An element e P X0 X X1 is said to be eigenvector of the couple X , if
Kp1{}e}0, 1{}e}1, e,Xq � 1, and the point p}e}�1

0 , }e}�1
1 q of the projective space RP is said

to be eigenvalue, corresponding to the eigenvector e.

Definition 2. An element e P X0 X X1 is said to be pseudo-eigenvector of X , if for some
0   C   1 we have

Kp1{}e}0, 1{}e}1, e,Xq ¡ C.

The corresponding p}e}�1
0 , }e}�1

1 q P RP is said C-eigenvalue of the Banach couple X . The set
of all pseudo-eigenvalues with a fixed C is called a pseudo-spectrum of X and is denoted by
σpXq.
Theorem 1. There is a constant C such that the set of C-eigenvalues is non-empty for all
Banach couples.

Let us denote by KpXq the set of all functions Kps, t, x,Xq, where x runs over pX0�X1q�.
Theorem 2. The set KpXq is contained in the set of all sup

ePE
minpsz}e}0, tz}e}1q up to equiva-

lence, where e runs over some subset E of pseudo-eigenvectors of X .

Recall that positive function ϕps, tq of two positive variables is called interpolation function
if ϕ increase on s and t, and is homogeneous of the degree one. Let S be a subset of RP,
generated by positive pA,Bq. Denote by ϕS an interpolation function which is equal to the
minimal extension of the restriction of ϕ to the set of pA,Bq, corresponding to S.

Theorem 3. Let X , Y be Banach couples with pseudo-spectra σpXq, σpY q, then for each
bounded linear operator T : X Ñ Y and each interpolation function ϕ we have
T : ϕσpXqpX0, X1qp0,p1 Ñ ϕσpY qpY0, Y1qp0,p1 , where ϕpX0, X1qp0,p1 is the generalized Lions–
Peetre interpolation construction for 0   p0, p1 ¤ 8.
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This theorem leads to serious improvement in classical interpolation theorems applied to
couples with different pseudo-spectra.

Acknowledgement
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Scattering of Vortices in Abelian Higgs Models on
Riemann Surfaces

ROMAN PALVELEV

Lomonosov Moscow State University, Moscow, Russia

email: palvelev@mi.ras.ru

Abelian Higgs models on Riemann surfaces are generalizations of the well-known p2� 1q-
dimensional Abelian Higgs model on the plane which arises in the theory of superconductivity.
Many properties of models on Riemann surfaces are analogous to properties of the model on
the plane.

If we fix the so-called topological charge in the model on the plane (it is an integer number
N ) and suppose that N ¡ 0 then all the static solutions of the model appear to be minimizers
of the potential energy which solve some first-order equations (so-called vortex equations; their
solutions with the charge N are called N -vortices). Up to gauge transformations all the static
solutions are parametrized by their zeroes and the number of zeroes (with multiplicities) is
always equal to N . So the moduli space of N -vortices is the N -th symmetric power SNR2.

The kinetic energy functional in the model on the plane defines a Riemannian metric on
moduli spaces of N -vortices for any N P N (kinetic metric). Manton in 1982 suggested so-
called adiabatic principle which states that geodesics of kinetic metric on moduli space of
N -vortices are good approximations to “slow” dynamical solutions with topological charge
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N . This principle was justified for Abelian Higgs model on the plane only recently. Study
of geodesics allows to obtain results on vortex motion. For example one can show that after
symmetric head-on collision of N vortices they scatter on the angle π{N (if N � 2 we obtain
right-angle scattering).

In the models on compact Rimannian surfaces static solutions are also parametrized (up to
gauge equivalence) by their zeroes, but the number of zeroes is given by the Chern number
of the corresponding line bundle over the surface. The kinetic energy functional again gives a
metric on moduli spaces of static solutions. The construction of the metric is the main topic of
the talk.

We suggest that the adiabatic principle also holds true in models on Riemann surfaces.
Using geodesic approximation one can obtain results on vortex motion in these models that are
similar to results for the plane.

Transformations of Matrix Structures Work Again
VICTOR PAN

Lehman College and the Graduate Center of CUNY, United States

email: v�y�pan@yahoo.com; victor.pan@lehman.cuny.edu

Matrices with the structures of Toeplitz, Hankel, Vandermonde and Cauchy types are om-
nipresent in modern computations in Sciences, Engineering, and Signal and Image Processing.
These four matrix classes have distinct features, but in our paper in Mathematics of Compu-
tation 1990 we showed that Vandermonde and Hankel multipliers can be applied to transform
each class into the others, and then we demonstrated how by using these transforms we can
readily extend any successful matrix inversion algorithm from one of these classes to all the
others. The power of this approach was widely recognized later, when novel numerically stable
algorithms solved nonsingular Toeplitz linear systems of equations in quadratic (versus classi-
cal cubic) arithmetic time based on transforming Toeplitz into Cauchy matrix structures. More
recent papers combined the same transformation with a link of the Cauchy matrices to the Hi-
erarchical Semiseparable matrix structure, which is a specialization of matrix representations
employed by the Fast Multipole Method. This produced numerically stable algorithms that ap-
proximated the solution of a nonsingular Toeplitz linear system of equations in nearly linear
arithmetic time. We first revisit the successful method of structure transformation, covering it
comprehensively. Then we analyze the latter approximation algorithms for Toeplitz linear sys-
tems and extend them to approximate multiplication of Vandermonde and Cauchy matrices by
a vector and to approximate solution of Vandermonde and Cauchy linear systems of equations
provided that they are nonsingular and well-conditioned. We decrease the arithmetic cost of the
known numerical approximation algorithms for these tasks from quadratic to nearly linear, and
similarly for the computations with the matrices having structures that generalize the structures
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of Vandermonde and Cauchy matrices and for polynomial and rational evaluation and interpo-
lation. We also accelerate a little further the known numerical approximation algorithms for
a nonsingular Toeplitz or Toeplitz-like linear system by employing distinct transformations of
matrix structures, and we briefly comment on some natural research challenges, particularly
some promising applications of our techniques to high precision computations.

Spaces of Smooth Vectors – Alternate Characterizations
MIHAI PASCU

Institute of Mathematics of the Romanian Academy, Bucharest, Romania
Petroleum-Gas University of Ploiesti, Romania

email: mihai.pascu@imar.ro

We provide a short review of various characterizations of some spaces of rapidly decreasing
functions: the Schwartz space, Gelfand–Shilov (GS) spaces and generalized Gelfand–Shilov–
Roumieu (GSR) spaces. We emphasize that part of these characterization theorems can be
obtained from more general theorems on smooth vectors for Lie groups representations related
to families of Hermitian or skew-Hermitian operators in a separable Hilbert space. The com-
mutation relations between these operators play a central role. A special attention is payed to
the Heisenberg group. Our approach was inspired by ter Elst’s paper [1].

Generalized GS or GSR spaces can be also defined by using, instead of sequences of positive
numbers, their associated functions. We provide a characterization of those weight functions
which may be used for the definition of GSR spaces.
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On the Restricted Maximal Operator of Féjer Means
with Respect to Vilenkin–Fourier Series

LARS-ERIK PERSSON, GEORGE TEPHNADZE

Ivane Javakhishvili Tbilisi State University, Tbilisi, Georgia;

Luleå University of Technology, Luleå, Sweden

email: giorgitephnadze@gmail.com

Weisz [3] proved that maximal operator of Fejér means

σ� :� sup
nPN

|σnf |

with respect to Vilenkin systems, is bounded from the Hardy spaceH1{2 to the space weak-L1{2.
In [1] it was proved that there exist a martingale f P Hp p0   p ¤ 1{2q such that

sup
n
}σnf}p � �8.

On the other hand, Weisz [4] proved that the maximal operator

σ#f � sup
nPN

|σ2nf |

with respect to Walsh system (Walsh system is one of the simplest example of Vilinkin systems),
is bounded from the martingale Hardy space Hp to the space Lp for p ¡ 0.

This lecture is devoted to review and characterize a maximal subspaceQ of natural numbers
N, such that the restricted maximal operator

σ#,�f � sup
nkPQ�N

|σnkf |

is bounded from the martingale Hardy spaces Hp to the space Lp for 0   p ¤ 1{2, from which
as a consequence, theorem of Weisz [4] can be obtained.

The talk is based on joint work with co-authors Lars-Erik Persson (see L. E. Persson,
G. Tephnadze [2]).
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The Effective Conductivity Properties in
Temperature Dependent Doubly Periodic 2D

Composite Materials
EKATERINA PESETSKAYA

Andrea Razmadze Mathematical Institute of Ivane Javakhishvili Tbilisi State University
Tbilisi, Georgia

email: kate@rmi.ge

We consider 2D unbounded doubly periodic composite materials with circular non-overlap-
ping inclusions when the matrix and inclusions are occupied by temperature sensitive materials.
The corresponding non-linear boundary value problem is solved in analytic form in the case
when the conductivity coefficients of the matrix and the composite constituencies are propor-
tional. Moreover, we find the effective conductivity tensor in explicit form and compare the
outcomes with a few results from literature

The talk is based on joint works [1, 2] with co-authors David Kapanadze and Gennady
Mishuris.
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Relationship Between the Equality A�nAn � pA�Aqn and
Composition Operators in L2 Spaces

PAWEŁ PIETRZYCKI

Institute of Mathematics, Jagiellonian University, Krakow, Poland

email: pawel.pietrzycki@gmail.com

It is proved that a closed densely defined operator A is quasinormali if and only if the
equalityA�nAn � pA�Aqn holds for n � 2, 3. LetW be bounded injective weighted shift which
satisfies the equality W �nW n � pW �W qn. We prove that operator W is then quasinormal.
We will construct examples of bounded, non-quasinormal operator A which satisfies equality
A�nAn � pA�Aqn. An example of such a operator is given in the class of weighted shifts
on directed trees. What is important, the directed tree used in the construction is rootless and
therefore the operator in example is unitarily equivalent to a composition operator in L2-space.

Rate of Decay of the Bernstein Numbers
ANATOLIJ PLICHKO

Cracow University of Technology, Cracow, Poland

email: aplichko@pk.edu.pl

Let X , Y be Banach spaces and let L pX, Y q be the space of all bounded linear operators
from X to Y . An operator T P L pX, Y q is called superstrictly singular (SSS for short) if there
are no number c ¡ 0 and no sequence of subspaces En � X , dimEn � n, such that

}Tx} ¥ c}x} for all x in Yn En . (1)

Put for an operator T
bnpT q � sup min

xPSE
}Tx} ,

where supremum is taken over all n-dimensional subspaces E � X and SE is the unit sphere
of E. Evidently, T is SSS if and only if bnpT q Ñ 0 as n Ñ 8 and the greatest constant c for
which (1) is satisfied, is equal to lim

nÑ8
bnpT q. Every compact operator is SSS and T has finite

rank if and only if bnpT q � 0 beginning with some integer n. The bnpT q, which are called
the Bernstein numbers, were considered in Approximation and Operator Theory. The constants
bnpT q show how small is the T -image of the unit sphere SX . For a compact operator T in a
Hilbert space H they coincide with s-numbers which are defined as eigenvalues of the operator
pT �T q1{2. We present two results on Bernstein numbers.
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1. If a Banach space X contains uniformly complemented `n2 ’s then there exists a universal
constant b � bpXq ¡ 0 such that for each Banach space Y , and any sequence dn Ó 0 there
is a bounded linear operator T : X Ñ Y with the Bernstein numbers bnpT q of T satisfying
b�1dn ¤ bnpT q ¤ bdn for all n.

2. Let P be the Pisier space [1] and H be a Hilbert space. There is λ ¡ 0 such that for
every operator T P L pP, Hq and every n

bnpT q ¤ λ?
n
}T } .
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Birkhoff–James Approximate Orthogonality Sets
PANAYIOTIS J. PSARRAKOS

National Technical University of Athens, Greece
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The numerical range of a square matrix A P Cn�n is the compact and convex set F pAq �
tx�Ax P C : x P Cn, x�x � 1u, and it has been studied extensively for many decades and
is useful in studying matrices and operators. Stampfli and Williams (1968) observed that F pAq
can be written

F pAq �  
µ P C : }A� λIn}2 ¥ |µ� λ|, @λ P C

( �
�

£
λPC

 
µ P C : |µ� λ| ¤ }A� λIn}2

(
.

Hence, F pAq is an infinite intersection of closed (circular) disks Dpλ, }A � λIn}2q � tµ P
C : |µ � λ| ¤ }A � λIn}2u (λ P C). Inspirited by this intersection property, Chorianopoulos,
Karanasios and Psarrakos (2009) introduced a definition of numerical range for rectangular
complex matrices. In particular, for any A,B P Cn�m with B � 0, and any matrix norm } � },
the numerical range of A with respect to B is defined as

F} � }pA;Bq �  
µ P C : }A� λB} ¥ |µ� λ|, @λ P C

( �
�

£
λPC

D
�
λ, }A� λB}�.
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This set is obviously compact and convex, and it satisfies basic properties of the standard nu-
merical range. Moreover, it is nonempty if and only if }B} ¥ 1.

In this work, we introduce a new range of values for rectangular matrices and matrix poly-
nomials, which is based on the notion of Birkhoff–James approximate orthogonality and gen-
eralizes the numerical range F} � }pA;Bq. We also show that it is quite rich in structure by
establishing some of its main properties, we study the boundary points and the case of matrix
polynomials, and we give illustrative examples to verify our results.

This is a joint work with Christos Chorianopoulos.

On the Hyperreflexivity of Subspaces of
Toeplitz Operators on Regions in the Complex Plane

MAREK PTAK

University of Agriculture, Krakow, Poland

email: rmptak@cyf-kr.edu.pl

The existence of invariant subspace for the bounded operator on the Hilbert space can be
equivalently put as existence of the rank one operator in the preannihilator of the algebra gen-
erated by the operator. The reflexivity of an algebra of operators (or a subspace of operators)
means that there are so many rank one operators in the preannihilator of the algebra (sub-
space) of operators that they determine the algebra (subspace) itself. The hyperreflexivity of
algebra (subspace) of operators means that the usual distance from any operator to the algebra
(subspace) can be controlled by the distance given by rank one operators in the preannihi-
lator of the algebra (subspace) of operators. Changing rank one to rank k operators we get
k-hyperreflexivity.

It will be shown that the algebra of analytic Toeplitz operators on the Hardy spaces on
Jordan regions in the complex plane or the upper half-plane is hyperreflexive, the subspace of
all Toeplitz operators on these Hardy spaces is 2-hyperreflexive and we get 2-hyperreflexivity
of any weak� closed subspace of all Toeplitz operators on these Hardy spaces.

Joint work with W. Młocek.
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Asymptotic Behaviour of Eigenvalues of Hankel Operators
ALEXANDER PUSHNITSKI

King’s College London, Strand, London, WC2R 2LS, U.K.

email: alexander.pushnitski@kcl.ac.uk

I will discuss compact Hankel operators realized in `2pZ�q as infinite matrices Γ with matrix
elements hpj�kq. The focus of the talk is the asymptotic behaviour of the singular values snpΓq
of these Hankel operators as nÑ 8. First, I will discuss the following naive

Conjecture: for α ¡ 0,

hpjq � Opj�1plog jq�αq, j Ñ 8 ùñ snpΓq � Opn�αq, nÑ 8.

I will explain that this conjecture is essentially true (it is true for 0   α   1{2 and it becomes
true for α ¥ 1{2, if we impose some additional regularity assumptions on the sequence h).

Next, I will discuss the corresponding asymptotic result: suppose

hpjq � j�1plog jq�αp1� op1qq as j Ñ 8;

then the singular values of Γ satisfy snpΓq � cpαqn�α as n Ñ 8, where the asymptotic co-
efficient cpαq can be explicitly computed. Some information on the eigenvalues of Γ is also
available.

If time permits, I will also discuss similar results for Hankel operators Γ realized in L2pR�q
as integral operators with kernels hpt� sq.

This is joint work with Dmitri Yafaev (University of Rennes 1).

Perturbations of Discontinuous Functions
of Self-Adjoint Operators

ALEXANDER PUSHNITSKI

King’s College London, Strand, London, WC2R 2LS, U.K.

email: alexander.pushnitski@kcl.ac.uk

Let A, B be self-adjoint operators, and let ϕ be a continuous function on the real line which
tends to zero at infinity. It is well known that if A � B is compact, then ϕpAq � ϕpBq is also
compact. Thus, the essential spectrum of the latter operator is t0u. In the talk, I will address the
following question:
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What can be said about the spectrum of ϕpAq � ϕpBq if the function ϕ has a jump discon-
tinuity?

It is not difficult to see that if ϕ has a jump, then ϕpAq � ϕpBq can acquire non-trivial
essential spectrum. It turns out that in some situations this spectrum can be described in much
detail. This can be done in the scattering theory framework. One has to assume that the pair
of operators A, B satisfies some standard conditions of scattering theory. Then the spectrum of
ϕpAq � ϕpBq can be given as a union of some explicit spectral bands; the description of these
bands involves the spectrum of the scattering matrix for the pair A, B.

I will discuss this result in the case when A, B are the Schrödinger operators in L2pRdq:
A � �∆, B � �∆� V,

where V is a short-range potential.
I will also discuss a related result which describes the spectrum of ϕεpAq � ϕεpBq, where

ϕε is a smooth function which approaches a limiting function ϕ0 as ε Ñ 0. If ϕ0 has a jump,
then the eigenvalues of ϕεpAq�ϕεpBq concentrate to the spectral bands of the limiting operator
ϕ0pAq � ϕ0pBq. I will describe the rate of this concentration and the corresponding spectral
density.

Commuting Toeplitz Operators and their Geometry
RAUL QUIROGA-BARRANCO

Professor of Cimat, Center for Research in Mathematics), Guanajuato, Mexico

email: quiroga@cimat.mx

Let D be a bounded symmetric domain whose group of isometries has a connected com-
ponent given by the simple Lie group G. It is well know that there is a unitary representation
of G on A 2

λ pDq, where the latter denotes a weighted Bergman space of holomorphic square-
integrable functions on D for a suitably weighted Lebesgue measure. A similar setup can be
considered for D an open set of a projective space where homogeneous coordinates are defined
where now G is the group of isometries for the Fubini–Study metric.

On the other hand, for a P L8pDq the Toeplitz operator on A 2
λ pDq is defined by

T pλq
a pfq � Bpλqpafq

where Bpλq is the orthogonal projection L2
λpDq Ñ A 2

λ pDq. With respect to these operators,
a very interesting problem is to determine sets of symbols whose Toeplitz operators generate
commutative algebras, either C� or just Banach.

We will present some results showing that most (maybe all) of the examples of such commu-
tative algebras have some Riemannian and symplectic geometry that can be associated through
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their symbols and that appear naturally from the G-action. In fact, this has been a source of
motivation to continue the construction of such algebras.

Integral Equations of Diffraction Problems with
Unbounded Smooth Obstacles

VLADIMIR RABINOVICH

National Polytechnic Institute of Mexico, Mexico

email: vladimir.rabinovich@gmail.com

The talk is devoted to the boundary integral equations method for the diffraction problems
on obstaclesD in Rn with smooth unbounded boundaries for Helmholtz operators with variable
coefficients

H upxq � �
ρpxq∇ � ρ�1pxq∇� apxq�upxq, x P Rn,

where ρ, a belong to the space of the infinitely differentiable functions on Rn bounded with all
derivatives. We introduce the single and double layer potentials associated with the operator
H , and reduce by means of these potentials the Dirichlet, Neumann, and Robin problems to
pseudodifferential equations on the infinite boundary BD.

Applying the limit operators method we study the Fredholm properties and the invertibility
of the boundary pseudodifferential operators in the Sobolev spaces HspBDq, s P R.

References
[1] V. S. Rabinovich, Integral equations of diffraction problems with unbounded smooth ob-

stacles. Integral Equations Oper. Theory, 2015 (to appear).
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Multiplication Form of Normal Operator on a
Quaternionic Hilbert Space

G. RAMESH, P. SANTHOSH KUMAR

IIT Hyderabad, Hyderabad, India

email: ma12p1004@iith.ac.in

In this article we prove the Multiplication form of a normal operator on a quaternionic
Hilbert space: Let T be a right linear bounded normal operator on a quaternionic Hilbert space
H . We prove that there exists σ- additive measure space pΩ, µq, a unitary operator U : H Ñ
L2pΩ;H;µq and an essentially bounded function f : Ω Ñ C such that

T � U�MfU,

where Mf is the multiplication operator on L2pΩ;H;µq induced by f . As a consequence of this
result we also prove the integral representation of a normal operator.

References
[1] J. B. Conway, A course in functional analysis. Graduate Texts in Mathematics, 96.

Springer-Verlag, New York, 1985.

[2] R. Ghiloni, V. Moretti, and A. Perotti, Continuous slice functional calculus in quater-
nionic Hilbert spaces. Rev. Math. Phys. 25 (2013), no. 4, 1350006, 83 pp.

[3] K. Viswanath, Normal operations on quaternionic Hilbert spaces. Trans. Amer. Math.
Soc. 162 (1971), 337–350.

A Distance Function in Reproducing Kernel Hilbert Spaces
RICHARD ROCHBERG

Washington University, St. Louis MO, USA

email: rr@math.wustl.edu

Associated with a reproducing kernel Hilbert space H on a set X is a metric on X which
encodes some properties of functions in the space. If H has a complete Pick kernel then this
metric agrees with the Gleason–Harnack metric on the spectrum of the maximal ideal space
of the multiplier algebra. It also agrees with the pseudohyperbolic metric induced from the
associated embedding of X into the complex ball.
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First- and Second-Order Sensitivity Analysis
for a Body with a thin Rigid Inclusion

EVGENY RUDOY

Lavrentyev Institute of Hydrodynamics of the Russian Academy of Sciences
Novosibirsk, Russia

Novosibirsk State University, Novosibirsk, Russia

email: rem@hydro.nsc.ru

We deal with the two-dimensional problem of the elastic equilibrium of a body containing a
thin rigid inclusion. The rigid inclusion is considered to be soldered into elastic medium; at the
external boundary the body is fixed and it is in equilibrium under the action of volume forces.
The problem is formulated in a variational form, i.e., in the form of minimization of the energy
functional on the set of admissible displacements. The first variation and the second variation
of the solution with respect to the shape of the domain are calculated.

Shape sensitivity analysis plays an important role in optimization problems of the shape
of elastic bodies [1, 2]. Many works are devoted to the first-order sensitivity analysis, which
makes it possible to write out necessary conditions of optimality. At the same time knowing
the second-order shape derivative of a cost functional makes it possible to obtain a sufficient
condition of optimality and improve numerical methods for shape optimization problems. We
use perturbation techniques to derive the first- and second-order material derivatives of the
solution (for example, see [3]). The main difficulty in investigation of such problems concerning
rigid inclusions is that the set of admissible displacements of the perturbed and unperturbed
problems can not be mapped each other (for example, see [4, 5]). Moreover, it implies that the
corresponding material derivative does not belong to the set of admissible displacements of the
initial problem.

As an example of using the obtained results, the problem of seeking an optimal shape of
rigid inclusion is considered. Necessary and sufficient conditions of the local minimum are
written out.

This work is supported by the Grant of the President of the Russian Federation for state
support of young Russian researchers (Grant No. MD-3123.2015.1)
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Parallel Computational Algorithms in Problems
of the Dynamics of Structurally Inhomogeneous Media

OXANA V. SADOVSKAYA

Institute of Computational Modeling SB RAS, Krasnoyarsk, Russia

email: o�sadov@icm.krasn.ru

Under modeling the processes of propagation of the stress waves in geomaterials (granular
and porous media, soils and rocks) it is necessary to take into account their structural inhomo-
geneity. To make possible the description of deformation of materials with different resistance
to tension and compression, the rheological method was supplemented by a new element, a rigid
contact, which serves for imitation of a perfectly granular material with rigid particles [1]. By
using rigid contact in combination with conventional rheological elements (a spring simulating
elastic properties of a material, a viscous damper, and a plastic hinge) one can construct con-
stitutive equations of granular materials and soils with elastic-plastic particles and of porous
materials like metal foams. Rotational motion of particles in the material microstructure can be
considered within the framework of mathematical model of the Cosserat continuum.

In order to obtain correct numerical solutions for structurally inhomogeneous materials by
means of finite-difference methods, computations must be performed on a grid whose meshes
are smaller than the characteristic size of the particles of a material. To solve 2D and 3D dy-
namic problems, parallel algorithms and programs are worked out, which allow to distribute the
computational load between a lot of cluster nodes. Parallel program systems 2Dyn Granular
and 3Dyn Granular are intended for numerical realization of the universal mathematical model
describing small strains of elastic, plastic and granular materials. In the case of an elastic ma-
terial this model is reduced to the system of equations, hyperbolic by Friedrichs, written in
terms of velocities and stresses in a symmetric form. In the case of an elastic-plastic mate-
rial the model is a special formulation of the Prandtl–Reuss theory in the form of variational
inequality with one-sided constraints on stresses. Generalization of the model to describe the
deformation of a granular material is obtained by means of the rheological approach, taking
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into account different resistance of a material to tension and compression. Program systems
2Dyn Cosserat and 3Dyn Cosserat allow to solve dynamic problems of the Cosserat elasticity
theory, taking into account rotations of the particles of microstructure of a material. This model
is formulated as the system of equations, hyperbolic by Friedrichs, written in terms of velocities
of translational and rotational motion, as well as stresses and couple stresses. Some computa-
tions, demonstrating the efficiency of numerical algorithms and programs, were performed on
clusters.

Acknowledgement
This work was supported by the Russian Foundation for Basic Research (Grant # 14-01-00130).
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[1] O. Sadovskaya and V. Sadovskii, Mathematical modeling in mechanics of granular mate-

rials. With a foreword by Holm Altenbach. Advanced Structured Materials, 21. Springer,
Heidelberg, 2012.

New Mathematical Models of
Structurally Inhomogeneous Media,

Having Different Resistance to Tension and Compression
VLADIMIR M. SADOVSKII

Institute of Computational Modeling SB RAS, Krasnoyarsk, Russia

email: sadov@icm.krasn.ru

Almost all known natural and synthetic materials resist tensile and compressive deforma-
tions in different ways. For some metals and alloys the mismatch of elastic modules, yield
strengths, creep diagrams and stress relaxation curves, obtained in experiments in tension and
compression, is so small that it may be neglected. However, in the study of alternating signs
strain in granular and porous media such neglect is not possible. Under the construction of
constitutive equations for such materials an original method is proposed, in which the non-
differentiable convex potentials – indicator functions of special cones in spaces of strain and
stress tensors – are used along with the classical potentials of elastic, viscous and plastic media
to describe the asymmetry of mechanical properties with respect to tension and compression [1].
In this method the tensor constitutive relationships for simple materials are formulated in the
form of subdifferential inclusions with dual potentials of stresses and strains. For materials with
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complex spatial rheology, constitutive relationships are obtained by combining the relationships
of simple media from consideration of rheological schemes of uniaxial deformation.

Closed mathematical models of the dynamics of elastic-plastic and granular media are for-
mulated as variational inequalities for hyperbolic operators with one-sided constraints, describ-
ing the transition of a material into plastic state. On this basis integral a priori estimates are
constructed in the characteristic cones of operators, which imply the uniqueness and continu-
ous dependence on initial data of solutions of the Cauchy problem and of the boundary value
problems with dissipative boundary conditions. Original algorithms of shock-capturing type are
developed, which can be considered as a realization of splitting method with respect to physical
processes, automatically satisfying the properties of monotonicity and dissipativity on discreet
level and applicable for computation of the solutions with singularities of strong discontinuities
(elastic-plastic shock waves) and discontinuities of displacements. For numerical solution of
2D and 3D dynamic problems the two-cyclic splitting method with respect to spatial variables
is applied.

Earlier thermodynamically self-consistent systems of conservation laws were considered
by S. K. Godunov and his colleagues, applied to the models of reversible thermodynamics
(the theory of elasticity, fluid dynamics and electrodynamics). The present work is devoted
to a generalization of this approach for the analysis of thermodynamically irreversible models
taking into account plastic deformation of a medium.

Acknowledgement
This work was supported by the Russian Foundation for Basic Research (Grant # 14-01-00130).
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Toeplitz Operators with
Quasi-Homogeneuos Quasi-Radial Symbols

on Some Weakly Pseudoconvex Domains
ARMANDO ŚANCHEZ-NUNGARA

Universidad Veracruzana, Veracruz, Méexico

email: armsanchez@uv.mx

On the weakly pseudo-convex domains Ωn
p we introduce quasi-homogeneous quasi-radial

symbols. These are used to prove the existence of a commutative Banach algebra of Toeplitz
operators on Bergman space of Ωn

p . We also show that group theoretic and geometric properties
for our symbols are satisfied. The results presented here contain the geometric description of
the symbols introduced by N. Vasilevski in [2] for the unit ball Bn.

The talk is based on joint work with Raúul Quiroga-Barranco.
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Invariant and Wandering Subspaces of
Reproducing Kernel Hilbert Spaces

JAYDEB SARKAR

Indian Statistical Institute, Statistics and Mathematics Unit, Bangalore, India

email: jay@isibang.ac.in; jaydeb@gmail.com

We discuss briefly recent and not so recent results about invariant subspaces (Beurling–Lax–
Halmos type theorem) and analytic models and operator positivity of bounded linear operators
on Hilbert spaces. We also discuss some related results on wandering subspaces in both one
and several variables.

Part of this talk is based on joint work with Monojit Bhattacharjee and Dinesh K. Keshari.
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Quotient Modules of H2pDnq
JAYDEB SARKAR

Indian Statistical Institute, Statistics and Mathematics Unit, Bangalore, India

email: jay@isibang.ac.in; jaydeb@gmail.com

Let H2pDnq be the Hardy space over the unit polydisc Dn and S and Q be a pair of closed
subspaces of H2pDnq. Then Q (S ) is said to be a quotient module (submodule) of the Hardy
module H2pDnq if Q (S ) is a joint pM�

z1
, . . . ,M�

znq-invariant (pMz1 , . . . ,Mznq-invariant) sub-
space of H2pDnq.

Starting with a brief review of the Beruling theorem concerning submodules and quotient
modules ofH2pDq, we consider a class of quotient modules ofH2pDnq (n ¥ 2), namely, doubly
commuting quotient modules of H2pDnq. In particular, we prove that a quotient module of
H2pDnq is doubly commuting if and only if it is an “elementary tensor product” of one variable
quotient modules. Also, by studying the associated submodules of such quotient modules, we
shall explain that for a class of submodules of H2pDnq, n ¥ 2, essential normality is a 2
variables phenomenon. We shall conclude indicating a few trends and perspectives of Rudin
type submodules including rigidity type results of submodules of H2pDnq, n ¥ 2.

Real Fibered Morphisms
ELI SHAMOVICH

Ben-Gurion University of the Negev, Beer-Sheva, Israel

email: shamovic@math.bgu.ac.il

Hyperbolic polynomials play an important role in real algebraic geometry, due to their nice
convexity properties (see for example [1] and [2]). A general notion of hyperbolicity for real
projective varieties was introduced in [3]. One says that a real algebraic variety X � Pd of
dimension 1 ¤ k   d is hyperbolic with respect to a real linear subspace V � Pd of dimension
d � k � 1 if for every real linear subspace V � U � Pd of dimension d � k, we have that
U XX � XpRq, where XpRq stands for the real points of X . It is then straightforward to see
that the projection from V induces a finite surjective morphism f : X Ñ Pk that satisfies fpxq
is real if and only if x is real. This leads us to define the following notion:

Definition. A morphism of two real quasi-projective varieties f : X Ñ Y is called real fibered
if f is finite, surjective, flat and it satisfies fpxq P Y pRq if and only if x P XpRq. We will say
that a real projective variety X is weakly hyperbolic if it admits a real fibered morphism to Pk.
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In this talk we will discuss real fibered morphisms. We will show that for curves weak
hyperbolicity is equivalent to the fact that the curve admits a hyperbolic embedding. We will
then show that a real fibered morphism is necessarily unramified at real points. Then we will
discuss some applications of this theory. Finally, time permitting we will describe relation of
this notion to Ulrich sheaves and determinantal representations.

The talk is based on joint work with Mario Kummer.
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On the Continuity of the Spectral Factorization Mapping:
Quantitative Results

EUGENE SHARGORODSKY

King’s College London, London, United Kingdom

email: eugene.shargorodsky@kcl.ac.uk

It is well known that the matrix spectral factorization mapping is continuous from L1pTq to
H2pTq under the additional assumption of uniform integrability of the logarithms of the spectral
densities to be factorized (G. Janashia, E. Lagvilava, and L. Ephremidze; S. Barclay). The talk
will report on a joint project with Lasha Epremidze and Ilya Spitkovsky, which aims at obtaining
quantitative results characterizing this continuity. Although we have obtained some satisfactory
estimates in the scalar setting, much remains to be done for the general matrix case.
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Statistical Approximation Properties of Modified Durrmeyer
q-Baskakov Type Operators with Two Parameter α and β

PREETI SHARMA1, VISHNU NARAYAN MISHRA2

1Sardar Vallabhbhai National Institute of Technology, Gujarat, India
2Industrial Training Institute (I.T.I.), Faizabad, Uttar Pradesh

emails: preeti.iitan@gmail.com; vishnunaranmishra@gmail.com

The main aim of this study is to obtain statistical approximation properties of these opera-
tors with the help of the Korovkin type statistical approximation theorem. Rates of statistical
convergence by means of the modulus of continuity and the Lipschitz type maximal function
are also established. Our results show that rates of convergence of our operators are at least as
fast as classical Durrmeyer type modified Baskakov operators.
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Griffith Formula and J-Integral for
Elastic Bodies with Timoshenko Inclusions

VICTOR SHCHERBAKOV

Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia
Novosibirsk State University, Novosibirsk, Russia

email: sherbakov87@gmail.com

The talk is concerned with a two-dimensional free boundary problem for an elastic body
containing a thin elastic inclusion. The thin elastic inclusion is modeled within the frame-
work of Timoshenko beam theory. Partial delamination of the inclusion results in appearing a
crack. The Signorini conditions for mutual nonpenetration of the crack faces are fulfilled. The
problem was studied by Itou and Khludnev [1], who used a variational inequality for model-
ing the phenomenon. We derive the Griffith-type formula for the first derivative of the energy
functional with respect to the crack length. It is proved that the formula for the derivative can
be represented as a path independent integral along a curve surrounding the crack tip. The
invariant integral consists of regular and singular terms and is an analogue of the classical
Eshelby–Cherepanov–Rice J-integral. The results obtained are based on techniques developed
by Destuynder and Djaoua [2] for traction free stress faces and extended by Khludnev and
Sokolowski [3] to the case of mutual nonpenetration conditions on the cracks faces.

Acknowledgments
The work was partially supported by the Russian Foundation for Basic Research (Grant # 14-
01-31182). The author thanks the Georgian Mathematical Union for financial support.
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Estimate for Powers of Norm Operator,
Generated by Rotation

ALI A. SHUKUR

Belarusian State University, Belarus, Minsk email: Shukur@bsu.by

In this talk we discuss the estimation for the norm operator }Bn}, where B is an operator
generated by rational rotation. It is known Gelfand formula of the spectral radius of operator

RpBq � lim
nÝÑ8

}Bn}1{n.

The previous equality is fulfilled for different behavior of }Bn}: if }Bn} � RpBqn; if }Bn} �
C0RpBqn and if }Bn} � e

?
nRpBqn. Therefore, arise a question obtaining more information on

the behavior of }Bn}.
We consider the weighted shift operators generated by rational rotation acting by the fol-

lowing formula
Buptq � aptqupt� hq,

where aptq is a given function with period 1 and h is a rational number.
The estimates

RpBqn ¤ }Bn} ¤ C0RpBqn,
where C0 ia a constant, are obtained.
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Hysteresis Operators as a constitutive Relations in
Modeling of Irreversible Processes of Polarization

of the Ferroelectric Materials
ALEXANDER SKALIUKH

Southern Federal University, Rostov on Don, Russia

email: a.s.skaliukh@gmail.com

The hysteresis operators, arising in a problems of polarization and depolarization of poly-
crystalline ferroelectric materials, were built at the form of equations in differentials. In the
three dimension case, they can be reduced to a system of quasi-linear partial differential equa-
tions of the first order [1]. If considered only an uniaxial application of the electric field, that
is the important case from a practical point of view, we obtain a system of ordinary differential
equations to determine the unknown values as a hysteresis dependencies between the polariza-
tion vector and the vector of the applied electric field. In the one-dimensional case was obtained
the explicit form of the limiting polarization in the form well known distribution of Langevin.

The numerical methods were proposed for solving of the obtained equations. To solve sys-
tems of ordinary differential equations was been used a Runge–Kutta method of 4-th order.
Additionally for the solutions of the equations in differentials we have used methods of suc-
cessive approximation, allowing to determine the increments of the unknown functions after
several iterations. We carried out a numerous numerical experiments and built a large and small
dielectric hysteresis loops. It was found that by changing the parameters of the model, we can
change the behavior of the hysteresis curves, changing their shape and slope. It was found that
parameters of the model is possible to dispose such a way that the calculated hysteresis curves
not only qualitatively but also quantitatively coincided with the experimental data.

The research results can be used in the construction of constitutive relations for modeling a
nonlinear and irreversible processes of polarization of polycrystalline ferroelectric materials by
the finite element method, which is widely used for solution such problems.

Acknowledgement
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Unbounded Subnormal
Weighted Composition Operators in L2-Spaces

J. STOCHEL

Instytut Matematyki, Uniwersytet Jagielloński, Kraków, Poland

email: Jan.Stochel@im.uj.edu.pl

The aim of my talk is to present a selection of recent results on unbounded weighted compo-
sition operators in L2-spaces. The most interesting and difficult ones are related to the question
of subnormality. The main invention in this matter is introducing the so-called consistency
condition (and its “inverse” version as well) which helped us to establish a criterion for sub-
normality of unbounded weighted composition operators in L2-spaces, which is new even in
the bounded case. The subnormality of composition operators in L2-spaces has been studied in
[1]. The class of weighted composition operators in L2-spaces includes multiplication opera-
tors, composition and partial composition operators in L2-spaces as well as weighted shifts on
countably infinite directed trees.

The talk is based on a joint work with the co-authors P. Budzyński, Z. J. Jabłoński, and
I. B. Jung (see [2] for its preliminary version).
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A Solvability Criterion for Certain
Conformal Differential Operators on Euclidean Space

ALEKSANDER STRASBURGER

Institute of Mathematics and Cryptology, Warsaw Military Academy, Warsaw, Poland

email: aleksander�strasburger@sggw.pl

In his talk we are concerned with certain partial differential operators of the first order, con-
formally invariant under the action of the conformal group of the Euclidean space Rn. They
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were introduced in a seminal paper of Stein and Weiss [1] and later investigated by many au-
thors, e.g. [2–4]. These operators are directly related to representations of the spherical princi-
pal series for the conformal group SOpn� 1, 1q of the Euclidean space Rn.

In this note we give a solvability criterion for those operators and show that it involves a
certain singular integral operator of the Calderon–Zygmund type.
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On Boundedness of the Hardy Operator in
Morrey-Type Spaces

TAMARA TARARYKOVA

Cardiff University, Senghennydd Rd, Cardiff, United Kingdom
email: tararykovat@cf.ac.uk

We study the boundedness of the Hardy operator

pHαfqpxq � 1

|Bp0, |x|q|1�α
n

»
Bp0,|x|q

fpyqdy, x P Rn,

where α P R, in local and global Morrey-type spaces LMpθ,wp � q, GMpθ,wp � q, respectively, char-
acterized by numerical parameters 0   p, θ ¤ 8 and a functional parameter w, a non-negative
measurable function on p0,8q, the spaces of all functions f P Llocp pRnq with finite quasi-norms

}f}LMpθ,wp � q
� ��wprq}f}LppBp0,rqq��Lθp0,8q ,

}f}GMpθ,wp � q
� sup

xPRn

��wprq}f}LppBpx,rqq��Lθp0,8q,



International Workshop on Operator Theory and Applications, IWOTA 2015 133

respectively.
This problem is reduced to the problem of a continuous embedding of one local Morrey-

type space to another one. This allows obtaining, for all admissible values of the numerical
parameters α, p1, p2, θ1, θ2, sufficient conditions on the functional parameters w1 and w2 en-
suring the boundedness of Hα from LMp1θ1,w1p � q to LMp2θ2,w2p � q and from GMp1θ1,w1p � q to
GMp2θ2,w2p � q. Moreover, for a certain range of the numerical parameters and under certain a
priori assumptions on w1 and w2 these sufficient conditions coincide with the necessary ones.

Joint work with V. I. Burenkov and P. Jain.
Detailed exposition of the results is contained in the paper [1].
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Stability of Multidimensional Systems and Stein Inequalities:
the Free Noncommutative Case

SANNE TER HORST

North West University, Unit for BMI, Potchefstroom, South Africa

email: sanne.terhorst@nwu.ac.za

For an n � n matrix A, it is well known that stability of A, in the sense that Akx Ñ 0
as k Ñ 8 for any vector x, holds if and only if one of the following equivalent conditions is
satisfied:

(i) I � zA is invertible for all z in the closed unit disk D;

(ii) there exists an invertible n� n matrix S such that }S�1AS}   1;

(iii) there exists a positive definite solution X to the strict Stein equation X � A�XA ¡ 0.
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In the context of certain nD-systems, the equivalence between appropriately modified (struc-
tured) versions of these three conditions fails, in particular the equivalence between the mod-
ifications of (i) and (ii). However, interpreting (the modification of) (i) with z as a free non-
commutative variable from an appropriate domain, it is possible to prove a generalization of the
classical stability result with three equivalent statements.

The talk is based on joint work with Joe Ball and Gilbert Groenewald.

The Bezout–Corona Problem Revisited: Wiener Space Setting
SANNE TER HORST

North West University, Unit for BMI, Potchefstroom, South Africa

email: sanne.terhorst@nwu.ac.za

The matrix-valued Bezout-corona problem GpzqXpzq � Im, |z|   1, is studied in a Wiener
space setting. It turns out that all Wiener solutions can be described explicitly in terms of two
matrices and a square analytic Wiener function Y satisfying detY pzq �� 0 for all |z| ¤ 1. It
is also shown that some of the results hold in the H8 setting, but not all. Nevertheless, in this
case, using the two matrices and the function Y , all H2 solutions to the Bezout-corona problem
can be described explicitly in a form analogous to the one appearing in the Wiener setting.

The talk is based on joint work with G. Goenewald and M. A. Kaashoek.

On the Arazy Conjecture Concerning Schur Multipliers
on Schatten Ideals

A. TOMSKOVA

School of Mathematics & Statistics, University of NSW
Kensington NSW Australia

email: a.tomskova@unsw.edu.au

We confirm in the affirmative the conjecture made by Arazy in 1982. Suppose that f is a
continuously differentiable function on r�1, 1s such that

|f 1ptq| ¤ C|t|α, t P r�1, 1s,
for some constant C ¡ 0 and 0   α   8. Let tλju8j�1 P `r for some 0   r   8. If 0   p   8
and 1   q   8 satisfy

1

p
� α

r
� 1

q
,
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then the matrix !fpλjq � fpλkq
λj � λk

)8
j,k�1

is a Schur multiplier from the Schatten class S q into S p. We also consider a general version
of this conjecture for arbitrary quasi-Banach ideals of compact operators.

Joint work with D. Potapov and F. Sukochev.

Maximal Volume and Expansions with Small Coefficients
E. TYRTYSHNIKOV, S. GOREINOV, N. ZAMARASHKIN

Institute of Numerical Mathematics, Moscow, Russia

email: eugene.tyrtyshnikov@gmail.com; sergei.goreinov@gmail.com;
nikolai.zamarashkin@gmail.com

Given a system of n vectors from Cm, we want to find a subsystem consisting of k vectors
so that the expansion of any other vector over this subsystem has the coefficients sufficiently
small in modulus. The maximal volume principle allows one to find a subsystem of k � m
vectors with a guarantee that all expansions have the coefficients in modulus bounded by 1.
If we increase k, then smaller coefficients could be obtained. We present different settings of
the problem and some new results and discuss applications to the problem of construction of
low-rank approximations to matrices and tensors.

On Some Properties of a Weighted Space
CIHAN UNAL, ISMAIL AYDIN

Sinop University, Sinop, Turkey

email: cunal@sinop.edu.tr; iaydin@sinop.edu.tr

In this study, we defineAw,ϑ to be space of the intersection of LpwpRnq and Lqp � qϑ pRnq spaces.
Also, we investigate some inclusions and embedding properties of the space. Moreover, we
discuss other basic properties of Aw,ϑ space.
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Singular Traces and Perturbation Formulae
ALEXANDR USACHEV

University of New South Wales, Sydney, Australia

email: a.usachev@unsw.edu.au

Let H , V be self-adjoint operators such that V belongs to the weak trace class ideal. In this
talk we discuss higher order perturbation formulae

τ

�
fpH � V q �

n�1̧

j�0

1

j!

dj

dtj
fpH � tV q

���
t�0



�
»
R

f pnqptq dmnptq,

where τ is a singular trace on the weak trace class ideal and mn is a finite measure that is not
necessarily absolutely continuous. These results extend the classical Krein and Koplienko trace
formulae as well as recently established higher order trace formulae to the weak trace class
ideal.

The talk is based on joint work with D. Potatov, F. Sukochev, D. Zanin.
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On the Maximal Function of a Contraction Operator
ILIE VALUŞESCU

Institute of Mathematics “Simion Stoilow” of the Romanian Academy, Bucharest, Romania

email: Ilie.Valusescu@imar.ro

The maximal function of a contraction operator T P L pH q arises in the factorization
process of an operator valued semispectral measure, i.e. to each operator valued semispectral
measure on the unit torus T it corresponds an outer operator valued function on the unit disc D,
having some maximal properties. In the special case of a contraction, to the attached semispec-
tral measure of T the corresponding outer function is an L2-bounded analytic function which
was called the maximal function of T and has the form MT pλq � DT�pI � λT �q�1, where
λ P D and DT is the defect operator of T .

In the the particular C.0 case, the Sz.-Nagy–Foias functional model reduces to the functional
representation given by the maximal function MT pλq, i.e. H � MTH � H2pDT�q, where
pMThqpλq � MT pλqh. In this case MT becomes an isometry, and the functional model for T �

is given by the restriction of the backward shift to H, and can be expressed with the maximal
function of T as T� � 1

λ
rMT pλqh�MT p0qhs.

Analogously, the maximal function of T � has the form MT�pλq � DT pI � λT q�1, and for

the discrete linear system generated by the rotation operator RT �
�
T DT�

DT �T �

�
the operators

MT and MT� become the controllability and the observability operators, respectively.
Some other properties of the maximal function are analyzed in various cases, too.
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Tensors of Hankel and Loewner-Type
MARC VAN BAREL

KU Leuven, Department of Computer Science, Leuven, Belgium

email: marc.vanbarel@cs.kuleuven.be

Given a sequence of numbers hi, i � 0, 1, 2, . . ., the corresponding Hankel matrix H is
defined as the following structured matrix

H �

�
����
h0 h1 h2 � � �
h1 h2

h2
. . .

...

�
���� .

Given four sequences of numbers xi, yi, fi, gi, i � 1, 2, 3, . . ., where all the numbers xi and yi
are different from each other, the corresponding Loewner matrix L is defined as

L �
�fi � gj
xi � yj

�j�1,2,...

i�1,2,...
.

These two classes of structured matrices are strongly connected to rational interpolation prob-
lems.

In this talk, we will look at some possible generalizations of Hankel and Loewner matrices
to tensors. The use of these tensors of Hankel and Loewner-type to solve certain interpolation
and approximation problems will also be studied.

Matrix-Valued Hermitian Positivstellensatz,
Lurking Contractions, and Contractive

Determinantal Representations of Stable Polynomials
VICTOR VINNIKOV

Ben Gurion University of the Negev, Beer Sheva, Israel

email: vinnikov@math.bgu.ac.il

Let P be a direct sum of matrix-valued polynomials Pi in d variables over C. It is clear that
if a polynomial p admits a determinantal representation

p � detpI|n| �KPpzqnq,
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where Ppzqn �
ÀpPipzq b Iniq for some n � pn1, . . . , ndq P Zd�, |n| � n1 � � � � � nd, and

K P C|n|�|n| is a contraction, then p has no zeroes on the domain DP �
 
z P Cd : }Ppzq}   1

(
.

We prove a weak version of the converse statement: if a polynomial p has no zeroes on DP,
then (subject to an appropriate Archimidean condition so that in particular DP is bounded) there
exists a polynonmial q so that the product pq has a contractive determinantal representation as
above.

The main ingredients of the proof are a matrix-valued Hermitian Positivstellensatz, a lurk-
ing contraction argument, and a finite-dimensional contractive realization theorem for (matrix-
valued) rational functions that are regular on DP and whose associated Agler norm is strictly
less than 1.

This is a joint work with Anatoly Grinshpan, Dmitry Kaliuzhnyi-Verbovetskyi, and Hugo
Woerdeman. In a related talk of D. Kaliuzhnyi-Verbovetskyi in the special section on Free
Noncommutative Analysis and Its Applications, the finite-dimensional contractive realization
theorem will be used together with noncommutative techniques to deduce a much stronger
statement in the case when the polynomially defined domain DP is a product of matrix balls:
in this case no auxilliary factor q is needed. In the special case of the polydisc these results
are related, via the Cayley transform and the interplay between complex and real stable polyno-
mials, to the generalized Lax conjecture in convex algebraic geometry which states that every
hyperbolicity cone is spectrahedral (equivalently, every hyperbolic polynomial has a positive
definite selfadjoint determinantal representation, possibly with an auxilliary factor satisfying
extra conditions).

Noncommutative Completely Positive Kernels
VICTOR VINNIKOV

Ben Gurion University of the Negev, Beer Sheva, Israel

email: vinnikov@math.bgu.ac.il

Functions of free noncommuting variables were first considered by Joseph L. Taylor in his
monumental work on noncommutative spectral theory in the 1970s [4, 5] and became a topic
of active research in the last several years [6, 3, 1]. I will discuss the analogue, in the con-
text of free noncommutative function theory, of the classical correspondence between positive
kernels and reproducing kernel Hilbert spaces [2]. The role of positive kernels is taken over
by noncommutative completely positive kernels that generalize both the usual positive kernels
and completely positive maps. This talk is based on joint work with Joseph Ball and Gregory
Marx, and is closely related to the plenary talk of J. Ball on the Nevanlinna–Pick interpolation
problem in the free noncommutative setting.
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Matrix Fejér–Riesz Theorem with Gaps
ALJAŽ ZALAR
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Two equivalent versions of the matrix Fejér–Riesz theorem characterize positive semidef-
inite matrix polynomials on the complex unit circle T and on the real line R. We extend the
characterization to arbitrary closed basic semialgebraic sets K � T and K � R by the use
of matrix preorderings from real algebraic geometry. In the T-case the characterization is the
same for all sets K , while in the R-case the characterizations for compact and non-compact
sets K are different. Furthermore, we study a complexity of the characterizations in terms of a
bound on the degrees of the summands needed. We prove, for which sets K , K the degrees can
be bounded by the degree of the given matrix polynomial and provide counterexamples for the
sets, where this is not possible. At the end we give an application of results to a matrix moment
problem.
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